Fized Point Theory, 23(2022), No. 1, 293-310
DOI: 10.24193/fpt-r0.2022.1.19
http://www.math.ubbcluj.ro/~nodeacj/sfptcj.html

DECAY SOLUTIONS TO RETARDED FRACTIONAL
EVOLUTION INCLUSIONS WITH SUPERLINEAR
PERTURBATIONS

DO LAN* AND VU NAM PHONG**

*Department of Mathematics, Thuyloi University
E-mail: dolan@tlu.edu.vn

**Department of Mathematics, Thuyloi University
E-mail: phongvn@tlu.edu.vn

Abstract. In this paper, we consider a class of abstract fractional differential inclusion with finite
delay in which the multi-valued nonlinearity is possibly superlinear. We analyze some sufficient
conditions that ensure the global solvability of problem. Our main result is the existence of a
compact set of decay solutions to our problem by estimating the measure of noncompactness and
using the fixed point theory for a condensing map. The obtained results will be applied to a concrete
polytope fractional differential system.

Key Words and Phrases: Decay solutions, differential inclusion, fixed point, measure of non-
compactness; MNC-estimate.

2020 Mathematics Subject Classification: 35B35, 47THO08, 47H10.

1. INTRODUCTION

We are concerned with the following problem in a Banach space X
CDgu(t) — Au(t) € F(t,uy), t >0 (1.1)
U(S) = 90(5)3 s € [7h70]7 (12)
where a € (0,1), and ¢ D§ stands for the Caputo derivative of order o defined by

C pgul(t) = F(ll—a)/o (t — 5)~u/(s)ds.

In this model, A is a closed linear operator in X which generates a strongly continuous
semigroup W (-), F : RT xC([—h,0]; X) — P(X) is a multivalued map. Here u; stands
for the history of the state function, i.e. u:(s) = u(t + s) for s € [—h,0].

Fractional differential equations have recently proved to be valuable tools in the
modeling of many phenomena in various fields of science and engineering. Subse-
quently, there has been a great deal of research on this field. Without stressing to
wide list of references, we quote here some monographs about fractional differential
equations in Euclidean spaces and Banach spaces [5, 15, 24].
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Differential inclusions (DIs) as appearing in (1.1) arise, for instance, from control
theory in which control factor is taken in the form of feedbacks. In such control
problems, the presence of delay terms is an inherent feature. Recently, the theory of
differential variational inequalities (DVIs) has been an increasingly interesting subject
since DVIs come from various realistic problems (see [19]). In dealing with DVIs, an
effective method is converting them to DIs. These brief mentions tell us that the
study of DIs is able to range over many applications.

Problem (1.1)—(1.2) in case @ = 1 (with/without retarded terms) has been studied
extensively. For a complete reference to DIs in infinite dimensional spaces, we refer
the reader to monograph [10]. In addition, there are many contributions for semilinear
DIs published in the last few years (see e.g. [1, 6, 7, 9, 11, 16, 18, 20]). Concerning
fractional DIs in infinite dimensional spaces, one can find a number of works devoted to
the questions of solvability, stability and controllability. References [2, 13, 17, 22, 23,
25] are the notable investigations that are close to the problem under consideration.

An important question raised for problem (1.1) — (1.2) is to study the existence
of decay global solutions. Up to now, to prove the existence of decay solution for a
semilinear problem, we have to assume that, the nonlinear is sublinear. The main
motivation of the present paper is to prove the existence of a compact set of solutions
to our problem under the assumption that F' possibly superlinear. More precisely,
we will show that problem (1.1) — (1.2) has a compact set of decay solution if the
semigroup generated by A is compact and exponentially bounded; multivalued non-
linearity F' have compact and convex valued is a Caratheodory function and satisfies

IE (vl = sup{|[¢]] : € € F(t,v)} < p(&)G([|v]]), vVt > 0,v € C([=h,0]; X),

where p € L, (RT), (¢ > 1) is nonnegative function and G € C(R™) is a nonnegative
and nondecreasing function such that
G i 1
lim sup ﬂ.sup/ (t—8)* LBy o(—B(t — 8))p(s)ds < —, (1.3)
r—0 T ¢>0.Jo M
and
t/2
lim sup/ (t —8)* ' Ep (=Bt —5)*)p(s)ds = 0, (1.4)
T— o0 t>T Jo
in which, E, g(z) is the Mittag-Leffler function, i.e.
E.p(2) = .
(2) kz::o T(ak + B)

It easy to get that if G is superlinear, e.g. G(r) = r? for some g > 1, then condition
(1.3) is testified obviously. On the other hand, if p € L>°(R™) then condition (1.4)
is satisfied. Therefore, conditions (1.3) — (1.4) of F assure that the problem contains
the case where F' can be superlinear.

This paper is organized as follows. In the next section, we give the definition of
a solution to problem (1.1)-(1.2) and prove some existence results on the interval
(—h;T], for arbitrary T" > 0 under some different assumptions of the nonlinearity
F. Section 3 is devoted to proving the existence of a compact set of decay global
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solutions. In the last section, we apply the abstract results to a class of polytope
differential inclusions.

2. SOLVABILITY AND DISSIPATIVITY
Consider the linear problem
Dgu(t) = Au(t) + f(t),t > 0, (2.1)
u(0) = wo.
where f € LP(0,T; X). Let {Sq(t), Pa(t) }+>0 be the family of operators such that

NTI(AST — A)! = / T e, (t)dt (2.3)

0

(A1 — A)~? :/ e MOm1P, (1) dt. (2.4)
0

By the same arguments as in [12] and [25], we have the following representation of
solution for the linear problem (2.1) — (2.2)

u(t) = Sq(t)u(0) + /0 (t —8)* 1P, (t — s) f(s)ds,t > 0. (2.5)

Let {W(t)} be the Cp-semigroup generated by A. Then we have the formulas for
Sa(t) and P,(t) as follows (see [25])

oo

Sa(t)r = o (YW (t%0)xdb, (2.6)
0
P,(t)x =« h 0o ()W (t“0)xdb, x € X, (2.7)
0
1o (—0)"! :
ba(0) = - 2 1) I'(na) sin(nra).

We also give some important properties of the Mittag-Leffler function in the fol-
lowing proposition, as these important properties are useful for the later estimations
in this paper.

Proposition 2.1. [15] Let g1(3,t) = Eq1(—pt*) and g2(B,t) = t*1E, o(—pt?),
t > 0. Then for every B > 0, we have

91(8,°) and g2(B,-) are nonnegative;

gl(ﬂv ')792(ﬁ7 ) € Llloc(R+);
91(8,-) is nonincreasing, tle g1(B,t) =0 and g1(5,t) < 1,Vt > 0;

the relationship of g1 and gs is

= e

/0 g2(B,t — s)ds = /O 92(B, s)ds = —©5 = %,Vt > 0. (2.8)
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For a given ¢ € C([—h,0], X), denote C, = {u € C([0,T]; X) : u(0) = ¢(0)}.
For u € Cy, let u[p] € C([—h,T]; X) be defined as follows

Hence, we have
o(t+s),t+s€[—h,0],
ulpls(t) =
u(t+s),t+s €[0,T].
For u[p] € C([—h,T]; X), putting
Ph(ule]) ={f € LP(0,T; X) : f(t) € F(t,ulp]s), for a.e. t € [0,T]}.
Based on the representation of solutions for the linear problem, we give the following
definition.
Definition 2.2. Let ¢ € C([—h,0]; X) be given. A function v € C([-h,T]; X) is

said to be an integral solution of problem (1.1)-(1.2) on the interval [—h,T] if and
only if u(t) = ¢(t) for t € [—h, 0], and

ult) = Salt)p(0) + / (t— )7 Pa(t — ) f(s)ds,

for any ¢ € [0, 7], where f € PhL(ulg]).
In what follows, we use the notation || - | for the sup norm in the spaces
Let £ be a Banach space. We recall the following notion
PE)={BC&:B#0},
Py(E) ={B € P(€) : B is bounded},
K(&) ={B € P(€) : B is compact},
Kv(€) ={B € P(€) : B is convex and compact}.

We defined the solution operator F : C([0,T]; X) — P(C([0,T]; X)) as follows

Fu)(t) = Sa®)e(0) + { / (t = 5)" ' Palt = 5)f(s)ds : [ € Ph(ule]) }.

It is obvious that w is a fixed point of F iff u is an integral solution of (1.1) — (1.2)
on [—h,T].
Concerning problem (1.1) — (1.2), we give the following assumptions:
(A) The Cy-semigroup {W(t)}+>0 generated by A is compact and exponentially
bounded, i.e. there is M > 1,8 > 0 such that

W (#)z[| < Me™P! |||, ¥t > 0,Va € X.

(F) The multivalued nonlinearity function F : Rt x C([-h,0); X) = Kv(X)
satisfies that F(-,v) admits a strongly measurable selection for each v €
C([~h,0]; X) and F(t,-) is u.s.c for each t € [0,T).
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Under the assumptions (A) and (F), we will prove the compactness of the solution
operator F. Because of the compactness of S, (t), the remain is prove the compactness
of the Cauchy operator @ : C([0,T]; X) — C([0,T]; X) defined as follows

Q) = / (t— )21 Po(t — 5)f(s)ds. (2.9)

Firstly, we give the definition of the measure of noncompactness.
Definition 2.3. [10] Let £ be a Banach space. A function p : Py(€) — R is said to
be a measure of noncompactness (MNC) if u(¢o D) = u(D) for all D € Py(E), here
the notation ¢o denote the closure of convex hull of subsets in £. An MNC is called
e nonsingular if u(D U {x}) = u(D) for all D € Py(€), x € €.
e monotone if pu(D1) < p(Ds2) provided that Dy C Ds.
e regular if u(D) = 0 is equivalent to the relative compactness of D.

The MNC defined by
x(D) = inf{e > 0 : D admits a finite € — net}

is called the Hausdorff measure of noncompactness.
Before proving the compactness property of operator @, we need following result.
Proposition 2.4. [13] Let M C C([0,T]; X) be such that
() |l f@)]] <v(t) for a.e. t €[0,T] and for all f € M;
(2) x(M (1)) < pu(t) for a.e. t €[0,T],
Y

where v, u € L(0,T) are nonnegative functions. Then we have

([ aras) <1 [ onenasi e .1

/OtM(s)ds {/Otf(s)ds:feM}.

Lemma 2.5. The Cauchy operator defined by (2.9) is compact.

Proof. Let D C C([0,T]; X) be a bounded set. We will prove Q(D) is compact.

We first testify that Q(D)(t) is compact in X for each t > 0. Since Proposition 2.4
and the compactness of P,, we have

here

x(Q(D)(t)) = x (/Ot(t = 8) T Pt — S)D(s)ds> =0.

Now we prove that Q(D) is equicontinuous. Let f € D,t € (0,7) and § € (0,7 —t¢],
then

t+46
1R +6) = QIN@ < /t (t+0 = 8)* [ Palt + 6 — ) f(s)||ds

+ H /Ot (t+6—8)*'Py(t+6—s)f(s)ds — /Ot (t— ) Po(t — s)f(s)dSH
=11 (t) + I2(t).
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We have

t+3
L) < M/t (46— )% Baa(—B(t+6 — )| £(s) | ds

t+6
< M| /t (46— )% Baa(—B(t+06 — 5)*)ds

' 1-— Ea — B0
L R e T

thanks to (2.8).
We also have

Lt) = H /Ot TP (1) f(E 46 — T)dr — /Ot 7P () f(t — T)dTH

—0asd—0,

- H/OtTalpa(T)[f(t—F(S—T) _f(t—T)]dTH
</tTa—1||Pa(T)[f(t+5—T)—f(t_T)]”dT
0

<M / PO (BT (46— 1) — f(t—7)|ldr.

Because ¢t > 0, we imply 1 — E, 1(—ft*) > 0. Then since f € D C C([0,T]; X), for
each ¢ > 0, there exists § > 0 such that
Be

t+6—7)— ft—7)]| < .
I+ =7) = £t =7 < 37— 5

Thus, we imply
t
_ Be
L(t) <M LR, o(—BT?
2( ) < T 04704( /BT )M[l _ Ea’l(_ﬁta)]

0
pe /t -1
<——————— | T E o (—BT%)dr =¢.
= Bar(—B1) Jo ol =87)

Hence, I5(t) — 0 as § — 0.
We also have
5
1Q(f)(6) — QN < /O (6 =) H[Pa(6 = 5)f(s)llds

4
<M [ (6= 8) " Eaa(=B0 )" f(s)lds

dr

0
S
SMUF [ (6= 9 B (B0 = )i

_ M|y
B

uniformly in f € D. Hence, Q(D) is equicontinuous. From the Arzela-Ascoli theorem,
we imply the compactness of Cauchy operator.

[1—Ey1(—B6%)] —0aséd—0,
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In the next theorems, we prove some global existence results for problem (1.1) — (1.2).
Theorem 2.6. Assume that (A) and (F) hold. Then there exists § > 0 such that the
problem (1.1) — (1.2) has at least one integral solution on [—h,T] provided ||¢||s < &
and

(F1) [[E(t,0)|| = sup{ll¢]l : € € F(t,v)} < p(t)G(||v]leo), for all v € C([=h,0]; X),

where p € L} (RT), ¢ > é; and G is a continuous and nonnegative function
such that
7‘) t 1 1
lim sup . sup / (t—8)* "Eqo(—B(t—9))p(s)ds < —. (2.10)
r—0 T tefo,1)Jo M
Proof. Let
. G(’I") ! a—1 «@
C=limsup ——=, I(t)= [ (t—9)*" " Euua(—B{t—s))p(s)ds, m = supI(t).
r=0 T 0 [0,T7]

Then by assumption, one can take € > 0 such that
M{+e)m < 1.
In addition, there exist 7 > 0 such that

Glr) <{l+e,¥re(0,2n].
r

Let
/I 1—Ml+e)I(t)
0p = — inf .
M te(0,1] Eq1(—0t%) + (£ +¢)I(¢)
We have
inf 1-M{+e)It)]=1-M{+e) sup I(t)=1—-M{+¢e)m >0
te[0,T] te[0,7]
and

sup [ME,1(=pt)+ M +e)I(t) <M +1
t€[0,T]

(since property of Mittag-Leffler function: E,(—pt*) < 1, ¥t > 0), so we imply
dp > 0. Put § = min{do,n}. If ¢ € C([—h,0]; X) such that ||¢||c < J, then

lulels ()] < llulloo + ll¢lloc <7+ 0 < 2n, V7 € [=h,0].

Denote by B, the closed ball in C,([0,77; X) centered at origin and with radius
n. Considering F : B,, — P(C,([0,T]; X)), with each z(t) € F(u)(t), we can find
f € P%(u) such that:

2(t) = Sa(t)o(0) + / (t— ) Pa(t — ) f(s)ds.
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We then have
2O < [1Sa(H)e0)] +/O (t = 5)* | Palt — ) f(s)[|ds

SMEa,l(—ﬁt”‘)H@(O)HJr/O (t—5)* "' MEqga(=B(t — )| f(s)llds

< MEq, 1 (=Bt%)| (0 H+M/ = 8) Baa(=B(t = 5)")I|1F(s,us)|ds

< ME, 1 (=Bt%)]0(0)]]

M / )* " B o (—B(t — 5))p(s) G (||| 0 ) s

< ME, 1 (=Bt%)]0(0)]|

M / ) By (—B(t = 5)*)p(s)G( sup |lulg]s(7)])ds

r€[—h,0]

< ME, 1 (~Bt%)(0)]

+M/ —8) B a(—B(t = 5)*)p(s) (L +€) sup |ulpls(7)||ds
TE[—h»O]

< MEq1(—8t%)|l¢(0)]]

M / ) B (=Bt — 8))p(s) (€ + €)(n + 6)ds
< MEOL 1 ﬁta)

S M(+2)0+0) [ (08" B (Bl = ))p(s)s
< MEq1(—Bt*)5 + ML +e)(n+6)I(t).
Hence

o U 1— M(£+e)I(t)
ME,1(—=Bt*) s+ M({+e)(n+06)I(t) <ned < N B () (T

It is easy to check last inequality because

M(l+¢e)I(t)
§<do= Mte[ofT] Eal( 5150‘) (C+e)I(t)

Thus, we get ||F(u)(t)|] < nfor all t € [0,T], and F(B,) C B,,, provided ||¢|loc < 6.
Consider F : B, — B,,. Since the compactness of F, the proof is complete by

applying the fixed point theorem for compact multi-valued map.
Theorem 2.6 deals with the case when F' is possibly superlinear. In the next

theorem, we can relax the smallness condition on initial data, provide that F' has a

sublinear growth.
Theorem 2.7. Assume that (A) and (F) hold. Moreover, F : Rt x C([—h,0]; X) —
Kv(X) satisfies
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(F2) ||F(t,v)| < p)(1 + ||v|loo), for all t € [0,T] and v € C([—h,0]; X), where
p € L1(0,T) is a nonnegative function and p is nondecreasing.

Then the problem (1.1) — (1.2) has at least one integral solution on [—h,T].
Proof. Let ¢ € C([0,T]; R) be the unique solution of the integral equation

(1) = Mllolloo + % / (t = 97 p(5) (1 + oo + ¥(s))ds

and

D= {u€ C0.TEX): swp ulr)] < (1) vt € 0.7])

Then D is a closed and convex subset of Cy,([0,T]; X). Since F is compact, it suffices
to show that F(D) C D.
Let w € D, with each z(t) € F(u)(t), we can find f € Ph(u[p]) such that:

2(t) = Sa(t)p(0) + / (t— 8 Pa(t — ) f(s)ds.
We have
1201 < 1154 (D(0) | + / (t— )2 Y[ Palt - )£(5) ds

and from Proposition 2.1, we get

I < Ml(0)] + % / (t — )2 £(s) |ds

< Mlo(0)]] + % / (t = )% p()(1 + [[u]loo)ds

< Mp(0)] + % / (490" 1p(6) 1+ e + s ) s

< Mgl + % / (t = ) p(s) (1 + [[]loo +(5))ds.

Since the last integral is nondecreasing in ¢, we get

sup [|2(7)]] < Moo + % / (t = ) p(s)(1 + llloo + (s))ds

T€[0,t]
=1(t),

which ensures that F(u) € D. The proof is complete.

The rest of this section is devoted to proving the existence of a bounded absorbing
set. To this end, we introduce a Halanay-type inequality in the following lemma.
Lemma 2.8. Let v be a continuous and nonnegative function satisfying

U(t) = w<t)’Vt € [_h’ O]a w € C([_hﬁo];RJr)
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and
’U(t) SMEa)l(—Bta)’UO
t
+/ (t = ) Boa(—B(t — $))a + bo(s) + ¢ sup v(r)ds, £ >0,
0 [7}7‘75]
for M,B,a,c > 0,b>0 such that b+ c < . Then

o) < 5250 [t [ 9 B3 00— 5))as] + sup 009
- ﬁ —_ b — 0 ’ [7h70]
and
liirisolipv(t) = W + [51’1%]1/1(8)

Proof. This lemma is a result of Proposition 3 [14] with

s(t, 1) = Eau(—pt®), r(t,p) =t " Eq o(—pt®).

We are now in a position to show the dissipativity of our problem.
Theorem 2.9. Let the hypotheses of Theorem 2.7 hold for oll T > 0 and p €
L>(0,T), moreover ||p|loc = esssup,op(t) <y < /M. Then there exists a bounded
absorbing set for the solutions of (1.1) — (1.2) with arbitrary initial data.
Proof. Let u be a solution of (1.1) — (1.2). Then

[u@)]] < [1Sa (&)@ (0)] +/O (t—8)* [Palt = 5)f(s)ds

SMEa,l(*ﬁt“)llw(O)llJr/o (t = 5)* " MEqo(—B(t — 5)*)| f(5)]ds
< MEq 1 (=Bt%)[[u(0)]|

+M/ ) Boa(=B(t = 5)")p(s) (1 + ||us]l o) ds
< MEqq(=Bt%)[[u(0)]|
#0169 B0 ) Ips) (L s ) s
[=h,s]

< MEq 1 (=Bt%)[[u(0)]|

Y / ) Eaa(=B(t = 5)D(1+ sup Ju(r)])ds

< MEq 1 (=5t%)[[u(0)]|

+/ (t =) Eaa(=B(t — 5))(My + M~y sup [u(r)||)ds
0 [

— 75]

Applying Lemma 2.8 with a = M~,b = 0,c = M+, we have:

: MB||u(0)| + M~
limsup ||u(t)]| < + sup [[¢(s)]]-
m sup [|u(t) | 5 Moy HL,O]H ©ll
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This implies that the ball B(0, R) C X with

MBlleO)ll + M~y
= + sup ||¢(s)|| +1
e A L0

is an absorbing set for the solutions of (1.1) — (1.2) with arbitrary initial data.

R

3. EXISTENCE OF DECAY INTEGRAL SOLUTIONS

Our goal in this section is to prove the existence of a compact set of decay solution
to the problem (1.1) — (1.2) under the assumption that the multivalued nonlinearity
is possibly superlinear. In this section, we assume that the condition (A) and (F) are
satisfied. Moreover,

(F3) F: Rt x C([~h,0]; X) = Kv(X) is a continuous mapping such that

I1E ()]l = sup{|[¢]] : € € F(t,0)} < p(t)G(|[v]loc), VE> 0,0 € C([—h,0; X),

where p € L} (R™) is nonnegative function and G € C(RT) is a nonnegative
and nondecreasing function such that

t
1
lim sup r).sup/ (t —8)* LB, o(—B(t — 8))p(s)ds < —, (3.1)
r—0 T t>0 JOo M
and
/2
lim sup/ (t —8)* ' Ep (=Bt — 5)*)p(s)ds = 0. (3.2)
T— o0 t>T Jo

In order to study the stability of solutions to problem (1.1) — (1.2), we consider
the function space

BCy ={u € C([-h,+00); X) : lim u(t) =0}

t—o0
with the norm

[ulloc = sup [Ju(t)]].
t>—h

Then BCj is a Banach space.

Given ¢ € C([—h,0]; X), let

BC§ = {ue BCy : u(-,0) = ¢(-,0)}.

Then BC{ with the supremum norm || - || is a closed subspace of BCj.

To study the existence of decay solutions to (1.1) — (1.2), we make use of the fixed
point theory for condensing maps.
Definition 3.1. [10] Let E be a Banach space and D C E. A multimap ® : D —
KC(E) is said to be condensing relative to a MNC p (or p-condensing) if for every
Q C D that is not relatively compact we have, respectively

(2 () < ().
We recall a fixed point principle for condensing multi-valued maps, which is the
main tool for our purpose.
Theorem 3.2. [10] Let M be a bounded convex closed subset of E and & : M —
Kv(M) be a closed and p-condensing. Then Fix ® = {x € M : z € ®(x)} is
nonempty.
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Let 7wy, T > 0 be the truncated function on BCy, i.e., for D C BCy, (D) is the
restriction of D on the interval [—h,T]. Then one can see that the MNC xo and doo
in BCy, defined by

Xoo (D) =sup xr(mr(D));

do(D) = lim sup sup (1)]
T—00¢>T zeD

satisfies all properties given in Definition 2.3, except regularity. The following MNC
defined in [3],

X" (D) = Xoo (D) + doo (D),

possesses all properties stated in Definition 2.3. In addition, if x*(D) = 0 then D is
relatively compact in BCj.
Lemma 3.3. Let (A), (F) and (F3) hold and ||¢]|c < 6 > 0.

Then doo(F(D)) < doo(D) for all bounded set D € BCY .

Proof. Let
t
£ = lim sup @, m=supl(t), I(t)= / (t —8)* L E, o(—B(t — s)*)p(s)ds.
r—0 r t>0 0

Then by assumption, one can take £ > 0 such that
M +¢e)m < 1. (3.3)
In addition, there exist n > 0 such that
G(r)

r

We show that deo (F(D)) < M(£+ €)mds (D) for all bounded set D C BCY.
Let v € F(D) and u € D be such that v € F(u). We have

[l < MEay(—5t%) o]l
wu | (= 9% Bua(=B(t — 9)")p(5)G )
< MEan(=Bt%) ¢lloc
et | (= )" B (~B — 9))p(s) s ool

< MEq 1 (=6t%)]¢lloo

t

FME4) [T (B0 5)pte) sup ()l

<{l+¢e,¥r € (0,2n].

t

FMEH) [ (09" Baal-5~ 9" pls) swpJulels(r)ds

t/2 TE[—h,0]
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We get  sup |lu[¢]s(7)]] < 2n by the similar arguments as in the proof of Theorem
TE[—h,0]
2.6. So we imply

1
2

[o@)] < MEo1(=pt)[[¢lloc +2M (£ + 6)77/0 (t = 5)* Eaa(=B(t — 5)")p(s)ds

+ M[ sup  sup ||u[go]s(7')|q (L+e€) / (t —8)* LB, o(—B(t — s)*)p(s)ds.
s>t/2 7€[—h,0] t/2

Noting that, for a given T' > 0, we choose T7 = 2(T' + h) and for ¢ > T} we have

oo

[o@)] < MEo1(=5t%) |l +2M (£ + 6)77/0 (t = 5)* Eaa(=B(t — 5)")p(s)ds

+ M sup Jule ()] (£ + ¢ / (t = 5)* " Faa(=B(t — 5)")p(s)ds

vl

< MEa 1 (=Bt*)[[¢lloc +2M (£ + 6)?7/0 (t = 5)* " Eaa(=B(t — 5)*)p(s)ds

4 M sup sup [all(6)1] €+ ©) [ (= 5" B (=5t = 5)°)pls)ds.
uweD s>T 0

Combining with F, 1(—£t%) is nonincreasing when ¢ > 0, we get

sup [[v(t)[| < MEq1(=BT7)|l¢llee + M[Sup sup HUM(S)H (£ +¢€) sup I(t)
t>T ueD s>T t>T)

+2M(0 + ) sup /5 (t— ) Boa(—B(t — 5)°)p(s)ds.
t>T1 J0

Since v € F(D) is taken arbitrarily, we get

sup sup [|v(t)]| < MEq1(=BT7)[|¢l e + M[Sup sup [|u[e](s)[|| (€ + €)m
vEF(D) t>T ueD s>T

+2M (¢ + e)r]ts>uj}3 /OE (t— s)a_lE%a(—ﬁ(t —5)Y)p(s)ds.

Let T'— oo then T7 — oo and we obtain
doo(F(D)) < M(£+ €)mdo (D) < doo (D),

thanks to (3.2), (3.3) and the fact that E, 1(—8T7") — 0 as T1 — oo.

The proof is complete.
Theorem 3.4. If hypothesis of Lemma 3.3 hold, then the problem (1.1) — (1.2) has a
compact set of decay solutions.
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Proof. We show that there exists > 0 such that 7(B,,) C B,,. Assume to the contrary
that, for each n € N, there is u™ € BC{ such that ||u™| < n but || F(u™)|| > n. Then

[F @) < MEq1(=Bt*) [ (0)]|

+A4/’ $)* 7 Eg a(—B(t — 8)*)p(s)G(||u]| o) ds
< MEqy 1 (=Bt

+Aﬁ/ ) B o (—B(t — 5))p(s) (€ + &) [l |odls
< MEax(—51%) ¢l

+ M+ e)(llolloo +n) /0 (t =) Baa(=B(t — 5)*)p(s)ds
< Mlglloo + ML+ €)(lllloc +n)m

So we imply
1 M
1< —|F@) < =1+ (E+m|lglloo + ML+ )m

Passing to the limit as n — co, we have a contradiction.
Considering F : B, — B,,, we show that F is x*-condensing. If D C B,, then
x7(D) =0 = Xoo(D) = 0. Using the result of Lemma 3.3, we have

X (F(D)) = Xoo(F(D)) + doo(F(D)) = doo(F(D)) < M (£ + £)mdoo (D)
<M+ e)mldeo(D) + Xoo(D)] = ML+ e)mx™ (D) < x* (D).
Thus F is x*-condensing and it admits a fixed point, according to Theorem 3.2.

Denote by D the set of fixed points of F in B,. Then D is closed and D C F(D).
Hence,

X" (D) < X" (F(D)) < M(€ +e)mx™(D),
which ensures that x*(D) = 0 and D is a compact set. The proof is complete.

4. APPLICATION

Let Q € R™ be a bounded domain with smooth boundary 992. We consider the
following polytope fractional differential system:

ofu(t,z) = Au(t,z) + f(t,x), v € Q,t >0, (4.1)
f(t, ) = nfi(t,ult — h,x)) + (1= n) fa(t, u(t — h,z)),n € [0,1] (4.2)
u(t,z) =0, = € 90, t > 0, (4.3)
u(s,z) = ¢(x,s),x € D, s € [—h,0], (4.4)

where fl :[0,T] x R = R,i = 1,2, are continuous functions.
Let

X =Cy(Q) ={veC(Q):v=0o0n00},
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endowed with the norm ||v|| = sup |v(z)|.
z€Q
Let A = A with D(A) = {v € Co(Q) N HE(Q) : Av € Cp(Q)}, and

Ch = C([=h,0]; Co(Q)).

Then it is known that A is the generator of a compact semigroup on X (see [4],
Theorem 2.3).
Let A1 be the first eigenvalue of A on H} (), that is,

fQ |Vul?dz '

Al :Sup{foqum .

€ Hy(Q),u # o}.

Following Theorem 4.2.2 of [8], we have

2/n
IS()]| < Me™, M = exp (”f)
7

where | is the volume of (2. Hence (A) is satisfied with 3 = A, and M as above.
Assume the following on functions f; : RT x R — R, i € {1;2}

(i) ﬁ(, z) is measurable for each z € R; f;(t,-) is continuous for a.e. ¢ € [0,T);
(i) |fi(t,2)] < p#)|z]7, V(t,2) € [0,T] x R, where p € L>°(R") and v > 1.

Let f; : [0,T] x C;, = X be the functions defined by

fit,0)(x) = fi(t,v(=h,x)),i € {1;2},

and F(t,v) = co{fi(t,v), f2(t,v)}. Then F : RT x C;, — P(X) is a multimap with
closed convex values. It is easy to check that for each (¢,v), F(¢,v) is a bounded set
in the finite dimensional space spanned by {f1, f2}, and so F has compact values.
Now, we show that F(¢,-) is u.s.c. Let {vg} C Cj converge to v. Then by the
continuity of f;, we get fi(t,vx) — fi(t,v) in X. For € > 0, there exists n € N such
that f;(t,vx) € fi(t,v) + eBx,Vk > n,i € {1;2}, where By is the unit ball in X
centered at origin. This implies F(t,v;) C F(t,v) + eBx,Vk > n, and since F has
compact values, we have upper-semicontinuity of F'(¢,-). Hence (F) is satisfied.
Let z € F(t,v), we have

|2(@)] < 0l fi(tv(=h,x))| + (1 = )| fa(t, v(~h, 2))]
< np(®)[o(=h,2)[" + (1 = n)p(t)[v(=h, 2)|”
< p(t)|v(=h, z)[7.

Therefore, [2] < p(®)llo(—h, )" < p(®)loll”. And thus, [F(t,0)] < p(t)]lo]". This
mean that G(||v]|) = |Jv]|” and condition (3.1) is satisfied.
Now we check condition (3.2). Let p € L®(R") and [|p|| = esssup,s|p(t)|, then
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we have

t/2
sup/0 (t —8)* LBy o(—B(t — 5))p(s)ds

t>T

t/2
<lplsup [ (= 5)" BB~ 5)")ds
t>T Jo

t
— |lpllsup / 501 By o(—B5%)ds
t>T Jt/2

<ol / A (s 0 T
T/2

thanks to the fact that s* 1E, ,(—Bs*) € L'(R") is followed from (2.8). Now we
get that (3.2) is fulfilled and we obtain the existence of a decay solution to problem
(4.1)-(4.4).
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