1.2.2 Newton-type methods

The next procedures gives an alternative form for the interpolation polynomial, as well as for the

remainder.

Newton’s divided difference formula

To better understand (and write) the transition from n to n 4+ 1 nodes, we slightly change the no-
tations. For the monic polynomial of the nodes (“monic” means the leading coefficient is 1), pre-
viously denoted by “u(x)”, we introduce a new notation, one that also emphasizes the number of

nodes that it refers to. So, let

V() = (x—20)...(x —xpq)(x — ),

UVp_1(x) = (r—x0)...(x —xp_1).

Then we have

ZZJN(QE) = (QS - xn>wn—1(x)v
7%1(1') = Ypa(2) + (z - xn)w;—l(m)

Hence,

%(%‘) = (@ — a1 (i), i=0,....,n—1, (L.1)

77Dn($n) = Q/}n—l<xn)'
With these new notations, we can write

SR IC)
Lyaf(z) = — fis
DY S A
Let us also recall one of the properties of divided differences (Theorem 5.1 a), in Lecture 2):
floom] = S L, (1.3)
Oy---5Lnp £ @Dg(xZ) G- .



We want to derive a simple recursive formula from L,,_; f to L,, f, when adding a new node z,,. Let
Q(x) = Lnf(z)— Ln-af(z). (1.4)
Obviously, @ is a polynomial of degree (at most) n and for: =0,...,n — 1,
Qr:) = [f(zi) — f(z:) = 0,
S0 its m roots are precisely the nodes g, ..., z,_1. Then Q) is of the form

Q) = ap(zr —x0)...(r —Tp_1) = aptbp_1(x),
Q(zn) = apn_1(xy), (1.5)

for some constant a, € R that we want to find.
On the other hand, the polynomial L, f also interpolates f at the node x,, so L, f(z,) =
f(x,) = f, and, thus,

By (L.5)—(1.6), it follows that
fn - Ln71f<$n)

wn—l(xn)
Now using (I.I)—(1.3), we get:
o
T e IR R
fn 1 — ¢n—1(xn)

QRE Rl v O Y rpmr N L

1=0
B fn n—1 fz
T ) )
= z_;w;](t;z) - f[$07 axn]



Thus,
Q(x) = flzo, .. wa]thn-1(2).
So, by (I.4)—(I.6), we have the following recurrence relation for the Lagrange polynomial:
Lnf(z) = Loaf(x)+ flro, . &nltna(z), n > 1. (1.7)
Iteratively, we get

Lof(z) = f(zo),
Ly f(x) f(xo) + flxo, z1](x — 20),
Lyf(x) = f(zo) + flxo, 21](x — 20) + flzo, 21, 22) (2 — 20) (2 — 21), (1.8)

Lof(z) = f(xo)+ flro,z1](x — o) + -+ + flxo, ..., xn)(x — x0) ... (¥ — 21—1),

The expression on the right-hand-side of is called Newton’s divided difference form of the
interpolation polynomial, or Newton’s interpolation polynomial and it is denoted by N, f(x).
To be clear, by the unigueness of the interpolation polynomial at n + 1 distinct nodes, the two
polynomials coincide, L, f(z) = N, f(z), they are just expressed (written) in different forms.

If we denote by
D'i = f[l'o, c. ,l’i], 1 Z O,
Newton’s polynomial NV, f can be written in the nested form

N.f(z) = Do+ (x—x0)D1+ (x —x0)(x —x1)Dy+ -+ (x —20) ... (x — xp_1) Dy,

= Do—i‘(x—.%o) D1+($—$1)|:D2+... (19)

+ (x— 2z, 2) [Dn_l + (z — xn_l)Dn} . H )

Writing it this way, we can see that the evaluation of NN, f(z) requires only n multiplications and
n additions (once the divided differences have been computed), so this is a more computationally
efficient formula for the interpolation polynomial.

Next, we also want to express the remainder in a new form. Let [a, b] denote the smallest interval



containing the distinct nodes {xy, ..., z,} and let x € [a, b] be fixed. We write recursively:

fla,zo = %ﬁ)
floagzy] = LTl =Slwo 2]

r — T

flx, zo, 1] — f [x0, 21, 22]

f[a:axl))'rlax?] =

T — To (1.10)
o f[x7'r07"‘7xnf2] - f[x(]?xlv"'axnfl]
fle, o, o 2] = P
o f[x?x()’"'axnfl]_f[x(bxl?"'axn]
f[$ax07x17"'axn] — T —z, .

Multiplying the first equation in (1.10) by (z — ), the second by (z — x¢)(z — z1), the third by
(x —zo)(x — 21)(x — 23), ..., the next to last by (x — z¢)(z — x1) ... (x — x,,_1) and the last one by

(x —zo)(x — x1) ... (x — x,), writing the right-hand-side first, we get

f(x) = f(xo) = (x—z0)f [2,20]
(z — mo)(f [z, 20 — f[$0a$1]> = (v —mo)(x — 21)f [z, 70, 71]

(x —zo)(x — 29) <f [, xo, 1] — f [x0, 21, X2) ) = (x—x0)(x —x1)(x — x2) f [7, 20, X1, 2]

=0 =0
n—1 n
[T =) (f .20, ozunt] = flooar, o) ) = [J@—20)f o w01, )
1=0 =0



Now, adding all equations above, we obtain

/(@)

f(xo) + flzo, 21](x — o) + flzo, 21, 22)(x — o) (x — 21) + ...
+  flxo, .-y xnl(® — o) ... (2 — Tp1) + flo, Tos - - ., 0|00 ()
Nof(x) + flz, zo, .. ., 2] tn (),

from which we have

R.f(x) = flz,xo,...,z5)(x —x0) ... (x — zy). (1.11)

By the mean value formula for divided differences (Theorem 5.1 e), in Lecture 2), we find the

previous formula for the remainder:

Ruf(o) = I B e, g e (o

Example 1.1. Given the data below, find N;(0.15) and N5(0.15), the linear and quadratic interpo-
lates evaluated at = 0.15. Determine the remainders.

0 0.1 0.2
1 02 024
2 03 03

Solution. First, we compute the divided differences:

0.24 —0.2 0.6 —-04
zo = 0.1 f[wo] =02 — f[mO’ 5131] = W =04 — f[a:o,acl,wz] = m =1
/ /!
0.3—-0.24

/!

The linear interpolate at the nodes zy = 0.1 and z; = 0.2 is then

Nif(z) = f(xo) + flxo, z1](x —29) = 0.2+ 04(x —0.1) = 0.4z + 0.16,



so we have the approximation
f(0.15) ~ N;(0.15) = 0.22.

The error of this approximation is

(0.15 — 0.1)(0.15 — 0.2)

R, f(0.15) = o 1)

= —1.25-107% f"(¢), € € (0.1,0.2).

Using all three nodes, we find the quadratic interpolate

Nof(x) = f(xo) + flzo, v1](x — o) + flwo, 21, 22| (T — 20) (T — 71)
= 0.2+404(z —0.1) + 1 (2 — 0.1)(z — 0.2)
= 22+ 0.1z +0.18,

which yields the approximation
f(0.15) ~ N5(0.15) = 0.2175,

with an error of

(0.15 — 0.1)(0.15 — 0.2)(0.15 — 0.3)

Ry f(0.15) = 2 1)

= 6.25-107° f"(n), n € (0.1,0.3).

Example 1.2. Find the polynomial of minimum degree that interpolates the data f(—1), f(0) and

f(2), for some function f € C*[—1,2]. Determine and discuss the remainder.

Solution. We find the divided differences table:

D) FO =S — (20(-1) - 35(0) + £(2))
/ /

0| 10 — () - 10)
/

2| 1)




Then the interpolation polynomial is

Lof(r) = F(-1)+ (F0) = F(-1)) G+ 1)+ 2 (27(=1) = 3£(0) + £(2) )l + 1)

We can now write it as a linear combination of the given function values,

Laf(r) = go(e = f(-1) = 5o+ D)@~ 2)f(0) + zrlz +1)FQ)

When written this way, it is very easy to check that L, f satisfies the interpolation conditions, i.e.

Lyf(=1) = f(=1), L2f(0) = f(0), L2f(2) = f(2).

The coefficients of f(—1), f(0) and f(2) above are precisely the basis polynomials lo(x), [;(z) and
lo(x), as they satisfy [;(x;) = 0;;, but the computations were much easier to do this way.

Alternatively, we can write the polynomial in the usual form,

Lof(r) = £(20(-1)=37(0) + £(2))a® + o (= 4F(=1) +3F(0) + £(2) ) + £(0).

This second form will be more convenient when we also want to differentiate or integrate the poly-
nomial.

Now, the remainder can be written as

R2f<x> _ U(lﬂ) ///(5) _ l‘(x+1?))!(x_2)

3 (&), €€ (-1,2).

If possible, we may try to find a bound for |u(x)| on [—1, 2] (but this may require Matlab ...).

In this case, we have

u(x) = z(z+1)(r—-2) = 2° —2® -2z,
u'(r) = 3% —2x —2.

The zeros of the derivative are

, the smaller being a point of local maximum and the larger,

a point of local minimum for u(z) on [—1, 2]. For |u(z)|, we have:

()| L+ VT
max |(ulx = (U
z€[0,2] 3

2
=510+ V7).




Thus, a bound for the error is

Rf@)] < 5 (104 TV F7(€)] % 03521 |f7(€)], € € (~1,2).

Newton’s forward and backward difference formula

In the case where the interpolating nodes x; are not equally spaced, we use Newton’s divided differ-
ence formula presented above; however, when the nodes are equidistant, we can construct simpler
and less expensive algorithms, using finite differences. Historically, these algorithms were of great
importance in interpolating functions whose values were given in tables, but the availability of more
powerful computers diminished their relevance. However, with new processors (fpu’s), they have
made a comeback.

Assume the values of a function f are known at the h-step equidistant nodes
r; =x9+1ih,i=0,1,...
Recall the forward differences of the function f

Alf(w) = flaith) = fz) = for— fi
ARf(r) = AMf(ai4h) = A () = AR - AN,

and the property (Proposition 5.6 in Lecture 2)

1 )
f[l’o,.fl?g—i-h,...,l’o—i-ih] = Z’lhiAZfO'

The Newton form of the nth degree polynomial L, f of f at the nodes x; = o +ih,t =0,1,...,n,
can be simplified. Denote by s = (z — x¢)/h. Then

1
g

(x —mo)...(x — zim1) flwo, ... ,xo +ih] = (sh)-((s—1)h)...((s —i+1)h)=——A"fo
_ s(s—l)..i(s—i—i—l)AifO'

7!




Using the notation

1) (s—k+1
(5> = ss= 1) (s +),seR,keN
k k!

(the generalized binomial coefficient), we find Newton’s forward difference form of the interpolation

polynomial.
Lf(x) = 3
= f0+<i)AfoJr(Z>A2f0+---+<Z)A”fO, (1.12)

with s = (x — z)/h.

The error after n iterations, for x = xy + sh, is given by

@)= Laf@) = w0 ), (1.13)
n+1
where &, lies in the smallest interval containing xy, . . ., z, and x.

Similarly, using backward differences V

Vofi = fiv
Vi = fi— fie1,
Vi = VM-V

and the change of variables ¢t = (x — x,,)/h, we obtain

tt+1)
2!

V2fn+...+t<t+1)...(t+n_1)

which can be written as

t+n—1

n

Lof(z) = fn+(i)anJr(t;l)VanerJr( >V”fn (1.14)

This is called Newton’s backward difference formula.



In this case, the interpolation error is

t+
@)= Laf(@) = w2 ( ) ), (1.15)
n+1
where 7, lies in the smallest interval containing xq, . . ., x, and x.

Example 1.3. Consider again the data in Example

no T, fn

0 01 02
1 02 024
2 03 0.3

Let us find Lo f(0.15) using finite differences.

Solution. By (1.12), we have

Lof(@) = fot (| )R+ () )A%

s(s—1)
2!

Afo +

A?fy
(r —x0)(x — 29 — h)
2h?

s
= fo+FAfo+

T — 2o

2
- A%y

= fo+

where s = (x — o) /h, h = 0.1.

We compute the forward differences:

Ty = 0.1

T = 0.2

T = 0.3
So,

fo=02 — Afo=024—02=0.04 — A2fy=0.06—0.04=0.02

S /!
f1i=024 — Af; =0.3-0.24=0.06
/
fo=10.3
x—0.1 (x —0.1)(z — 0.2)

Lyf(r) = 0.2+ -0.04 + -0.02

= 2240.12+0.18

0.02

10



(as before) and
Lyf(0.15) = 0.2175.

Using backward differences, by (I.14)), we get

Lof(x) = f2+( i )Vf2+(t;1 >V2f2

t t+ 1)t
= f2+FVf2+—( 5 ) V2 fy
_ _ W) —
_ f2+xhx2w2+($ xz;hﬁ(w 72) g2y,

witht = (x — x9)/h, h =0.1.

The backward differences are found in the table
Ty = 0.1 fo =0.2

N\

21=02|f1=024 — Vf =024—02=0.04

N\ N

23=03| f2=03 — Vf3=03-024=0.06 — V2f;=0.06—0.04 =0.02

Hence,

Lof() = 034203 ggp4 20D =03)

= 2240.12 +0.18

and
Lof(0.15) = 0.2175.

Remark 1.4. Interpolation algorithms can be classified according to the “step” of the grid (the dis-
tance between two consecutive nodes, when sorted in increasing order). There are variable step
methods (the Lagrange form with fundamental polynomials, the barycentric formulas, Newton’s di-
vided difference formula) and constant step algorithms (Newton’s forward and backward formulas).
For variable step methods the precision is the same at any intermediate value in the interval covered

by the data (z;, f;). So these methods do not have so-called preferential precision zones. In contrast,

11



Newton’s forward formula is particularly useful (i.e. it has higher precision) for interpolating the
values of f(z) near the beginning of the set of values (closer to the first node, (zo, fy)), whereas the
backward formula is preferred when the value of f(x) is required near the end of the table (in the

vicinity of the last node, (z,, f,))-

1.2.3 Aitken-type methods

These are variable step iterative methods and they highlight another important aspect: in many
cases, the degree required to attain a certain desired accuracy in polynomial interpolation is not
known. It can be obtained from the remainder, but that assumes knowledge (or at least knowing a
bound) of || f"V]|.

The idea behind these methods is to write an interpolation polynomial of degree n, iteratively,
in terms of two interpolation polynomials of degree n — 1, that only use a part of the n 4+ 1 nodes.
Let us illustrate the idea for a simple case. For two nodes, xy and x, the polynomial of degree 1

interpolating these data, can be written successively (using Lagrange basis polynomials) as

Por(z) = lo(z)fo+ L(z)fi

- I-o fo+ Sh— J1

To — I1 Iy — Zo
(=) fi — (v —21) fo
B 1 — o
(2 —29)Pi(x) — (x — m1) Po(x)
B T1 — o ’

where P, denotes the polynomial that interpolates f at the node x (a polynomial of degree 0, hence,
a constant, fy), P1, the polynomial of degree 0 that interpolates f at the node z; (identically equal
to f1), and Py, the polynomial of degree 1 that interpolates f at the nodes z¢, z;. Similarly, if we
add another node, =5, we can define

_ ) Paz) — (2 — 1) P

Pio(z) = (z — 1) Po(x) — (2 — 2) 1(93)’

To — X1

which is the polynomial of degree 1 that interpolates f at the nodes x, 5. We proceed further and
define

_ 1) Pio() — ( — 22)P

Pois(z) = (z — 20) Pra() — (7 — 1) 01(1’). (1.16)

Ty — o

12



Let us compute its values at the nodes.

0 — (2o — 22) Po1(w0)

Pois(w) = Ty — 10 = Poi(zo) = fo,
Pois(z1) = (21 — xO)FlZ(JUIlZ : ;9;1 — 3) P (1) _ (21 — a:o);cf; : iﬂio1 — x9) f1 _ 5
Poia(w2) = e :onz)]ili(ob) - = Pia(a2) = fa

Since Py, is a polynomial of degree 2 and it interpolates f at the nodes g, 1, 2, it follows by the
uniqueness of the Lagrange interpolation polynomial, that Py5 = Lo f.

In a similar fashion, we can construct recursively the polynomials

— (l‘ — I1>?23(I> — (I — l’g)?lg(l’)

P =
123(55) T3 — @1 )
— (II? — x(])?lgg(.’lf) — (SL’ — 373)?012(13)
P =
0123(5U) s — To
Proposition 1.5. Let xy, . . ., xy, be distinct nodes and let f;,i = 0, ..., k, be the values of a function

f at the nodes. Then the Lagrange polynomial interpolating f at these nodes is given by

1 r—1x9 Porx1(7)

P x) = P

)
_ (= 20)Pro.a(2) — (2 — fffk)f_%l---k—l(gf), (1.17)

T — To

Proof. Obviously, by its construction, the polynomial in (1.17)) has degree k. Its values at the nodes

are

—(wo — 1) Por...x—1(x0)

P = — P . _
01‘..k($0) T — o 01..k 1(5100) fo,
_ ) Pro k() — (25 — 1) Py s (2
Po1...k(Ij) _ (zj — x0) Pro. i(7;) — (x; — 21) Por_x—1(z;) = fii=Tk—1,
T — To
— xn — o) P T —
Por. k(xr) = (i 0)Piz..(2k) = P x(zr) = fr
T — To

Hence, by the uniqueness of the Lagrange interpolation polynomial, it follows that Py ;, = Ly f.
O

13



Thus, we established a recurrence relation between a Lagrange interpolation polynomial of de-
gree k and two Lagrange interpolation polynomials of degree £ — 1. The computations can be

organized in a table, illustrated below for 4 nodes.

o Py

Ty Py Fm

Ty Py F12 Fow

xr3 P3 ﬁ23 ﬁ123 Fomg

Now, if, for instance, P23 does not provide a desired approximation precision, we can consider a

new node and add a new line to the table:
x4 Py Psy Pasy Piaza Poioss

and we can compare neighboring elements on a row, column or diagonal to check if the desired
accuracy has been achieved.

The method described above is called Neville’s method.

The notations can be simplified. Notice that each polynomial P emphasizes which nodes it
interpolates, listing all their indices. Then, why not specify the starting node and how many nodes

down the polynomial interpolates? So, let

Pi,O = Fz
Py = Fz;u
Py = _i72,i71,i
P = ?0,1,.‘.,2'.
In other words, F; ; is the polynomial of degree j that interpolates the nodes x;, z;_1, ..., z;—;, for
7 =20,1,...,4. So, define the new polynomials P as follows:
P = Fifj,ifjJrl,...,ifl,ia Jj=11—1,...0,

14



i.e., recursively,
.P@o = f(l‘z), Z = O,_n,
(CL’ - xifj>Pi,j71 - (x - xi)Pifl,jfl

Pij =
Tr; — Z’Z’,j
1 r—mxij; P . .
= — I 7 , 1>75>0.
Ti = Ti—j | T — Ty P

Then, we get a new table
zo o
r1 P Pn
Ty Py Por Poo
r3 Py P31 P Pss

and the Lagrange polynomial will be the one on the diagonal L, f = P,,.

(1.18)

If the interpolation converges, then the sequence {P;;};>0 also converges and we can use the

stopping criterion
| Py — ]Difl,ifly < €.

Aitken’s method is similar to Neville’s method. We construct the table

ro Qoo

T Qo Qnu

Ty Qo Q2 @2

3 Q30 @3 @3 @

defining recursively

Qi,O = f(xz)a 1= O,_TL,
1 xr — Ij de‘

r—xi Qi

_ o m)Qy—wmw)lyy sy
Ty — Ty

Again, the Lagrange polynomial will be the one on the diagonal L, f = Q.

(1.19)

Example 1.6. Approximate /2 interpolating the function f (x) = 2% at the nodes —1, 0, 1, and then

at the nodes —1,0, 1, 2.

15



Solution. With Neville’s method, we have the table

I():—]_ P00:1/2
1'120 P10:1 P11:5/4
{132:1 P20:2 P21:3/2 P22:23/16,

where, for z = 1/2,

(@ —20)Pio— (z—21)Py  (1/2—(=1))-1—(1/2-0)-1/2

Mo = 71 — 1o - 0— (=) = 5/4,
P, - (:E—xl)P;Z:(xxl—xg)Pm _ (1/2—0).?:((]1/2—1).1 _ 30,
Py = (z — 330)]3;; - :(B: —x)Pn _ (1/2-(-1)) '13_/2(_—1()1/2 —1)-5/4 _ 23/16.

Thus, with quadratic interpolation, we get the approximation
V2 =~ 23/16 = 1.4375
and
|Pyy — Pp1| =3/16 = 0.1875.
We add a new node x3 = 2 and a new line to the table, to get
rg=—1 Pyo=1/2
r1=0 Pp=1 P =5/4

1’2:1 P20:2 P21:3/2 P22:23/16
.73'3:2 P30:4 P31:1 P32:11/8 P33:45/32,

with
Py = (x_x2>Px30:;x_x3)P20 _ (1/2—1);1:51/2—2)2 0
Py = (x_xl)}ji;:z—l”s)f)m _ (1/2—0)-12—_(1)/2—2)-3/2 118
B T3 — X B 2—(-1)

The new approximation (using cubic interpolation) is

V2 & 45/32 = 1.4063,

16

= 45/32.



with
|P3s — Py| =1/32 = 0.0313.

Let us note that the exact value of v/2 rounded to 4 correct decimals is 1.4142, so the actual errors

of the two approximations are

V2 — Pyy| = 0.0233 and |v/2 — Py3| = 0.0079.

With Aitken’s algorithm, (I.19)), we construct the table

xo=—1 Qoo=1/2

r1=0 Q=1 Qu=5/4

To =1 Q20 = 2 Q21 = 13/8 Q99 = 23/16

r3=2 Q=4 Qu=9/4 Qn=3/2 Q=45/32,

where
Qn = (w—xo)Q;Z:g—xz)Qoo _ (1/2—(—1))1-_2 (—_(11)/2—1)-1/2 _ 138,
On = (a:—:cl)Q;;:J(:l:—xg)Qn _ (1/2—0)-13/18_—0(1/2—1)-5/4 _ 23716,
Qs = (x—xo)Q;Z:;xo—xs)Qoo _ (1/2—(—1))2'_4(_(11)/2—2)‘1/2 9/,
O — (x—xl)Q;;:z—xg)Qu _ (1/2—0)-9/;1:81/2—2)-5/4 _ 3
O — ($—x2)Q;,z:ix2—x3)Q22 _ (1/2—1)-3/22—_(11/2—2)-23/16 _ i/,

The two algorithms are very similar and they actually yield the same values on the main diagonal
of the table (the values P,,,, = @,,, = L, ), so the errors of quadratic/cubic interpolates are the same

as before.

17



	Newton-type methods
	Aitken-type methods

