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Let there be 1 commodities in the economy. \When the price system is P € R,
the excess 0f demand over gupply is 2 ¢ K'. Generally, P dees not uniquely deter-
mine 2; it determines a seb r{p) of which z can he auy olement.  The prablem of
market equilibrium has the natural formulation: 18 there & 7 compatible with
2 =0, 1e,i5 there a psuch that 0 e 1 (@)?

Tn usual contexts, two price systems dentved from each other by ultiplication
by a positive numbecr are equivalent, and all prices do not vanish simultancously.
"Thus the domain of pisa cone ¢! with vertex 0, but with 0 excluded.

Sinee no sgent spends more than he receives, the value of total demand does not
exceed the value of total supply; henee p-2 £ 0 for every 2 in tip). This can also
he written o tp) =0 i.e., the set t{p} is below (with possibly points in) the hyper-
plane through 0 orthogonal to P {scc Fig. 1).
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&, whichisa misprint, denotes the empty sct.
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It is intuitive that, under proper regularity assumptions, there isin € & p, differ-
cul from 0, for which §(p) interscels I', the polar of ¢ (whaose definition 18 recalted
in the Appendix). The theorem gives @ precise seatement of this result. Its in-
torest Hos in the fact that, for a wide class of cconomies, I' 0 t(p) == & implies
Oe(p)t

It i canveniont to normalize p by restricting it to the unit gphere 8 = [pe il
lpi = 4.

Treonres. Lt (! be a closed, conver cone with vertex O in R', which is not alincar
manifold; et T be iis polar. IT the multivalued function ¢ from C 0 5 o RV is upper
semiconttnuous and bounded, and if for every p in C N S the sct t(p) 1s nonempty,
conpex, and satisfies pt(p) £ 0, then there isapinC n 8 such that T n t(p) # 4

Preof: Fhroughout, % denotes a compact, cOnvex subset of RY in which { takes
its values; sucha sulisot oxists, since § 18 bounded. .

1. The theorem is first proved i the case where T has an interior point £ Tt
is more convenient hure to normalize p by restricting it to the set P’ = {peC fped
= —1}, which is easily seen to be nonempty, compact, and convex.

Given z in Z, let x{z) be the set of maximizers of p-2 in P. Theset ={2) is clearly
nonemply and convex, and the multivalued funetion x from Z to P is easily seen
to be upper semicontinuous.

Cuousider, then, the set P X ¥ aud the multivalued transformation » of this set
into itsell defined by o(p, ) = wlz) X ¢{p)- Since ¢ satisfies the canditions of the
Kakutani? fixed-point theorem, there is a pair (p*, 2% which belongs to o{p*, 2*),
e, pTe wiz*) and 2% & tp*)

The first relation implies that pz* £ ptea*forevay p in I’; the second implies
that p*-z* S 03 thorefore, p-2z* £ 0 for every p in P; henee 2% ¢ I This, with
z* e {(p*), proves that T n £(p*) # &

9. In the general cuse, T is consideved as the limit of an infinite sequence of
cones 1" with vertex 0, having nonemply interiors.  These cones are constrained
L0 he closed, convex, difierent from R, and to contain T. .

Let €= be the polar of T*; it is contained in ¢, which is the polar of I, Apply,
then, the result of paragraph 1 to the pair €=, T™: there is & pair (p™, 2™) such that
pmel™ n S, 2" I, and z* € tp™.

Since & X Z s compact, one can extract from the seyquence (7, 27) 8 subsequence
converging to (p*, 7). Clearly, p* ¢ (n Sz eT,andz%e r{p*) (the last relntion
by upper semicoutinuity of £).

Remarks:  The contral dea of the proof is taken from Arrow-Debreu® ! It
consisty, given an exeoss z of demand over supply, in choosing p so as to maximize
p-z. [Lhasa simple economic interpretation: in order to reduce the excess de-
mand, the weight of the price systemn is brought Lo bear on those commodities for
which the excess demand is the largest.

Sinee the convexity assumptions in Kakutani's theorem can he weakened (see
ilenberg-Monlgomery® and Beglef), the: ssumption that (p) is convex is inessen-
tial.

(iale? und Debreu! have, independetitly, stated (and Kuhn® has proved i a third
wiy) the Lheorem in the particular case where {7 i the sot of points in 11 all of whose
cou-ordinates arve non-negative. The underlying economie assumption is that com-
modities ran be frecly disposecl of.  As Mecltenzie® emphasizes, it is very desiruble
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to relax that assumption. The purpose of this note was to give a general market
cquilibrium theorem with 2 simple and economically meaningful proof.

Appendiz.—Let (7 be a coue with vertex O in R'; its polar T' is the scb lzett|pe 20
fur every pin €}, This sct iz 2 closed, cunvex eone with vertex 0. Iteanalso he cleseribed
as the intersection of the elosed half-spaces below the liyperplancs through € with normals p
in C.

Ti is immudiate that «C? contains 2, implies «17 containg .. One can prove that if
Cis closed, and convey, then 3 the polar of I', k.o, the relation “is the polar of"” becomes
syrametric.

Tet ¢ bea multivalued function from a subsel E of R* to B*; it is said to be upper semi-
continuous if *2f — 2, y* ¢ $(zTh 1 — ¥ implies +ff € ${2%)..
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