Interpolare polinomiala

1. Introducere

Exemple:
(Burden, Richard L.; Faires, J. Douglas: Numerical Analysis, 8th ed., pages 104—105, ISBN 0534392008.)

A census of the population of the United States is taken every 10 years.
The following table lists the population, in thousands of people, from
1940 to 1990.

Year ]1940|1950j1960'1970‘1930|1m

Population 132,165 | 151,326 | 179,323 | 203,302 | 226,542 | 249,633
(in thousands)
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(Steven C. Chapra, Applied Numerical Methods with MATLAB for Engineers and Scientists, 3rd ed, ISBN-13:978-0-07-340110-2 , pag 336)
Variatia densitatii acrului

TABLE 15.1 Density (p), dynamic viscosity [}, and kinematic viscosity [v) as a function of
temperature (7] at 1 atm as reported by White {1999).

T, °C o, kg/m? i, N.s/m? v, m¥/s
40 157 1.51 x 1077 .99 x 107
0 1 29 |71 % 107 133 % 107
20 120 180 x 1077 1.50 x 10
50 1.09 195 x 10°° | 79 % 107
100 0.944 207 % 10-° 2.30 % 107
150 .835 2.38 % 107 785« 107
200 0744 2.57 x 10°3 3.45 x 10
250 0.675 275 % 1073 408 x 107
300 Oalé 293 x 10°° A75 % 107
400 0.525 3.25 x 107° 6.20 x 107
500 0.457 355 % 10°° 777 w107




Fie datele obtinute prin metode experimentale date in tabelul de corespondenta

t (min) |1 5 10 [15]17 |20 [30 |40
C(»y 124,5/10,30|8,50/7,8/17,70|7,45/7,30|7,25
Reprezentarea grafica a datelor din acest tablou este
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Evolutia concentratiei C(¢)(mg/L) in functie de timpul .
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Notiunea de interpolare s-a introdus pentru nevoia de gasi o estimare a unel
functil f intr-un punct x pentru care experimantal nu s-a putut realiza. Grafic se
poate da o estimare dar aceasta poate confine erori semnificative.

Interpolare liniara
Interpolarea liniard presupune ca variatia dintre doua puncte experimentale este de
natura liniara.

Fie functia f masurata experimental in doua puncte a si a+h cu pasul 4 foarte mic,
fie a < x <a+ h. Atunci valoarea f(x) se poate aproxima prin

f(x)= f(a)+(x—a)f'(x) (7.5)
Din definitia derivatel unei functii intr-un punct putem aproxima
a+h)— f(a
f~ @D/ @

fla+h)- f(a)
h

Prin urmare putem scrie
f(x)= f(a)+(x—a)
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Exemplu: Considerand datele experimentale prezentate in exemplul 1 estimati
C(7) prin formula interpolarii liniare.

Solutie: Pentru a estima valoarea ¢t = 7 sau 8 e necesar sa cunoastem valoarea
concentratiel in doud puncte a siathcua<t<a-+h

C(6) =~ Ca) + (1 — q) 4T =C(@)

h
Avem 5<7 <10, prinurmare a=5s1 h=5

C(7) = C(5)+(7-5) C10) =€) _ 10,30 + p 821030 9,58 mg/ L
Avem 5<8<10, prin urmare a=5s1 h=35
C(7)=C(5)+(8-5) C10)=C6) =10,30+38’5_10’30=9,22 mg /L




Interpolare parabolica
Interpolarea parabolica presupune ca variatia intre tre1 puncte experimentale este
de tip parabolic.

O functie f data experimental in tre1 puncte a-4, a s1 a+h cu pasul 4 foarte mic. Fie
a—h<x<a-+h,atunci f (x) este data de

2
)= f@+ -y TEED  Ean] <a+h>—2J; @)+ f(a=h

(7.6)

Exemplu: Considerand datele experimentale prezentate in exemplul 1 estimati
C(7) prin formula interpolarii parabolice.

Solutie: Este necesar de a cunoaste valorile experimentale ale functiei C in trei
puncte invecinate lui # = 7, pentru care a—h<t<a+h, adica C(a—h), C(a) si

C(a—-h).



Ludam a =10 s1 A =5 atunci

2
C(7) = C(10) + (7 -10) C15)-C6)  (7-10)7 €d5)-2C10)+CO)

10 2 25
J— J— 2 J—

(7 ~g5_3187103 (D T8-2B5)+103 o, )
10 2 25

C(15)-C(5) _ (8~ 10)? C(15)-2C(10) + C(5)
10 2 25
7.8-103 (-2)% 7,8-2(8,5)+10,3
10 2 25

C(8) ~ C(10) + (8 —10)

C(8)~8,5-2 ~9,088 mg /L
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In general cand se dau un numir de puncte si » informatii referitoare la aceste
puncte (valori ale une1 functii, si/sau valori ale derivatelor functiilor in punctele
respective) putem construi un polinom de grad n-1 numit polinom de interpolare
ce va trece prin acele puncte.

Exemplu: Fie punctele x; si x, s1 valorile cunoscute f(x;), /'(x1) st f{x,). Atunci
putem construi polinomul P(x) de grad 2 ce trece prin punctele x; si x; rezolvand
sistemul cu necunoscutele a,b,c:
P(xl) —da X12 +b X1TC :f(xl)
P’(xl) =2 ax1+b =f’(x1)
P(XQ) —da X22 +b Xy TC :f(XQ)

{a) (b {c)

Examples of interpolaiing polynomials: {a firstorder fiinear) connecting two points,
{6} second-order {quadratic or parabolic) connecting three points, GI’]C?':C‘] third-order [cubic]
connecting four points.



2. Interpolare Lagrange

(R. Trimbitas, 2005, Analiza numerica. O introducere bazata pe MATLAB, Presa Universitara Clujeana)

Observatia 5.3.1. Functia f : [ — R, I interval, se numeste absolut continud pe / daci
¥ & > 030 > 0 astfel incat oricare ar fi un sistem finit de subintervale disjuncte ale lui /
{(ak.bg)},._7= cu proprietatea >, _, (bx — aj) < d sd avem

Zlf bi) — flax)| <

Pentru n € N*, definim
H"a.bl = {f:[a.b] = R : f € C" {a,b], f*~1) absolut continui pe [a, b]}.

Orice functie f € H"|[a, b admite o reprezentare de tip Taylor cu restul sub forma inte-
grala

n—1

I—!’lkr, 2 (o n—1 -
f(I}:Z%f"H(a}—I-/ {{n —ﬂl}! U (t)dt.

k=0
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Teorema (Peano). Fie L o functionald reald, continud, definitd pe H™[a.b|. Dacd
Kerl =P, _1 atunci

Lf= [ Kot

unde
1
K(t)= ——L[(-—=t)"""'] (nucleul lui Peano).
= 1) i
Functia
z, >0
o —
i 0. z<0
se numeste parte pozitivd, iar z!! se numeste putere trunchiatd. &
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Fie intervalul inchis [a.b] C R, f : [a,b] — R si o multime de m + 1 puncte distincte

{Iﬂ..r]_. A 'I"i’ifl} C :ﬂ-,b1.

Teorema Existd un polinom §i numai unul L, f € P, astfel incdt
Vi=lLosms  (Leafllme) = Flmel;

acest polinom se scrie sub forma

(Lnf)(z) = flzi)u(z),

=0

unde

Polinomul L., f definit astfel se numeste polinom de interpolare Lagrange
a lui f relativ la punctele T, 1. . . .. Tm, lar funcgiile £;(x), i = 0, m, se numesc polinoame
de baza (fundamentale) Lagrange asociate acelor puncte.
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Sursa MATLAB 5.11 Interpolare Lagrange

function fi=lagrix,y,xi)

$LAGE - calculeaza polinomil de interpolare Lagrangs
% X,yv -coordonatele nodurilor

% X1 - punctele in care ge evalusaza polinomul

if nargin =32
error {(‘numar ilegal de arqumente’)
end
[, 1] =s8ize (¥x1) ;
fi=zeros (mi,nu) ;
npl=length iy} ;
for i=1l:npl
Z=ones (m, mi) ;
for j=[1:1-1,1i+1:npl]
E=E. % (X1-xX(J))/(x(1)-x(]));
end;
fi=fi+z+y (i) ;
end
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EXGmplu (Ward Cheney, David Kincaid, Numerical Mathematics and Computing, Sixth edition, 2008)

Write out the cardinal polynomials appropriate to the problem of interpolating the following
table. and give the Lagrange form of the interpolating polynomial:

Solution

Tharefore, the interpolating polynomial in Lagrange’s form is

1 ' | | [ i
p:{x}:w?rﬁ(x-_—ljfr-]:l-—-lt’*r(x-i)u-l]-:-é—l(x-i) (I"T) [ |
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Exemplu Polinomul de interpolare Lagrange corespunzator unei functi f s1 nodurilor

Tg §1 T este

L — I I — Iy

(Lif)(x) = flrg) +

L — a9 L — @Iy

flzq),

adica dreapta care trece prin punctele (g, f(xro)) st (r1, f(r1)). Analog. polinomul de inter-
polare Lagrange corespunzator unei funcfu [ s1 nodunler oo, o1 s1 72 este

(Lof) (@) = E=ZN@ =22 oy, @oT)@=2a) pp

(o — x1)(x0 — r2) (1 — zo)(x1 — x2)

(x — xa)(x — x1) Fls).

(x2 — xo)(x2 — 1)

adica parabola care trece prin punctele (xq. f(xg)). (x1. f(xy)) st (xg, f(xq)). Interpretarea
lor geometrica apare in figura Ly
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(a) (Lif) (t) (Laf)

Interpretarea geometrica a lmi L f (stanga) s1 Lo f

17



3. Interpolare Hermite

(R. Trimbitas, 2005, Analiza numerica. O introducere bazata pe MATLAB, Presa Universitara Clujeana)

In loc sa facem si coincida f si polinomul de interpolare in punctele x; din [a,b]. am

putea face ca f si polinomul de interpolare sa coincida impreuna cu dervatele lor pana la
ordinul 7; in punctele x; . Se obfine:

Tearema Fiind date (m + 1) puncte distincte xo, x1, ... . Ty din [a,b] gi (m + 1)
numere naturale ro, vy, ... Ty, PUem n = m + rg + 11 + - - + . Atunci, fiind datd o
Jfunctie f, definita pe [a, b] si admitand derivate de ordin r; in punctele x;, exista un singur
polinom i numai unul H, f de grad < n astfel incdr

P, 0<i<m, 0<{<r  (Ho. ) (x:) = ),
unde ¥ (x;) este derivata de ordinul { a lui f in ;.

Definitia Polinomul definit in acest mod se numeste polinom de interpolare al Iwm
Hermute al functiei f relativ la punctele xn,x1, ... . Tm §i la infregii 1o, 7. ... . Tm.
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1) Dandu-se numerele reale b,y pentru orice pereche (i, £) astfel incat
0<i<ks10</{ < r,, am aritat cd problema generali de interpolare Hermite

sd se determine Pn clP,a17(i,f)cul <i< msi
(£)
ﬂ{ F{ Ty Pn (‘t]_ il

admite o solutie s1 numai una. In particular, dacd alegem pentru o pereche (i.¢) data
bip =1s1b;, =0,V (j,m) # (i,f). se c:«btme un polinom de baza (ﬁmdamental} de
interpolare Hermite relativ la punctele xg, 1, ..., x,, stlaintregii rg, r1, ..., 7.

LrE

Hi‘lf:l[ szﬁ hzf' :I

=0 {=0
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Punand

(x) f[ r—a; |7
sl = 5
& T —I; '

i=0
i

se verificd ci polinoamele de baza /i,y sunt definite prin relatiile de recurenta

r—x;)
hir; () = [ ,”] g:(z)
r;!
sipenttu f=r; — 1.r; —2,...,1.,0
h [‘EII _ [I_Igjf (I:]_ i _:'I I:J_E:Ilz.r)hlz.rjl
il 7l qi . 4q; i)itig\L).
J=Ff4+1
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Vom prezenta o expresie mai convenabila a polinoamelor fundamentale Hermite, obtinuta
de Dimitrie D. Stancu in 1957[60]. Ele verifici relatiile
h:gff(;ry] = 0, vEk p=0,r

Ingf;}[;r;f] = ﬁjp? p=0,rg,

pentru j = 0, rg s1 v, k = 0, m. Introducand notatiile

e

u(r) = H(ﬂ: )t

k=0

51

rezultd cd hy,; are forma

by (z) = uk(x)(z — z1)’ gis (). grj € Pry—j.
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Dezvoltand g;.; cu formula lui Taylor, avem

TE—2]

':?f — Lk ]H ny \
Orj(x) = Z ﬂf;}'ii?ﬁ;,?;

!
/!
=0

Derivand s1 aplicand formula lui Leibniz se obtine:

1ar 1n final avem:

(1) 1 1 v
70 Luklr) T=T
r— xp)d ey [ 1 W
f};j(r]z[ : u;irjz [ '“ ,
N g 1/ URLT) | e
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(Burden, Richard L.; Faires, J. Douglas: Numerical Analysis, 8th ed., pages 104—105, ISBN 0534392008.)

If f € C'a, b] and xq, ..., x, € [a, b] are distinct, the unique polynomial of least degree
agreeing with f and f' at xy, ... , x, 15 the Hermite polynomial of degree at most 2n + |

given by
Hyni1(x) = 3 flx)Hay(x) + ) f'(x;)Hy, j(x),
Jast) =0
where
Hy i(x) = [1 = 2(x — x;)L, ;(x;)1L; ;(x)
and

H, i(x) = (x — x;)L2 (x}.

m
In this context, L, ;(x) denotes the jth Lagrange coefficient polynomial of degree n de-
fined in Eq. (3.2).

Moreover, if f € €2 [a, b], then

(x — x0)* ... (x — x,)
(2n + 2)!

2
fix) = Hyyy(x) + Frtagy,

for some £ witha < & < b. [
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Exemplu: Aflaf1 £f(1.5) folosind interpolarea Hermite:

k xJ. fixe) Fix)

0 L3 0.6200860 -0.5220232
1 1.6 (0.4554022 —0.5698959
2 1.9 02818186 —0.5811571

We first compute the Lagrange polynomials and their denvatives. This gives

and
Loy = (x = xp)lx = xp) Ex’ B EI N E L) = I;H}I - 1:5.

(X = xg)(x2—x1} 9 4 Y
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2 50 , 145 104
Hanlx) =1 —2(x — L.3)(—~ 5}](EJE_E E) Hya(x) = 10(2 = x}(_.x _.__:_,___)‘

5 ¥+ 9 Q g
2 - 175 15234°
B 50 , 175 152 J% 10,2
—{1[]1'-12_} (F.I —?Xﬂ—?) ; Z,D[I] {I .] 9-1- 9 -I+ 9 5
—100 , 320 247 . —100 , 320 247%°
Hz.llle'-’ll—l-(--g--x +—9—x——9—) . Fpa(x) = (x - Lm( Xtk - —g—) ,

- 50 , 145 104)\°
HE_E{I:I = [:.Ji' - lg:l (?I - TI + T) .

Hs(x) = 06200860 H; olx) 4+ 0.4554022 H; y(x) + 02818186 H: 5 (x)
— 9.522U132gglg[1':] — D-ﬁﬁ?ﬁgigﬁg,] (x)—0.5811571 Hzlz[l}

2! 64 3
: — : ] —
Hsi(1.5) = 0.6200)860 (ET) + 0.4554022 (El) + 0. 2R18186 (El)

4 —32 2
— 0. 12— | —-0.5 — | — 0.5811571
(.52202 (eu]j) HIEG50 (4[]5 ) (-fmﬁ)

= 0L5118277,
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Exemplu: (http:/en.wikipedia.org/wiki/Shamir%27s Secret Sharing)

Mathematical definition [edi]

The goal is to divide data [) (e.g., a safe combination} into 71 pieces Dl, cey D“ in such a way that

1. Knowledge of any [ or more jjl- pieces makes [) easily computable.
2. Knowledge of any J- — ] or fewer Di pieces leaves ) completely undetermined (in the sense that all its possible values are equally likely).

This scheme is called |: k. n } threshold scheme. If [: = y; then all paricipants are required to reconstruct the secret.

shamir's secret-sharing scheme  [edit)

The essential idea of Adi Shamir's threshold scheme is that 2 points are sufficient to define a line, 3 points are sufiicient to define a parabola, 4 points fo
define a cubic curve and so forth. That is, it takes [ points to define a polynomial of degree |- — 1.

Suppose we want to use a { ﬁ‘, I } threshold scheme to share our secret §, without loss of generality assumed to be an element in a finite field | of size
0 < k < n < P where ?is a prime number,

Choose at random J- — | coefficients 14, - - -, @p—1in [, and let ay = .5 Build the polynomial

f(x)=ag+ ayx+ (o> + aar” + - + ay_xr" - Letus construct any 12 points out of it, for instance set{ = 1, - - 11 1o
retrieve [.r f (f } } Every participant is given a point {an integer input to the polynomial, and the corresponding integer output). Given any subset of |: of
these pairs, we can find the coefficients of the polynomial using interpolation. The secret is the constant term (g,
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Preparation [edii]
Suppose that our secret is 1234 [S = 1234}

We wizh to divide the secret into 6 parts ['n. = ﬁ}, where any subset of 3 parts [:ﬁ.' — 3)is sufficient to reconstruct the secret. At random we obtain
two (- — 1) numbers: 166 and 94.

(a; = 166;a; = 94)

Cur polynomial to produce secret shares (poinis) is therefore:

f (r) = 1234 + 166z + 942

We construct 6 points from the polynomial:

(1,1494);(2,1942); (3,2578); (4, 3402);(5.4414); (6,5614)
We give each participant a different single point (both  and f :: ).

Reconstruction [edif]

In order to reconstruct the secret any 3 points will be enough.

Letus consider (g, o) = (2.1942); (x1, 1) = (4, 3402); (22, y2) = (5, 4414}
We will compute Lagrange basis polynomials:

r—1I4 I—1I t—4 -5 1, 3 10
£y = . = - o= R~ i b
To—T1 To—T2 2—4 2-5 6 2 9
, r—ry T—a3 xT—2 -5 1, 7
f, = . - i —_r —§
el ———_— e i
=z T—% -2 -4 1., 8
fz_fg—;l".ﬂ-fg—..l.'-l_n—‘z-.i 4_§I _2I+§
Therefore

)= ZH;"G(I]

= 1234 + 166z + 94z
Recall that the secret is the free coefficient, which means that §' —= 1234, and we are done.
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3. Erorile polinoamelor de interpolare

Daca donm sa utilizam polinomul de interpolare Lagrange sau Hermite pentru a aproxima
funcfia f intr-un punct r £ [a, b], distinct de nodurile de mterpolare (g, .. ., T, ). trebuie sa
estimam eroarea comusa ([, f)(x) = f(z) — (Hn f)(r). Daca nu posedam nici o informatie
referitoare la f in afara punctelor r;, este clar ca nu putem spune mimic despre ( Hy, f)(x]);
intr-adevar este posibil sa schumbam [ in afara punctelor =, fara a modifica (H, ) (x). Tre-
buie deci sa facem ipoteze suplimentare, care vor fi ipoteze de regularitate asupra lm f. Sa
notam cu (' [a, b] spatiul functitlor reale de m ori continuu diferenpiabile pe [a, b]. Avem
urmatoarea teorema referttoare la estimarea eroru in interpolarea Hermate.
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Teorema Presupunem e f € C"[a,d] 5i exista f'"Y) pe (a,), unde o =
min{r, ro.. .., Ty 5§ = max{r, ro,...,: L | Gtunci, pentru orice v € [a, 3|, exista
un &5 € (o, 3) astfel incat

1 i
— i::n[ﬁ:r:lf'»”"'ls' (Ex),

Rn, '-..*: —
(Fn f)(2) (n+1

.-'I "

unde

e
|"_ R _ l"_ . ‘."l'i"'i.l.l
iy | T) = I ILJ" "y .

Deoarece interpolarea Lagrange este un caz particular al interpolarii Hermite (1;= 0,

1=0,1,...,m ) avem:
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Corolarul 5.3.18. Presupunem ca f € C™[a. [] si exista {1 pe (a.3), unde o =
min{r, rg. ... Ty §1 3 = max{z, g, ..., T, | atunci, pentru orice * € |a, 4], existd

un £ € (v, 3) astfel incdt

1

i@ ), (5.3.26)

(B f)(x) =

unae

U (T) = H(:ﬂ — ;).
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