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1. INTRODUCTION

The aim of the present paper is to show that, in spite of the fact that many results
are lost when passing from metric to partial metric spaces, there are certain properties
which are preserved by this generalization.

It is not necessary to convince anyone how important the notion of compactness
is. It is well-known that in the case of metric spaces compactness is equivalent to
sequential compactness. Therefore it is natural to ask about a relation between those
two notions in the case of partial metric spaces. It appears that also in the case of
partial metric spaces these two notions are equivalent. That is the main result of
this paper. Let us notice that, while the proof of the fact that compactness implies
sequential compactness in partial metric spaces is standard and trivial, the tools we
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use to prove the inverse implication are much more subtle. We also show that any
Hausdorff compact partial metric space is a metrizable space.

The other issues we deal with in this article are connected with the notion of com-
pleteness in partial metric spaces as well as with fixed point theorems for mappings
acting in these spaces. In particular, we indicate a partial metric space and a con-
traction acting in it, which is not a continuous mapping (the reader interested in
contractions and generalized contractions acting in partial metric spaces is referred
e.g. to [1], [6] and [12]).

A particular attention is paid to the set of the so-called complete elements (we call it
a bottom set) of partial metric spaces and their role in fixed point theorems. A useful
tool in these considerations is the fixed point theorem proved in the paper [12]. Our
investigations lead to the conclusion that the assumption of the non-emptiness of a
bottom set appearing in fixed point theorems seems to be a very strong one. Moreover,
it appears that in a complete partial metric space the condition of non-emptiness of a
bottom set is equivalent to the existence of a constant mapping satisfying condition
(5.1) of Theorem 5.1.

For convenience of the reader in the next section we collect some basic definitions
and facts which are necessary to understand the further part of the paper.

2. PRELIMINARIES

In what follows N denotes the set of positive integers, Ng := NU{0}, and R is the
set of nonnegative real numbers. For a set A C X, where X is a topological space,
clA denotes the closure of A. For a (partial) metric p : X x X — R4 on a set X
and a subset A C X by p|a: A x A — R we denote the restriction of p to the set A:
p|A($7 y) = p(x, y)a T,y € A.

Let U be a nonempty set. A function p: U x U — R is called a partial metric on
U if for z,y, z € U the following conditions are satisfied
(1) z =y < plz,x) = pl,y) = py,y);

(2) p(x,z) < p(y, x);
(3) p(x,y) = p(y, x);
(4) p(z,y) < p(x,2) +p(z,y) = p(z,2).
The pair (U, p) is called a partial metric space.
For a given partial metric space (U, p) we define (cf. [12])

pp =inf{p(z,z): x €U}, U,:={zecU: p(x,x)=pp},

and call the latter the bottom set of the space. Let us notice that p, is well-defined
and it is possible that U, = 0.
For a partial metric space (U, p) we define mappings p™, p: U x U — R4 by

p"(x,y) == 2p(x,y) — p(z,2) — p(y,v),

p(mv y) = p(l', y) — Pp>
for any x,y € U. It is well-known that p™ is a metric on U. It is obvious that p is
a partial metric on U, but, in addition, the restriction of p to the set U, x U, is a
metric on U,. It is also clear that Uy = U, and py = 0.



COMPACTNESS AND FIXED POINT IN PARTIAL METRIC SPACES 165

A sequence (x,,)nen of elements of a partial metric space (U, p) is said to converge
to an element x € U if

nl;rr;op(xn,x) = p(z,x).

A sequence (x,)nen in (U, p), is said to properly converge to x € U, if it converges
to z and lim, 0o P(Zp, ) = p(x, ). In this case, if lim, o p(zn, z) = p(z,z) and
limy, 00 P(20, 2n) = p(2, ), then limy, n—yoo P(Tm, Tn) = p(z, T).

A sequence (2, )nen of elements of a partial metric space (U, p) is said to be a
Cauchy sequence if there exists (and is finite)

lim p(l'n, xm)'
n,m—oo

A partial metric space (U, p) is said to be complete if every Cauchy sequence (z,)nen
in (U, p) of elements of U is properly convergent.

For any a > 0, a sequence (z,)nen of elements of a partial metric space (U, p) is
said to be an a-Cauchy sequence if

lim p(zn,xm) = a.
n,Mm—00

Similarly, a partial metric space (U,p) is said to be a-complete if every a-Cauchy
sequence (zp)nen in (U, p) of elements of U is properly convergent to some element
x € U. Clearly, in that case, p(z,z) = a.

Let (U,p) be a partial metric space. The open ball centered at « € U with radius
€ > 0 is defined as

B(z,e) :={y € U: p(z,y) < p(x,x) +&}.

The set of all open balls of a partial metric space (U, p) is the basis of a topology of U,
denoted by T [p]. The topology on U which is generated by the metric p™ is denoted
by T[p™]. It can be shown that the notions of convergence in topology 7 [p] (T [p™])
and in partial metric space (U, p) (metric space (U,p™)) are equivalent. Matthews
[14] proved that T [p] C T[p™]. It is well-known that the topological space (U, T [p])
is a Ty first countable space [10] and, in particular, it is a sequential space [8, pp.
53-54]. Let us recall that a topological space is said to be T; space if for any points
x,y, x # y, of that space each of them possesses an open neighborhood not containing
the other point. In general, partial metric spaces are not T} spaces.
Given a partial metric space (U, p), we define the mapping D : U x U — Ry by

p(z,y), if x#y,
D(z,y){ 0, if xz=uy.

D is a metric on U, T[p™] C T[D] and the metric space (U, D) is complete if and
only if (U, p) is 0—complete [9].

In connection with the open problem Question 8.7 from the paper [10] let us notice
that a proper partial metric defined on a linear space may not be simultaneously
translation invariant and absolutely homogeneous while a metric, defined on such a
space, may be. Indeed, if p is a partial metric on a linear space X and p is translation
invariant and homogeneous, then it is a metric on X. Since p(kz, ky) = |k|p(z,y),
p(0,0) = 0. This implies that p(x,2) = 0 and p(z, 2) < p(x,y) + p(y, z). Moreover,
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p(z,y) = 0 gives p(z,z) = p(y,y) = p(z,y), so x = y. Hence (X,p) is a metric
space. Hence, if a partial metric space is a proper partial metric space (that is, it
is not a metric space), then it cannot be both translation invariant and absolutely
homogeneous. Let us notice that instead of requiring absolute homogeneity it is
enough to impose homogeneity for some positive constant k, that is,

p(kx, ky) = kp(z,y), 2,y € X.
3. REMARKS ON COMPLETENESS OF A PARTIAL METRIC SPACE

The following three characterizations of convergence modes in partial metric spaces
are well-known (see [1, 6] or [7, Proposition 5.24]):

Proposition 3.1. Let (U,p) be a partial metric space.

(a) A sequence (xn)nen of elements of U is properly convergent to x € U if and
only if (n)nen converges to x with respect to the topology T [p™].

(b) Let (U,p) be a partial metric space. A sequence (Tn)nen of elements of U is
a Cauchy sequence if and only if (x,)nen is a Cauchy sequence with respect
to the metric p™.

(c) Let (U,p) be a partial metric space. (U,p) is complete if and only if the metric
space (U, p™) is complete.

We know that if a partial metric space (U, p) is complete, then it is 0-complete.
The converse is not true.

Example 3.2. Let U := (0,1) and for all z,y € U we define p(z,y) by the formula

p(z,y) =1+ max{z,y}.
Then (U, p) is a partial metric space, p, = 1, and p"(x,y) = |x — y|. It follows that
there does not exist any 0-Cauchy sequence in (U, p). Thus (U, p) is 0-complete. It is
obvious that (U, p™) is not complete, so (U, p) is not complete.

Let us notice that the partial metric space (U,p) in the above example is not
metrizable because it is not a Hausdorff space. The example might appear to be a
bit artificial because the reason for which the space (U, p) is O-complete is that the
thickness of the space is positive, that is p, = 1 - this trivially entails that there is
no 0-Cauchy sequence. However, this method of constructing (counter)examples is
formally correct and seems to be useful (see Example 4.13).

Let (U,p) be a partial metric space. If a sequence (z,)nen of elements of U is
convergent to x € U, then we can not deduce that (x,,),en is a Cauchy sequence. To
show this, let us consider the following

Example 3.3. Let A := {a,b,c} and U := 24. Let us define p(z,y) := |z Uy]| for
x,y € U. Then (U,p) is a partial metric space. Let z := {a,b} and

| {a}, if niseven,
Tn = {b}, if nisodd.

Then we have
lim p(zn, 2) = p(z, 2).

n— oo
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Thus the sequence (z,,),en is convergent to x € U. However,

(s ) = 1, if n+miseven,
PinsTm) =3 9 if p 4 mis odd,

S0 (Zp)nen is not a Cauchy sequence.

It appears the proper convergence of a sequence of elements of U implies that it is
a Cauchy sequence. More precisely, we have

Proposition 3.4 (cf. [7] Proposition 5.12). Let (U,p) be a partial metric space. A
sequence (Tn)nen of elements of U is properly convergent to x € U, then (x,)nen s
a Cauchy sequence.

As we know T'[p] C T[p™] C T[D] and it turns out that a contractive mapping (that
is, a mapping T satisfying the condition p(T'(z), T(y)) < ap(zx,y), x,y € U, for some
0 < a < 1) may not be continuous with respect to the topology T [p] (nevertheless, it
must be continuous with respect to the topology 7[D]).

To illustrate this fact, let us consider the following

Example 3.5. Let U := {-7,—6,—5} U [0, +00) and define a partial metric p on U

by

d(z,y) + f(z) + f(y)
2

p(z,y) = , €U,

where
34+, ifxel0,400),
flz):=14 0, if z = -5,
1, if v € {-7,—-6},
x € U, and d(z,y) = |z — y|, ,y € U. That p is a partial metric on U comes from
the fact that f(z) >0, |f(z) — f(y)| < |z — yl|, z,y € U, and d is a metric on U (see
[2]). The partial metric space (U, p) is complete [14, p.194], p, = 0 and U, = {-5}.
Let, for z € U,
—5, ifxe{-7,-6,-5,0},
T(x) =4 —6, ifx>0andx¢{i:q€N},
-7, xe{ziq: g € N}
Observe that p(x,y) > 3 if x > 0 or y > 0. Further, p(T(x),T(y)) <2, z,y € U, and
p(T(x),T(y)) =0, z,y € {—7,—6,—5,0}. So, T is a contraction: for z,y € U,

2
p(T(2), T(y)) < 3p(z,y)-
Let z,, := %, n € N. Then, for z > 0,

. o Jz=t+3+zx+3+1
lim p(z,,z) = lim n n

n—00 n— o0 2

:3+£L':p(l',$),

S0 (Zpn)nen converges to each x > 0. If z € {-7,—6,—5}, then p(z,,z) # p(z, ),
from which we conclude that (x,),en does not converge to any = € {—7,—6,—5}.
Since T'(z,,) = —7, if n is even, and T'(z,,) = —6, if n is odd, and T'(x) € {-7,—6, -5}
for x > 0, and p(T(x), T(x)) # p(=7,T(x)) or p(T(z),T(z)) # p(—6,T(x)) for z > 0,
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we get that the sequence (T'(x,,))nen does not converge to T'(x) for any fixed = > 0.
Thus T is not continuous at any z > 0. Finally, let us also note that x = —5 is the
only fixed point of T' and that the space (U, p) is not a Hausdorff space.

At the end of this section let us recall the following

Theorem 3.6 ([11]). A metric space (X,d) is complete if and only if for every
nonempty closed subset Y C X, every contraction on'Y has a fized point in Y .

Therefore, as a corollary, we get the following

Theorem 3.7. A partial metric space (U,p) is 0-complete if and only if for every
nonempty subset Y C X which is closed with respect to the topology T[D], every
contraction on'Y has a fixed point in Y .

4. COMPACTNESS OF A PARTIAL METRIC SPACE

Let us recall

Definition 4.1. Let (X, 7T) be a topological space. The space (X, T) is said to be
compact if for any open cover of X the cover has a finite subcover of X.

Remark that above it is not assumed that the space X satisfies some form of
separation axiom. However, it is clear that any partial metric space (U,p) is a Tp-
space, that is, for any two different points x,y € U, there is an open set V such that
either x € V and y ¢ V, or inversely. In general, a partial metric space may not be a
Hausdorff space.

Definition 4.2. Let (X,7T) be a topological space. The space (X,T) is said to
be sequentially compact if any sequence of elements of X possesses a convergent
subsequence.

In general topological space setting compactness is neither necessary nor sufficient
for sequential compactness. In the case of metrizable topological spaces these notions
are equivalent.

Theorem 4.3. If (U,p) is a compact partial metric space, then it is sequentially
compact.

Proof. Assume that (U,p) is not sequentially compact, that is, there exists a se-
quence (Z,)nen of elements of the compact partial metric space (U, p) which has no
convergent subsequence. It follows that the sequence (z,)nen does not contain con-
stant subsequences. So we may assume, extracting a subsequence if necessary, that
T # xp for n # k. Let W := {z1,22,...}. Since there is no convergent subsequence
of (n)nen, for any « € U there exists r, > 0 such that B(z,r,) contains at most a
finite number of elements of W. The family V,, := B(x,r,), = € U, is an open cover of
U. By compactness of U, there exist a finite number of points y; € U, i =1,...,m,
with U =V, U... UV, , but this implies that there are at most a finite number of
different values taken on by the sequence (x,)nen which contradicts that the set W
is infinite. The proof is complete. O

The following lemma is crucial for further considerations.
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Lemma 4.4. Let (U,p) be a partial metric. If the space (U, T|[p]) is T1 and sequen-
tially compact, then the diagonal of U, A := {(z,z) : © € U}, is a Gs-set in U x U,
that is, A = (,,en Dn, for some family of open sets D, CU x U, n € N.

Proof. Let Dy, := U,cpy B(w,1/n) x B(xz,1/n), n € N. It is obvious that the sets
Dy, n € N, are open in U x U and A C (), ¢y Dn- Suppose that (z,y) € (,cy Dn-
Hence, for each n € N, there is x,, € U such that (z,y) € B(zp,1/n) X B(z,,1/n).
Abusing notation a bit we may assume that

lim p(2,,7) = p(7,7)
n—oo
for some T € U. Now, for any € > 0 and large n, we have
p(@,7) < p(x,2n) + p(Tn, T) — P(Tn, Tn) < p(Tn,T) +1/n < p(T,T) + 2¢

and, similarly, p(y,T) < p(Z,T) + 2¢. Hence, z,y € B(T,2¢) for € > 0. This, due to
the fact that U is a Ty space, implies that 2 =7 = y. Thus A = [, cyy Dn. O

If we add the assumption that the partial metric space under consideration is
Hausdorff we obtain the following result.

Theorem 4.5. Let (U,p) be a Hausdorff partial metric space. If the space (U, T [p])
is sequentially compact, then it is metrizable.

Proof. Tt is clear that (U, T [p]) is a T space as it is a Hausdorff' topological space.
By Lemma 4.4, the diagonal A of U is a Gs—set in U x U. Moreover, since (U, T [p])
is a sequentially compact space, it is a countably compact space [13, p. 162]. By [5,
Corollary 2.A], the space U is metrizable. O

By Theorems 4.3 and 4.5 we additionally have

Corollary 4.6. Let (U,p) be a Hausdorff partial metric space. If the space (U, T [p])
is compact, then it is metrizable.

Corollary 4.7. Let (U,p) be a compact partial metric space. The space (U, T[p]) is
metrizable if and only if it is a Hausdorff space.

We are now in position to prove that the sequential compactness of a partial metric
space implies its compactness without assuming that the space is Hausdorff. To this
end we need

Lemma 4.8. Let (U,p) be a sequentially compact partial metric space. Then U is
bounded, that is, sup{p(x,y): z,y € U} < 4o0.

Proof. Suppose that z,,,y, € U, n € N, satisfy
lim p(zn, yn) = +oo.
n—oo
Without loss of generality we may assume that
lim p(zn, ) = p(z,z) and lim p(yn,y) = p(y,y)
n—oo n—oo

for some x,y € U. This gives, for n € N,
P(Tn,Yn) < p(Tn, ) + p(z,y) + 2y, Yn) — p(x,2) — D(Y,¥)
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and taking the limit n — oo we get
+oo = Tim p(wn,ya) < p(z,y)
which is impossible. The claim follows. O

Theorem 4.9. If (U,p) is a sequentially compact partial metric space, then it is
compact.

Proof. Let us define the binary relation > on U as follows: for z,y € U
x =y Vesoy € Bz, ).

The relation is reflexive, transitive, and antisymmetric (cf. Definition 3.3 and The-
orem 3.4 in [14]). Observe that = y,  # y, imply p(z,y) = p(z,z) > p(y,y),
z,y €U.

Let us now prove that for each x € U there is an element & € U with & > z and
such that there is no y € U, y # &, satisfying y > Z. Let

Wy ={yeU: yruz}
Since W, C U and U is a sequentially compact space, Lemma 4.8 implies that

Py = sup{p(y,y) : y € Wy} < +o0c.
By the sequential compactness of U there exists a sequence (=, )nen, Tn € Wy, n € N,
converging to some & € U with

lim p(zn,zn) = pa-
n—oo

By the convergence of (z,,)nen to &,

lim p(en, &) = p(#, )

n—oo

and, due to the inequality p(x,,z,) < p(zn,Z), we see that p, < p(&,&). Again
by the convergence, for any ¢ > 0, we have, for large n, =, € B(Z, €). From this
observation we deduce that € B(x,,1/n) C B(&,e) for large n. Hence, & = x,
& € W, and p(%,%) = py. Now, if y # & and y = &, then p(Z, &) < p(&,y) = p(y,y),
but & = x gives y = x and, subsequently, y € W, and p, < p(y,y) which contradicts
the definition of p,. Thus, for each x € U, there exists (not necessarily unique) & € U
such that

Z = x and fornoy € U, y # 2, it holds y = Z. (4.1)
Let now R

U :={& €U : % meets condition (4.1) for some = € U}.

By condition (4.1) we obtain that, for each € > 0, the collection of balls B(&,¢), & € ﬁ,
is an open cover of U. Let p := p|g. It is clear that the pair (ﬁ,ﬁ) is a partial metric
space with the natural (subspace) topology. By the definition of elements of U it
follows that if 2, ¢ € U (C U) and & # ¢, then there exists € > 0 for which & ¢ B(9,¢)
and § ¢ B(%,¢). Hence, the space ([7, T1[p)) is a Ty topological space. We shall show
that the space Uisa sequentially compact partial metric space. Let (2, )nen € U be

a sequence of elements of U. Since U C U and U is a sequentially compact space,
we may assume without loss of generality that lim, . p(zn,2) = p(z,z) for some
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2 €U. But z € U, so there exists & € U for which condition (4.1) is satisfied. Notice
that, for each € > 0, x € B(Z,¢) and, for any positive § < p(&, %) + ¢ — p(Z, z) and
large n, we have x,, € B(z,0) C B(Z,¢) which implies
nlggoﬁ(fm &) = p(&,2).
We have just proved that any sequence of elements of U has a subsequence that
converges to some element of U. Thus the space (ﬁ,]ﬁ) is a sequentially compact
partial metric space which is also 77 as a topological space. Thus, by Lemma 4.4,
the diagonal of the space is a Gs—set. Since sequential compactness implies countable
compactness, then, by [5, Corollary 2.A], the topological space ((A] ,T[p]) is compact.
Let now V,, a € I, be any open cover of U. Since Uc U, for each = € ﬁ, there
is ap € I with z € V,,. By the definition of elements of the set U the collection
Voo, ¢ € fj\'7 openly covers both U and U. Since the space (ﬁ,T[ﬁ}) is compact
and it is endowed with the natural subspace topology of (U, T [p]), there are a finite
number of points x1,...,z,, n € N, with Uc Va,, U...UV,, . But this implies that
UCV,, U...UV, O

aw‘ll :

As we know, a metric space is compact if and only if it is totally bounded and
complete. However, one can indicate a compact partial metric space which is not
complete.

Example 4.10. Let U := (0,1] and, for all z,y € U, p(z,y) := max{x,y}. Then
(U, p) is a compact partial metric space which is not complete.
Indeed, for any open cover {O}aca of U, there exist Ag € A and g9 > 0 such that

Le{yeU: p(ly) <p,1)+eo} C Oy,

For any y € U, we also have p(1,y) = 1,s0 U C {y : p(1,y) < p(1,1) + &9} C Oy,
Since {Ox}aea is arbitrary, it follows that (U, p) is compact.

Because p™(z,y) = 2p(x,y) — p(x, x) — p(y,y) = |x — y|, it is obvious that (U, p™)
is not complete, so (U, p) is not complete.

Definition 4.11. Let (U,p) be a partial metric space. We call (U,p) p-totally
bounded if, for any € > 0, there exist z1,%2,...,2, € U, n € N, such that the
collection of open balls B(z;,¢),i=1,2,...,n, is a cover of U.

If (U, p) is a metric space which is p-totally bounded, then any subset of U is also
p-totally bounded. This property is not preserved even for compact partial metric
spaces (cf. Question 8.7 in [10]).

Proposition 4.12. In the class of compact partial metric spaces, p-total boundedness
is non-hereditary, that is, there exists a compact partial metric space (U, p) which is
p-totally bounded and there is a subspace (X,p|x) of (U,p), X C U, which is not
p|x -totally bounded.

Proof. Let (X, d) be any infinite non-compact metric space with the discrete metric d:

d($7y) = 17 T 7é Y, d(m,x) = Oa T,y € X.
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Let a := {X}, so that a ¢ X. Define U := X U {a} and let p: U — R be given by
p(x,y) = d(z,y), z,y € X, p(z,a) :=pla,z) =2, z € X, p(a,a) :=2.

One can check that the pair (U,p) is a partial metric space. The space (U,p) is
compact because for any ¢ € (0,1) we have U C B(a,¢) and a ¢ B(z,¢), z € X.
Observe that the subspace X C U is not p|x-totally bounded. Let us also notice
that the only Cauchy sequences in the space (U, p) (or (X,p|x)) are those which are
eventually constant. O

We know that if (z,)nen is a sequence of elements of a metric space (X,d) and
d(Zp, Tm) > €0 for n,m € Nyn # m, for some gy > 0, then (z,),en does not have a
convergent subsequence. However, it is not true for partial metric spaces, which can
be illustrated by the following

Example 4.13. Let U = {0} UN and let us define p(n,m) by the formula

1—|—l—|—%, if n,meN, n#£m,

(n,m) = 1, if n=mel,
PULT =9 141 if m=0,neN,
14+ 4 if n=0 meN.

We have p(n,m) > 1 for all n,m € U with n # m, but lim,_,« p(n,0) = p(0,0), that
is, (n)pen converges to 0 € U, as n — oc.

5. U, AND FIXED POINT THEOREMS

The initial point of this section is the following

Theorem 5.1 (cf. [12]). Let (U,p) be a complete partial metric space. LetT : U — U
be a mapping satisfying for all x,y € U the following condition

p(T(x), T(y)) < max{ap(z,y),p(z,2),p(y,y)}, (5.1)

where o € [0,1) is fized. Then there exists a unique point T € U, for which T(T) = 7.
Moreover,

lim p(Tn(l’),f) :p(f,f) = lim p(Tn(x)va(x))

n—oo m,n— o0

for any x € Uy, and T(Up,) C Uy, and the mapping T is continuous at any = € Up.

Remark 5.2. Let us notice that in comparison to the original statement of Theorem
5.1 in [12] we added two more observations, namely T'(U,) C U,, and that the mapping
T is continuous at any = € U,. In fact, by (5.1),

pp < p(T(x), T(x)) < p(z,z) = pp
for € Uy, and we infer that T'(z) € Up. Further, if

lim p(z,,z) =p(z,z), 2, €U, neN, z €U,

n—oo
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then
pp < lim p(T'(z,), T (x))
< lim max{ap(n,x), p(Tn, Tn),p(z, )}
n—oo
= max{ap(z,z),p(x,x)} = pp = p(T(x),T(x))
and the continuity follows.
Let us also observe that, by Theorem 5.1, if U, = (), then there is no mapping

T : U — U for which condition (5.1) is satisfied. It is also evident that U, # 0 is
independent of whether (U, p) is complete or not - see Examples 5.6 and 5.7 below.

The following lemma provides simple observations concerning the set U,,.

Lemma 5.3. Let (U,p) be a p,-complete partial metric space and x,, € U, n € N.
(1) Iflim,— oo p(xn, x) = p(z, ) and x € U,, then the convergence is proper; here
the assumption of completeness can be discarded.
(2) U, # 0 if and only if there exists a p,-Cauchy sequence of elements of U.
(3) (Up,Dp) is a complete metric space.

Proof. (1) If limy, 00 p(7n,2) = p(x,2) = pp, then p(Tn, vn) < p(rn, ) < pp + ¢, for
any fixed € > 0 and sufficiently large n. This shows that lim,, oo p(@n, Zn) = pp, and
the claim follows.

(2) If z € U,, then the constant sequence z, := z, n € N, is p,-Cauchy. The
inverse implication is obvious.

(3) Let z,, € Up, n € N, be a Cauchy sequence, that is,

lim D(zpn,2m)=0.
n,m—o00

It holds

n’}}lgloop(xny xm) = Pp>

and hence, there is some x € U such that

lim p(l’n,l') = p(l’,ﬂ?).

n—oo

By the very definition of proper convergence it follows that
pp = lim p(w,, x,) = pla,x) = lim plza, @),
which gives x € U, and lim,_,o p(z,,x) = 0. O

Remark 5.4. Let us observe that the assumption U, # () (instead of deriving it as a
conclusion) significantly simplifies the proof of Theorem 5.1. Actually, in such a case
it is a simple consequence of the Banach Contraction Principle. First, let us observe
that T'(U,) C U, is an immediate consequence of condition (5.1) of Theorem 5.1.
Further, the metric space (U,,p) is complete (Lemma 5.3.(3)). Finally, T : U, — U,,
T(z) :=T(z), x € Up, is a contraction on U, because, for any z,y € U,, we have

[p(T(x),T(y)) < max{ap(z,y),p(r, ), p(y,y)} <=>

p(T(x), T(y)) — pp < max{ap(z,y) — pp, 0,0} | = p(T(x), T(y)) < ap(z, y).
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Notice that a similar observation can be made on Matthews’ generalization of the
Banach Contraction Principle to partial metric spaces [14].

Remark 5.4 raises the following question: should the fact U, # 0 be an assumption
or a consequence in theorems like Theorem 5.17 We shall show that none of possible
answers is satisfactory - see Example 5.7 and Theorem 5.8 below. But before we
pursue that issue we are going to establish that Theorem 5.1 cannot be treated as a
trivial consequence of the Banach Contraction Principle.

Example 5.5. This is a slightly modified Example 3.1 from [12] - the only modifi-
cation is in the value of the mapping T at x = 2 (in the original example T'(2) = 1).
Let U := [0,1] U [2, 3] and let the partial metric p on U be given by

_ J max{z,y}, if {z,y}N[2,3] #0,
pla,y) = { ool i {ry) C 0.1)

Then (U, p) is a complete partial metric space. Define T': U — U by

=+l if gz e [0,1],
T(x)::{ 2 if z € [0, 1]

2z if g e [2,3].

The function 7" meets condition (5.1) of Theorem 5.1 with a = 1/2. Moreover, T has
two fixed points: 1 and 2. The bottom set of (U, p) is U, = [0, 1], and p, = 0. It should
be emphasized that the fixed point 2 ¢ U,,. This shows that Theorem 5.1 is essentially
different from many other fixed point theorems, the assumptions of which guarantee
that fixed points are members of the bottom set of a considered partial metric space.
Let us also notice that, for any € U, the sequence (T"(x))nen converges to a fixed
point of T', as n — oo; this is not true for the original version of the example as stated
in [12].

For a set U and z € U, by T, we denote the constant mapping
T.(x):=2 2 €U.
Example 5.6. Let U := [0, 1] and define a partial metric p on U by

(.y) == 0, ifx=y>0,
PRY= 1, ifatyora=y=0,

for z,y € U. Then
1

lim p (,O) = lim 1=1=p(0,0),
n

n—oo n—oo

SO (%)neN converges to 0, although the convergence is not proper since

11
lim p (,) = lim 0=0.
n—o0 n'n n— o0
It is obvious that U, = (0, 1] and U, is not closed as a subset of the partial metric space
(U,p), so it is not a complete subspace of the partial metric space (U, p). However,

the metric space (U,,p) is complete (cf. Lemma 5.3). Observe that, for z € U,
the constant mapping T, z € (0, 1], meets condition (5.1) of Theorem 5.1 for any
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a € (0,1] and its only fixed point is z. It is also clear that the constant mapping Tj
does not satisfy condition (5.1) for any « € [0, 1), since

p(TO(l)aTO(l)) = p(0,0) =1>0= max{ap(l, 1)7])(17 1)}

Example 5.7. Let U := {q}r—l : ¢ € N} U {0} and define, in a similar manner as in

Example 5.6, a partial metric p on U by

(@,y) = z, fz=y>0,
PRY) =0, ifetyorax=y=0,

for x,y € U. Notice that p, = 0 and p(z,z) > 0 for z € U. Thus, U, = () and no
mapping satisfying condition (5.1) of Theorem 5.1 exists. The space (U, p) is complete,
because a sequence (z,)nen of elements of U is Cauchy if and only if it is eventually
constant. Hence, the space (U, p) is complete and, thus, O-complete as well, but there
are no 0-Cauchy sequences. This implies that no theorem that ensures the existence
of a fixed point in U, can be applied to the space (U,p). For each sequence (x,,)nen
of elements of U, constant or not, we have p(z,,0) = p(0,0), n € N, so it converges
to 0. Hence, the space is not Hausdorff. The space (U, p) is compact, since any open
cover of U has an element, say V', to which 0 belongs to and there is an open ball
B(0,¢), e > 0, with B(0,e) C V. But any open ball centered at 0 contains the set U.

Examples 5.6 and 5.7, together with Theorem 5.1, suggest the following character-
ization of the non-emptiness of the bottom set of a complete partial metric space by
constant functions.

Theorem 5.8. Let (U,p) be a complete partial metric space. Then U, # 0 if and
only if there exists z € U such that the constant mapping T, satisfies condition (5.1)
of Theorem 5.1 for any a € [0,1). Moreover,

Up={z € U: T, satisfies condition (5.1) of Theorem 5.1}.
Proof. Suppose that z € U, that is, p, = p(z, z) < p(x,y), z,y € U. Then

p(T:(2), T2 (y)) = p(2,2) = pp < max{ap(z,y),p(z, ), p(y,y)}

for any o € [0,1).

Assume now that there is z € U for which the constant mapping T, meets condition
(5.1) of Theorem 5.1. By Theorem 5.1, the set U, is nonempty and it contains a fixed
point of T7,. It is clear that z is the only fixed point of T, and thus z € U,,.

(A direct explanation without any reference to Theorem 5.1 is: if there is 2’ € U:
p(=',2') < p(, ), then

p(Z, Z) = p(Tz(Z,)a Tz(z/)) < max{ap(z', z/)ap(zlv Z,)} = p(zlv Z/)a

which is a contradiction.)
From the above considerations we conclude that

Uy, ={z € U : T, satisfies condition (5.1) of Theorem 5.1}. O

In connection with Theorem 5.8, let us consider the following
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Example 5.9. Let U := {a,b}, a # b, and
p(a,a) =0, p(b,d) :=1, p(a,b) := p(b,a) := 2.

The function p is a partial metric on U. Obviously, U, = {a}, so the only constant
mapping on U satisfying condition (5.1) of Theorem 5.1 is T,,. Notice that

p(Ta(a), Ta(a)) = p(a7 a) = max{ap(a, a)vp(av (Z)},

so T, is not a contraction. Observe also that T, is the only mapping from U to U
that satisfies condition (5.1). Indeed, if T : U — U is not constant, then

p(T(a), T (b)) =2 > max{ap(a,b),p(a,a),p(b,b)} = max{2a, 1}
for any o € [0,1).

At the end of this section let us present another fixed point theorem from the paper
[4] in which there appears the assumption concerning the non-emptiness of the set U,.

Theorem 5.10 ([4], cf. [3, 15]). Let (U,p) be a complete partial metric space and let
T:U — U be a mapping satisfying the condition, for x,y € U,

win{p(T(2). T(w)). - p(T*(2), T 3))} < PO TP

where k € N is fized. If U, # 0, then T possesses a unique fized point in U.

(5.2)

Remark 5.11. (a) If (U, p) is a complete metric space (so a complete partial metric
space, as well) and T is a contraction on U (that is, p(T(x), T (y)) < Lp(z,y), z,y € U,
for some fixed L € [0, 1)), then T satisfies condition (5.2) if and only if T* is a constant
mapping.

We have

0 < p(T*(x), T*(y)) = min{p(T(z),T(y)), ..., p(T*(x),T"(y))}
< (p(z,z) +p(y,y))/2=0

and therefore p(T*(x),T*(y)) = 0, z,y € U. This implies that T* is a constant
mapping.

(b) Let T' be as in Theorem 5.10. If x = T'(z), then € U, and, consequently,
U, # 0.

Suppose that © = T'(z), but z ¢ U,. Thus there exists 2’ € U with p(z/,2") <
p(z,z). Assume for a while that T'(z") # 2’. From (5.2) we have

min{p(T(z"), T(2)),....,p(T*(a"), T"(x))} < (p(a’,a") +p(z,2))/2 < p(z, 2)

and, for some i € {1,...,k}, p(T*(2),z) = p(T* ('), T*(z)) < p(z,z) < p(T*(z'), x)
which cannot be true. Hence, if p(z/,2’) < p(x,x), then T'(z') = «’. This shows that
any fixed point of T belongs to the bottom set U,,. This fact and condition (5.2) easily
entail that there is at most one fixed point of 7. We conclude that x € U),.

(c) Let T be as in Theorem 5.10. Then U, # 0 if and only if 7" has a unique fixed
point.

This comes from Theorem 5.10 and item (b).
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Remark 5.12. Let (U,p) be a complete partial metric space. Then

(a) Uy, # 0 if and only if there is a mapping T': U — U that satisfies condition
(5.2) of Theorem 5.10 and possesses a fixed point.

Suppose that a € U,. Define T'(z) := a, € U - it is easy to check that T" meets
condition (5.2) of Theorem 5.10. The other implication is a consequence of item (b)
of Remark 5.11.

(b) U, = 0 if and only if no constant mapping T': U — U satisfies condition (5.2)
of Theorem 5.10.

Suppose that U, = 0. Let a € U and define T(z) := a, x € U. Obviously,
there exists x € U with p(z,z) < p(a,a). By condition (5.2) of Theorem 5.10, we
get pla,a) = min{p(T(a), T(2)), .., p(T* (), T*(z))} < (pla0) + plz, 2))/2 which
implies that p(a, a) < p(z,z) - an absurd. The reverse implication stems from item (a).
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