Interpolare polinomiala

4 . M etOd a I U i A i tke n (R. Trimbitas, 2005, Analiza numerica. Presa Universitara Clujeana)

In multe situatii gradul necesar pentru a atinge precizia dorita in interpolarea polinomiala
este necunoscut. El se poate determina din expresia restului, dar pentru aceasta este necesar
sa cunoastem || £V . Vom nota cu P, m.....m, polinomul de interpolare Lagrange

avand nodurile ., ., ..., Tm, .
Propozitia Daca f este definitd in xq, . ...z, x; # i, 0 < 1,7 <k, atunci
(11‘3 — -Tj)Pﬂ:l._..._.j—l_.j+1:...:k(33} — (I — Ii)Pn,1._..._.3'—1_.a'+1:...,k(I)
Poi.. .k = =
T — T,
1 r—z; Poi. . i-1i+1.. k(x)

Ti — Iy I — Ty Pﬂ,1,...,3'—1,.;r'+1.,...,.1c(33)



In acest mod am stabilit o relatie de recurenta intre un polinom de interpolare Lagrange de
gradul k s1 doua polinoame de interpolare Lagrange de gradul £ — 1. Calculele pot fi asezate

In forma tabelara
ro Py

ry P Py

o P P2 Fyio

r3 FP3 Py Piaos Foio3

Ty Py Psy P2,3.4 P1,2,3.4 Pﬁ.l,g.a,q

Sa presupunem ca in acest moment ;1 2 3.4 nu ne asigurd precizia doritd. Se poate se-
lecta un nou nod s1 adauga o noua linie tabelel

s Ps Pis P3as5 FPazas Pir23as Foi23.45

lar elementele vecine de pe linie, coloana sau diagonala se pot compara pentru a vedea daca
s-a obtinut precizia dorita.

Metoda de mai sus se numeste metoda [ui Neville .



Exemplu (J. Stoer, R. Burlich (eds.), Introduction to Numerical Analysis, Springer, 2010.)

k=10 | 2 3
Iy fo = Falx)
Fir)
T fi = F(x) Faga(x)
Pya(x). Foyaalx)
ta | fa= Falx] Piaa(1)
fﬁﬂ(:]-
T3 fa = F5(x)

[ — 1 )Paalx) — (x — T3) Pia(x)

Pias(r)
I3 — Iy



(Burden, Richard L.; Faires, J. Douglas: Numerical Analysis, 8th ed., ISBN 0534392008.)

ExamprLe. Given for n = 2:
xr; () 1 3

fl1 3 2
Wanted: P(2), where P € [Iz, P(x;) = fi for i =0, 1, 2.

k=1 1
ro =0 fo=F(2) =1
Pm[?):ﬁ _
ri =1 fi=Pi(2)=3 | ] Ppi12(2)
Pip(2) =3
Tz =3 fa=P,(2) =2
) _(2—[]]-3—{2—1)-1___
Po1(2) = 1—0 -
o (2-1)-2-(2-3)-3 5
Pi2(2) = = —.
12(2) 3—1 2’
(2-0)-5/2=(2=3)-5 10
By15(2) = = —.
ﬂlﬂ[) 3_[] 3
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http://en.wikipedia.org/wiki/Special:BookSources/0534392008

Notatiile pot fi simplificate

-----

(T — i) Qi j—1 — (. — 73)Qi—1,j-1

Qi =

Ti — Timjg
pentruj=1.2.3....,i=7+1.7+2,...
X0 Py = Qop
X P= Q0 Po, = Qi3
X2 P, = Q29 P13 = Q2 Po12= 022
X3 Py = Q39 P3 = Qs P23 = (02 P23 = Qi3
X4 Py = Qap P34 = Qa Pr3a = Q42 Pi234= Q43 Foi234 = Qas




in plus, Q;.0 = f(z;). Obtinem tabelul

iy Qnﬁ

L Ql,ﬁ (1.1
To (2o (21 (2
T3 Q30 @31 @32 (@33

Daca procedeul de interpolare converge, atunci sirul (J; ; converge si el si s-ar putea lua
drept criteriu de oprire

|Qi:f - Qi—l.i—l < E£.

Pentru a rapidiza algoritmul nodurile se vor ordona crescator dupa valorile |z; — z|.



Exemplu (Burden, Richard L.; Faires, J. Douglas: Numerical Analysis, 8th ed., ISBN 0534392008.)

Values of various interpolating polynomials at x = 1.5 were obtained in Example 3 using
the data shown in the first two columns of Table 3.4. In this example, we approximate
f(1.5) using the result in Theorem 3.5. If xo = 1.0, x; = 1.3, x = 1.6, x3 = 1.9, and
x4 = 2.2, then Qoo = f(1.0), Q10 = f(1.3), Q20 = f(1.6), @30 = f(1.9), and
Qa0 = f(2.2). These are the five polynomials of degree zero (constants) that approximate

f(1.5).

x f(x) 0,1(1.5) = (x —x0)Q1,0 — (x — x1)Qo,0

1.0 0.7651977 X1 — Xo

1.3 0.6200860 1.5—1.0 —(15-13

U 04554022 _ ( V01,0 — ( ) Qo0

19 0.2818186 1.3-1.0

2.2 0.1103623 _ 0.5(0.6200860) — 0.2(0.7651977) — 0.5233449
- 0.3 - '

021(1.5) = (1.5 - 1.3)({].4554{]122;)“-—1(;.5 — 1.6)(0.600860) — 0.5102968.

03.1(1.5) =0.5132634, and Q4,(1.5) = 0.5104270.
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http://en.wikipedia.org/wiki/Special:BookSources/0534392008

and x; = 1.6.

(1.5 — 1.0)(0.5102968) — (1.5 — 1.6)(0.5233449)

The best linear approximation is expected to be Q3 ; since 1.5 is between x; = 1.3

In a similar manner, approximations using higher-degree polynomials are given by

(22(1.5) = 610 = 0.5124715,
Q32(1.5) = 0.5112857, and (Q42(1.5) = 0.5137361.

1.0 0.7651977

1.3 0.6200860 0.5233449

1.6 0.4554022 0.5102968 0.5124715

1.9 0.2818186 0.5132634 0.5112857 0.5118127

2.2 0.1103623 0.5104270 0.5137361 0.5118302 0.5118200




Exemplu (Burden, Richard L.; Faires, J. Douglas: Numerical Analysis, 8th ed., ISBN 0534392008, pp. 117)

Table 3.5 lists the values of f(x) = Inx accurate to the places given.

Table 35 PR o
0 20 0691
1 22 07885
2 23 08329

We will use Neville's method to approximate f(2.1) = In2.1. Completing the table
gives the entries in Table 3.6.

Table 3.6 i X X — X Qin Qi iz
0 2.0 0.1 0.6931
1 2.2 -0.1 0.7885 0.7410
2 23 —0.2 0.8329 0.7441 0.7420



http://en.wikipedia.org/wiki/Special:BookSources/0534392008

Thus, P3(2.1) = Q2 = 0.7420, Since f(2.1) = In2.1 = (0.7419 to four decimal
places, the absolute error is

| £(2.1) — Py(2.1)| = |0.7419 — 0.7420|
= 107"

However, f'(x) = 1/x, f"(x) = —1/x* and f”(x) = 2/x°, so the Lagrange error
formula (3.3) gives an error bound

f(&)
3!

f2.1) — P2.1)| = (x — X0)(X — x1)(x — x2)

I

im.n(—u.u(—n‘z:. <83 x 107",

3£3

Notice that the actual error, 10~4, exceeds the error bound, 8.3 x 10, This apparent
contradiction is a consequence of finite-digit computations. We used four-digit approxima-
tions, and the Lagrange error formula (3.3) assumes infinite-digit arithmetic. This caused
our actual errors to exceed the theoretical error estimate. =
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Metoda [ui Aitken este similard cu metoda lui Neville. Ea construieste tabelul

o Qg X9 =X
X1 U1 Qo ¥, -X
Xz Qi Qo Qo,1,2 X -X
X2 Q2 Qo2 Qo,1,2 Qo,a,2,2 Xz =X
X¢ Q¢ Qo,¢ Qo,1,4 Qo,1,2,4 Qo,1,2,2,4 Xg - X

s Qs Qo5 Qop,a,5 Qo,1,2,5 Qo,1,2,2,5 Qo,1,2,2,4,5 X5 -X

Pentru a calcula o noud valoare se utilizeazad valoarea din varful coloanei precedente si
valoarea din aceeasi linie, coloana precedenta.

1 unrlr"'rj_lrj x:l - X
X -K; | Qo,1,...50,4 Xi-X
(http://math.fullerton.edu/mathews/n2003/NevilleAlgorithmMod.html)
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http://math.fullerton.edu/mathews/n2003/NevilleAlgorithmMod.html

function y = nev(xx,n,x,Q)
Neville's algorithm as a function (save as "nev.m")

o\°

o\°

% 1nputs:

% n = order of interpolation (n+l = # of points)
% x(1),...,x(n+1) X coords

% O(l),...,0(n+1) y coords

o\°

xx=evaluation point for interpolating polynomial p

o\°

o\°

output: p(xx)

for 1 = n:-1:1
for 3 = 1:1
Q(3) = (xx-x(J))*Q(3+1) - (xx-x(J+n+1-1))*Q(J);
Q(3) = Q(3)/ (x(J+n+l-1)-x(3));
end
end
y = Q(1);
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5 . leerente lelZ&te (R. Trimbitas, 2005, Analiza numerica. Presa Universitara Clujeana)

Vom nota cu L f polinomul de interpolare Lagrange cu nodurile xq, 1, ...,z pentru
k=0.1.....n. Vom construi L,, prin recurenta. Avem
(Lof)(x) = f(=zo).

Pentru £ > 1 polinomul Ly — Li—; este de grad k. se anuleazi in punctele xq, r1..... 7% 81

deci este de forma:

(Lef)(z) = (Le=1f)(x) + flxo,xz1,....2)(z —x0)(x —x1) ... (T — T1 ),

unde f[xg.z1.....x.] desemneazd coeficientul lui z* din (L f)(x). Se deduce expresia
polinomului de interpolare L., f cu nodurile zg, 1, ..., oy

(L f)(x) = flao) + Y flwo.ar,...,xxl(@ — z0)(x — 1) ... (x — zxm1),
k=1

numitd forma Newton a polinomului de interpolare Lagrange.
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Lema

_ fl:'rl:Igf' . '.'IJT"L': B f:II'.-]f'.rl: . f'ka—l:

L — Iy

si
flzil = f(z;), i=0.1,...,k.
Definitia Cantitatea f|xg, x1,...,xi| se numeste diferenta divizatd de ordinul k a lui
f in punctele o, x1,. ... Tk.
Altd notatie utilizatd este [zq, ..., zg: f].
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Din definitie rezultd ca f[xg, x1, ..., x| este independenta de ordinea punctelor z; si ea
poate fi calculata in functie de f(xzg)..... f(z.m). Intr-adevar PIL de grad < m relativ la
punctele xg, . ... T se scrie

(L f)(x) = Z lif(x;)

1=l()

s1 coeficientul lur ™ este

. flz;)

f:I[-]T"':I?‘?‘I]: e

i=0) H(-’ri . Ij)

=0

. g
JFi
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Tabela de calcul a diferentelor divizate:

flxo, x1, x2] —— flxo, 1. 72, T3]

//

~ flz1, xo] ——— flz1, 22, 23]

/
//
/

L) f[-i'fﬂ] > f Tﬁ 3‘1

iy f[.I-"l

2 flz2 ~ flxa, x3]

L3 f [-1'?3
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First Second Third

x f(x) divided differences divided differences divided differences
xo flxo]
_ﬁ flxi1 = flxo]
f].xﬂrxl}" X — Xo
xi flxil flxo, x1, X2} = ﬂxhx;]:ijxﬂ‘ &
Flai xa] = flxa] — flx] Flxo, X1, X9, 23] = flx1, x2, x3]1 — flxo, X1, x2]
224 = Xa — %) 0, X1, X2, X3 ——
x2 flx:] flx1, x2, 3l = S x2, x;j :;:[xls x3]
_ Slxs]l — Fix] _ Sx2 33, xa] = flx, xa, X3
flxa, x3] = PR flxy, x3, %3, x4] = Tt
x3 flxa] flx2, x3, x4] = fLes x;j : i[xz‘ il
f[x‘l X ] . f[-rrfl] - f[IS] f{x2 X3, X4 x5] = f[xj, X4, 15] — f[.Iz, X3, 14]
TR X4 — X ' PR X5 — X3
e flx] U s ne) o fDE sl = Tl 2 :
Xs — X
f[x x]__f[xﬁl"f[-td] ’ ’
D Xg — Xy
xs flxs]
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Exempl u (Burden, Richard L.; Faires, J. Douglas: Numerical Analysis, 8th ed., ISBN 0534392008.)

Calculti f (1.5) folosind forma Newton a polinomului de interpolare
Lagrange pentru nodurile:

x f(x)
1.0 0.7651977
1.3 0.6200860
1.6 0.4554022
1.9 0.2818186
2.2 0.1103623
[ X flxi] flxioy, xi] Slxicz, xi—y, xi] flxioz, oo xi] flxiza. ... xi]
0 1.0 0.7651977
—0.4837057
1 1.3 0.6200860 —0.1087339
—0.5489460 0.0658784
2 1.6 0.4554022 —0.0494433 0.0018251
—0.5786120 0.0680685
3 1.9 0.2818186 0.0118183
-0.5715210
4 2.2 0.1103623
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Py(x) = 0.7651977 — 0.4837057(x — 1.0) — 0.1087339(x — 1.0)(x — 1.3)
+ 0.0658784(x — 1.0)(x — 1.3)(x — 1.6)
+0.0018251(x — 1.0)(x — 1.3)(x — 1.6)(x — 1.9).

(R. Trimbitas, 2005, Analiza numerica. Presa Universitara Clujeana)

Sursa MATLAB Generarea tabelei diferentelor divizate
function td=difdiv(x,f):;

sDIFDIV - cbtine tabela diferentelor divizate
tapel td=difdiv(x,I):

£ x - nodurile
£ f- walorile functiei
£ td - tabela diferentelor divizate

td=zercos (lx, 1x):
td(:,1)=£";
for j=2:1x
td(l:1x-j+1,j)=diff(td(l:1x-3+2,3-1))./...
(2 (J:lx)-x(l:1lx-7+1))";
end

19



Sursa MATLAB Calculul formei Newton a polinomului de interpolare Lagrange

function z=pNewton(td,x,t)

$PNEWTON - calculeaza PIL in forma Newton
tapel z=pllewton (td,x,t)

ttd - tabela diferentelcr divizate

t® - nodurlle de interpolare
tC - punctele in care se calculezza valoareaz
% polinomuluili de interpolare
tz - valorile polinomulul de interpcolare
lt=length(t); lx=length(x);
focr j=1:1¢
d=t (]j)-x;
z(j)=[1l,cumprod(d(l:1x-1))]*«td(l,:)';
end
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6. Diferente divizate cu noduri multiple

(R. Trimbitas, 2005, Analiza numerica. Presa Universitara Clujeana)

Teorema Are loc
(WH) (@0, 7m)
TOse oo Tm| = -
fl | Vizg,...,Tm)
unde 1
1 xzp 2 oy flxo)
Ty f(z1)

2
1 zm %,

iar V(zg.....Tm) este determinantul Vandermonde.

21




Introducem diferenta divizata cu un nod multiplu:

]. i A N
a,....a; f] = Ef'*m;'{f}:).
~~ |

Reprezentand aceasta ca pe un cat de doi determinanti se obtine

1 a a® ... a™! fla)
W | a o - 0 1 2a ... (m—1)a™? f'(a)
m+1 0 0 0 ... (m-1)  fm=b(qa)
S1
1 r  a? ... a™
vla Sl 0 1 22 .. ma™ !
m+1 o 0 0 ... m!

adica cei doi determinanti sunt constituiti din linia relativa la nodul a s1 derivatele succesive
ale acestela pana la ordinul m in raport cu «.
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Definitia

Fierp € N, k=0,m, n=ry+ -+ r,,. Presupunem cd existd f'9)(z),

k=0.m,j=0,rx — 1. Marimea

[I“?“ PR ) PR R B I R R *Tm‘f] —
o0 %0 S I N e z0r e Ty T)
ro r1 rm
unde
(Wl xg.e oo T0ee e s Tns e oo s Ty ) =
1 zpo ! . zh! flzg)
0 1 (ro — 1)zpe=? (n—1)zp~? f'(xp)
_ |0 0 (rg — 1)! H;“:_ll(n —p)zp~T fro=D(gg)
1 xm prm =1 . =t flzm)
0 1 (rm — 1)zTm=2 .. (n—1)zn~? f'(zm)
0 0 (rm — 1)! . ;”;{l(n —p)zi=mm fr=l(g,)
iar V(zg,...,To.....Tm.....Tm) €ste ca mai sus, exceptand ultima coloand care este
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-1 n—;r‘-._+]_ -1 —_ 1\-.1—
(zg.nzg™ ..., ||{H—IJ}IU T Ty e || zh— T

se numeste diferenta divizata cu nodurile multiple xy, & = 0, m si ordinele de multiplicitate
re, k=0, m.

Folosind diferentele divizate pentru nodur1 multiple putem scrie polinomul
de interpolare Hermite intr-o forma asemanatoare formei newton a
polinomului de interpolare Lagrange. In cazul nodurilor duble acesta este:

in+1

Hyp 1 (x) = flzol + Z flzo, oo v zelx —20)(x —21) -~ - (x — Zz—1).

k=1
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Tabela de diferente divizate cu noduri duble se poate calcula astfel:

First divided Second divided
Z f(z) differences differences

zo=2x0  flzo]l = f(x0)
f[zu. E]] = f*(xg) , [ ]

n=x fla)=fx) flzo 21, 22] = 120 2 s
fIzh z2] = f[E;] :;[EI]

I3 = X flz2] = f(x1) flz1, 22, 23} = AL E:j : i:[zh &
flza, 23l = f'(x1) [ ] [ |

s=x  flal=flx) flaa s, za) = L2 ol :‘2 22, 23
Flzs, za] = f[:'::j :zf}[zﬂ

T4 = X3 f[Li] = f(xz) flza, za, 251 = f[zd’ E::_]. : i[z]‘ <
flza, 25] = f’(x;)

zs=x2  flzsl = f(x2)
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Exemplu. Pentru datele date in tabel sa se calculeze diferentele divizate cu
noduri duble si f (1.5).Datele subliniate sunt datele cunoscute.

13 0.6200860
—0.5220232
1.3 0.6200860 —0.0897427
T ~0.5489460 0.0663657
1.6 0.4554022 —0.0698330 0.0026663
—(0.5698959 0.0679655 —0.0027738
1.6  0.4554022 —0.0290537 0.0010020
o —0.5786120 0.0685667
1.9  0.2818186 —0.0084837
—0.5811571
1.9  0.2818186

Hs(1.5) = 0.6200860 + (1.5 — 1.3)(—0.5220232) + (1.5 — 1.3)*(—0.0897427)
+ (1.5 — 1.3)%(1.5 — 1.6)(0.0663657) + (1.5 — 1.3)*(1.5 - 1.6)*(0.0026663)
+ (1.5 — 1.3)%(1.5 — 1.6)*(1.5 — 1.9)(—0.0027738)
= 0.5118277. =
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Sursa MATLAB  Generarea tabelei de diferente divizate cu noduri duble

function [z, td]=difdivnd(x, f, £d):;

$DIFDIVND - tabela diferentelor diwvizate cu noduri duble
tapel td=difdivnd(x,f, f£d)

$®x -nodurile

$f - wvalorile functiei in noduri

$fd - wvalorile deriwvatei in neoduri

$z - nodurile dublate

ttd - tabela de diferente

z=zeros(l,Zxlength(x));
lz=length(z);

v
z(2:2:1z)=x:
td=zercsi(lz,lz);
td(l:2:1z-1,1)=£";
td(2:2:1z,1)=£';
td(l:2:1z-1,2)=£d’ ;
td(2:2:1z-2,2)=(dif£(f) ./diff(x))"’;

td(l:1lz-3+1,3)=diff(td(l:1z-3+2,3-1))./...
(z(J):1lz)-z(l:1z-73+1))":;

2/



