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Abstract. We study the local convergence analysis of two higher-order methods using Holder
continuity condition on the first Fréchet derivative to solve nonlinear equations in Banach spaces.
Holder continuous first derivative is used to extend the applicability of the method on such problems
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1. INTRODUCTION

The prime objective of the study presented in this manuscript is to find a locally
unique solution z* of the equation

F(z) =0, (1.1)

where F': Q@ C X — Y is a Fréchet differentiable operator and € is a convex subset
of X. X and Y are Banach spaces. Taking into account that numerous problems
in applied sciences and engineering such as the boundary value problems occur in
Kinetic theory of gases, the integral equations related to radiative transfer theory,
problems in optimization and many others can be solved by obtaining the solutions
of nonlinear equations in the form (1.1), many efficient algorithms have been derived.
In most cases, the solutions of these nonlinear equations can not be obtained in closed
form. So, iterative schemes are frequently used to avoid such problems.

The second order convergent Newton’s scheme is extensively used as a solver of
(1.1), which can be expressed as:

Tpy1 = Tp — [F'(20)]  F(2,), n>0. (1.2)
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Also, Some classical third-order algorithms include Chebyshev’s, the Halley’s and
Super-Halley’s schemes are produced by putting (o = 0), (@ = 1) and (o = 1)

2
respectively in

Tpt1 = Ty — (1 + %(1 — aHp(xn))_lHF(xn)) [F'(2,)] " F (), (1.3)
where Hp(1,) = F'(x,) " F" (2,) F' () " F ().

To overcome the computation of higher-order derivatives present in the traditional
third-order schemes, many researchers have developed higher-order Newton-like meth-
ods [1, 3, 10, 23, 24, 15, 16, 17, 18, 21, 25, 26, 29, 30, 20] such as harmonic mean
Newton’s method, midpoint Newton’s method and other variants.

Local and semi-local convergence analysis of iterative schemes has been studied
by numerous researchers [2, 13, 6, 8, 7, 27, 9, 28, 14, 19, 11, 12, 22, 4, 5], and many
important results have been derived. “The semi-local convergence analysis, which
is based on the information around an initial guess gives us the necessary condition
to ensure the convergence and the local convergence analysis, which is based on the
information around a solution provides radii of convergence balls” [13]. The local con-
vergence analysis of many varieties of the methods defined in (1.3) has been studied
by numerous authors in [13, 6, 8, 7]. Also, the local convergence analysis of effi-
cient iterative schemes (Jarratt-type, Weerakoon-type and Newton-like) is studied in
Banach spaces in [27, 9, 28, 14, 19, 11, 12].

In this paper, we use the Holder continuity condition only on the first derivative
to enhance the applicability of two higher-order convergent methods by generalizing
the local convergence analysis based on Lipschitz continuity condition.

In [15], Cordero et al. studied the modification of Weerakoon’s method [30] with
fifth-order convergence to solve nonlinear systems. The method is given as:

Yn = Tn — F'(20) "' F(an)
2y = Ty — 2[F' () + F'(yn)] F(zy,)
Tpi1 = 2n = F'(yn) T F(20) (1.4)

Also, they modified the fourth order method proposed by Cordero et al. [16] to obtain
a sixth order convergent method for systems of nonlinear equations, which is given
by
Yn = Tp — F/(xn)_lF(l'n)
Zn = Yn — F/(xn)_l[QI - F/(yn)F/(xn)_l]F(yn)
Tp+1 = Bn — Fl(yn)_lF(Zn) (15)
In these methods, the iteration function contains only the first-order derivative
F' of F. But the convergence analysis is shown with the assumption on at least
fifth-order derivative. Therefore, the applicability of these schemes is restricted for
such problems where the higher-order derivatives are unbounded or unobtainable. In

[27], the authors studied the local convergence of the method (1.4) applying Lipschitz
condition on the first-order derivative to overcome such problem. However, there are
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numerous examples for which Lipschitz condition fails. For instance, consider the
nonlinear integral equation [28] given by

1
F2)(s) = o(s) — 3/ G (s, )a(t)
0
where z(s) € C[0,1] and G;(s,t) is Green’s function defined on [0, 1] x [0,1] by
_f @—s)t, ift<s
Grls,t) = { s(1—1t), ifs<t”

Then,
15 1
15" (@) = F'(y)ll < g5 lle =yl

It is clear that Lipschitz condition does not hold for this problem. However, Holder
1

continuity condition holds on F’ for p = ;. In this paper, we provide the local
convergence analysis of the methods (1.4) and (1.5) using hypotheses only on F’ to
avoid the use of higher-order derivatives. Particularly, the Hoélder continuous first
derivative is employed to extend the applicability of the method by generalizing the
local convergence under Lipschitz condition.

Another advantage of this approach is that the radius, error bounds and uniqueness
of the solution information is provided and is based on Hoélder constants. This is in
contrast to studies in [15, 16], where expensive Taylor expansions are used to show
convergence and the above are not computed.

The rest portion of this paper is arranged as follows: The local convergence anal-
ysis of the methods (1.4) and (1.5) is placed in Section 2. Section 3 is devoted to
demonstrating the applications of our theoretical outcomes on standard numerical

examples. Conclusions are discussed in the last section.

2. LOCAL CONVERGENCE ANALYSIS

The local convergence analysis of the methods (1.4) and (1.5) is studied in this
section. Let the open and closed balls in X are denoted as B(c, p) and B(c, p) respec-
tively with center ¢ and radius p > 0. Suppose the parameters p € (0,1], ko > 0 and
k > 0 be given with kg < k. Furthermore, let us assume the following hold for the
Fréchet differentiable operator FF: Q C X — Y.

F(xz*) =0, F'(z*)"' € BL(Y, X), (2.1)
|F"(2*) "1 (' (x) = F'(27))|| < kolla — 2*||P, Vo € Q (2:2)

and
|E" (@) (F" (z) = F'(y))l] < Kllz = y||P, Yo,y € Q, (2.3)

where BL(Y, X) is the set of all bounded linear operators from Y to X.
In several studies [2, 13, 6, 9, 11], an additional condition assumed is

IF'(a*) " F(2)|| < M, ¥a € B (x (;O) ) | (2.4)

This assumption is not taken in our study. We use the following results to avoid this
extra condition.
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Lemma 2.1. If F obeys (2.2)-(2.3) and B(z*, R) C Q, then Vx € B(z*, R), we get
1F/ (") 7 F' ()| < 1+ kol — 27| |” (2.5)
and
1P/ (@) F @] < (1 -+ kollz — 2P o — 27|, (2.6
where R is defined in (2.12). The above results also hold true if we use R’ (2.35) in
place of R.

Proof. Applying (2.2), we obtain
1F/ (@) F (@)|| < L+ ([P (27) 7 (F (@) = F' (@)l < 1+ kol|lz — 2™ [P
For 6 € [0, 1],
1F (") 7 F/ (2 + (2 — 2"))[] < 1+ kob] |z — 2™[|” < 1+ kol — 2|
The mean value theorem is used to obtain
|1F/ (") 7 F (@)l = [|F' (@) 7 (F () = F(z")]]
< [F'(@") 7 F (2" + 0z — 27) (@ — 2")|
< (L kollz = 2™[|P) ||z — 27|
O
2.1. Local convergence analysis of method (1.4). To study the local convergence
of the scheme (1.4), we introduce the function J; on the interval [0, (%)%) by

kuP
(p+1)(1 — kou?)

1 1
p+1 » 1 ) »
Ri=|—7—"—] <|[—) .
1 (@+U%+k> (m
Observe that J1(R;) = 1. Again, we define functions J; and K> on [0, (k%)%) by
ko

Jo(u) = 5(1 + Jy(u)P)uP (2.8)

Ji(u) = (2.7)

and the parameter

and
KQ(U) = JQ(U) — 1.
Now, K2(0) = —1 < 0 and lim  Ks(u) = +o00. According to the intermediate
u— (&)%)~

value theorem, the interval (0, (kio)v) contains the zeros of the function Ks(u). Let

= "=

the smallest zero of Ka(u) in (0, (k%)%) is Rp. Also, we introduce functions J3 and
K5 on [0, R2) by
kg + Ji(w)Plu?

J3(U) = p2+(11 — Jg(u))

(2.9)

and
Kg(’u,) = J3<u) — 1.
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Now, K3(0) = —1 < 0 and lim Kjs(u) = +o0o. The intermediate value theorem

u— Ry

confirms that the interval (0, R2) ZODtains the zeros of the function Kj(u). Let the
smallest zero of K5(u) in (0, R2) is Rs. Again, we define Jy and K4 on [0, (é)%) by

Jy(u) = koJy (uw)Pu? (2.10)
and

Ky(u) = Jy(u) — 1.
Now, K4(0) = —1 < 0 and lim  K4(u) = +00. According to the intermediate

u—((5)7)

value theorem, the interval (0, (k%)%) contains the zeros of the function Ky(u). Let
the smallest zero of K4(u) in (0, (%)%) is R4. Finally, let us define J; and K5 on
[0, Ry) by

Pyp
Js(u) = (1 + W) J5(w) (2.11)
and
Now, K5(0) = —1 < 0 and lim Kj5(u) = +oo. The intermediate value theorem

u— Ry
confirms that the interval (0, R4) contains the zeros of the function Kjs(u). Let the
smallest zero of K5(u) in (0, Ry4) is Rs. Let us choose

R = min{ Ry, R3, R5}. (2.12)
Now, we have
0<Ji(u) <1, (2.13)
0< Jou) <1, (2.14)
0< Js(u) <1, (2.15)
0< Ju(u) <1, (2.16)
and
0< Js(u) < 1 (2.17)

for each u € [0, R).
Next, the local convergence analysis of the method (1.4) is presented in Theorem 2.1.

Theorem 2.1. Let F': Q C X — Y be a Fréchet differentiable operator. Suppose
x* € Q, F obeys (2.1)-(2.3) and

B(z*,R) C Q, (2.18)

where R is defined in (2.12). Starting from xo € B(z*, R) the method (1.4) generates
the sequence of iterates {x,} which is well defined, {xy}n>0 € B(z*, R) and converges
to the solution x* of (1.1). Moreover, the following estimations hold ¥n > 0

lyn = 2*|] < Ji(llzn — 2 |Dl|en — 27| <lon — 2™ < R, (2.19)
2 — 2] < Js(llzn — 2" [Dllen — 2™ < [lzn —2"[| <R (2.20)

and
[zns1 — 2] < Is([|lzn — 2 |Dl|2n — 2] < ||z, —2"|| < R, (2.21)
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where the functions Ji, J3 and Js are given in (2.7), (2.9) and (2.11), respectively.
Furthermore, the solution x* of the equation F(x) = 0 is unique in B(z*,A) N,

where A € [R, (p,gl)%).

Proof. Using the definition of R, the equation (2.2) and the assumption xy € B(z*, R),
we find

[|F'(z*) Y (F (z0) — F'(z*))|| < kol|lzo — z*||P < koRP < 1. (2.22)
Now, Banach Lemma on invertible operators [1, 10, 23, 25, 29] confirms that
F(20)~" € BL(Y. X)
and

1 1
F'(zo) ' F'(2¥)]| < :
1E (o)™ F (el < 1= kollwo — 2°|[P ~ 1= koRP

Hence, it follows from the first step of the method (1.4) for n = 0 that yp is well
defined. Again,

(2.23)

Yo —x* =0 — 2% — F'(x0) ' F(x0)

= — [F'(z0) ' F'(z")] [/0 F'(x*) Y (F'(2* 4+ 0(zo — x%)) — F'(20)) (20 — ) dﬁ} .

(2.24)
kl|lzo — [P

<
~ (p+ D)1 = kollzo — z*[[P)
= J1(llzo — 2™[Dl[xo — 27| < lxo —2™|| < R (2.25)

Using (2.3), (2.7), (2.13), (2.23) and (2.24), we find
[lyo — 2|

< [||F' (zo) " F'(z")]]] H /0 F'(z*) N F'(x* +0(xo— ")) — F'(x0))(z0 — 2*) df

||zg — x|

and this shows (2.19) for n = 0. Then we show [F’(zo) + F'(yo)] ' € BL(Y, X). The
equations (2.2), (2.8), (2.12), (2.14) and (2.25) are used to obtain

12F" (2) ™ (F' (o) + F'(yo) — 2F" ("))

1 )\ — % k) — k
< SIIE' @) 7 (F (o) = F (@) + |F' (@)~ (F (yo) = F' (@) ]
k X *
< Flllzo = 2" |I” + llyo — 27||7]
k
< Sllleo = 2" IIP + (Il — 2|[Pllao — =[P
ko

[1+ Ji([|wo — =" [)"|wo — ™[I
= JQ(H.’I?Q — .’lﬁ*H) < JQ(R) < 1.
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Now, we obtain [F’(zq) + F'(yo)]™! € BL(Y, X) using Banach Lemma on invertible
operators. Also,

1
(1= Ja(|lzo — 2*[))

I[F" (o) + F'(yo)] ™" F' (") < 3 (2.26)

Now, it follows from the second step of the method (1.4) for n = 0 that zp is well
defined. Using the definition of R, (2.3), (2.9), (2.15), (2.25) and (2.26), we get

120 — 2| < (I[[F"(z0) + F' (o)l =" F' ("))

g

1
A F'(2) " (F' (o) — F'(a* + 0(z0 — 2))) (w0 — a*) dO

+,KF@W%F%vawwm—ﬂmmwwﬂw>

_ gallzo =@ [P 4k Jy (lyo —* — Bao —2*)][#) dblay — 2

- 21— Jo(llzo — 271)))

_ ghallro =17 £ k(o — 2|7 4 Ll g — o

= 21— Ja([[zo — 1))

_ galleo — @ P+ KLA ko — 2 [P llao — 2|17 + Hoo=a"ll") g — 2*|]

2(1— Ja([[zo — 2*[]))
(2|20 — 2*||P + kJi(|lmo — 2% )P ||z — 2*|IP)| |20 — 2*]]
= 2(1— Ja(|Jwo — 2*[]))
(25 + ki (llzo — 2 [)P)|zo — 2| [P]]ao — 27|
2(1— Ja([[zo — 2*[]))
K2 + Ji(lwo — 27[)P)||z0 — 2*||P]| |0 — =]
2(1— Ja([[zo — 2*[]))
— Js(|[wo — 2*||)|[wo — 27|| < ||zo — 2*|| < R. (2.27)

Hence, we establish (2.20) for n = 0. Again,

1" (%) 7 (F (yo) — F'(2*))I] < kollyo — 2*|IP < koJr([[ao — 2*[])||zo — 2*|IP
= Ju(||Jzo — 2||) < 1. (2.28)

So, F'(yo)~! € BL(Y, X) with

1
< .
< T =7l ==

||F" (yo) " F' (%) (2.29)
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Now, it follows from the last step of the method (1.4) for n = 0 that x; is well defined.
Finally, we use (2.6), (2.11), (2.12), (2.17), (2.25), (2.27) and (2.29) to get

lley = 2™ < llz0 — 27| + [|1F (o)~ F(20)]

<z — " || + [|1F"(yo) " F' ()] [|1F(2") "' F (20
(1 + kollzo — ™| |")[l20 — =*]|
1= Ja([lzo — 2*[])

(1+ko||20x*||p)> .
=1+ Z0—

(1 T ) o

(1 odllzo oo —11) : :
<|1+ Ja3(||zo — To— T
( e et w(llzo - 2|l — o]

= Js(||wo — 2%|Dl[xo — ™| <[lwo — 27| < R. (2.30)

<llzo —2"|| +

Thus, we show the estimate (2.21) for n = 0. We get the estimates (2.19)-(2.21)
by substituting ., y,, 2z, and x,4+1 in place of g, yo, 2o and x; respectively in
the previous estimations. Using the fact ||zn1 — z*|| < J5(R)||zn — 2*|| < R, we
derive that xz,11 € B(z*, R) and nl;ngo zn = x*. Now, we want to show the uniqueness
of the solution x*. Suppose there exist another solution y* (# z*) of F(z) = 0 in
B(z*, A) N Q. Consider @ = fol F'(y* +0(z* — y*)) df. From equation (2.2), we get

1
17 @)@~ P < [ hally” + 6"~ y7) —a*[1” a0
0
ko
p+1
p
< koA
“p+1
Applying Banach Lemma, we find Q~! € BL(Y, X).
Now, Using the identity 0 = F(z*) — F(y*) = Q(x* —y*), it is concluded that z* = y*.
This completes the proof. O

< 2™ = y[[”

<1.

2.2. Local convergence analysis of method (1.5). For the local convergence
analysis of the method (1.5), we introduce the function H; on the interval [0, (k—lo)%)
by

kvP
(p+ DA — kovP)

1 1
+1 P 1\7
R =(—_P"° < () .
! ((p+1)ko+k) ko

Observe that Hy(R}) = 1. Again, we define functions Hy and G5 on [0, (k—lo)%) by

H1(U) =

(2.31)

and the parameter

1+ koHy(v)PvP (14 koHy(v)PoP)?
Hy(v)
1 — kouP (1 — kovr)?

H(v) = (1 + (2.32)
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and

G2(v) = Ha(v) — 1.
Now, G2(0) = —1 < 0 and lim  Ga(v) = 400. According to the intermediate

v (5)7)

value theorem, the interval (0, (%)%) contains the zeros of the function Ga(v). Let
the smallest zero of Ga(v) in (0, (%)%) is Ry. Also, we introduce functions Hjz and
Gy on [0, (75)7) by

H3(v) = koHy(v)Po? (2.33)
and

Gs(v) = H3(v) — 1.
Now, G3(0) = —1 < 0 and lim  Gs(v) = +00. The intermediate value theorem

0
confirms that the interval (0, (,%0)%) contains the zeros of the function G5(v). Let the
smallest zero of G3(v) in (0, (+ %) is Rj5. Finally, we define Hy and G4 on [0, Rf) by

k‘g
1+]€ H Pyl
0 2(7‘}) v > Iiz('U)

Hy(v) = <1 a0 (2.34)

and
G4(’U) = H4(U) — 1.
Now, G4(0) = -1 < 0 and lim K,4(v) = +oo. So, the interval (0, R;) contains the
v Ry
zeros of the function G4(v). Let the smallest zero of G4(v) in (0, RS) is R).
Let us choose

R' = min{R}, R}, R}}. (2.35)
Now, we have
0<Hi(v) <1, (2.36)
0 < Hy(v) <1, (2.37)
0 < Hsz(v) <1 (2.38)
and
0 < Hy(w) <1, (2.39)

for each v € [0,R’). Next, the local convergence analysis of the method (1.5) is
presented in Theorem 2.2.

Theorem 2.2. Let F': Q C X — Y be a Fréchet differentiable operator. Suppose
x* € Q, F obeys (2.1)-(2.3) and

B(z*,R) CQ, (2.40)

where R’ is defined in (2.35). Starting from xo € B(x*, R') the method (1.5) generates
the sequence of iterates {x, } which is well defined, {z,}n>0 € B(z*, R') and converges
to the solution x* of (1.1). Moreover, the following estimations hold ¥n > 0

g — 21| < Hi(llen — 2 Dllen — e[| <l —2*|| <R, (241
20 — Il < Hallen — e [Dllen — || < |lan —2*]| < B (2.42)
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lzns1 — 2*|| < Ha(llzn — 2" [Dl|zn — 2*|| < [|lzn — 2™ < R, (2.43)
where the functions Hy, Hy and Hy are given in (2.31), (2.52) and (2.54), respectively.
Furthermore, the solution x* of the equation F(x) = 0 is unique in B(z*, A’) N Q,
where A’ € [R/, (%)%)
Proof. Using the definition of R, the equation (2.2) and the assumption

xo € B(z*, R'),

we find

|1E" (a7) 7 (F" (20) — F'(27))l| < kollzo — 2™ ||” < koR™ < 1.
Now, Banach Lemma on invertible operators [1, 10, 23, 25, 29] confirms that

F'(o)™" € BL(Y. X)

and

1 1
< < .
H_ 1—k0||x0—x*||1’ 1 — kgR'P

[|F' (o) =" F' (27) (2.44)

Hence, it follows from the first step of the method (1.5) for n = 0 that yg is well
defined. Again,

Yo — x* =0 — 2% — F'(x0) ' F(x0)
—[Fe0) P | [P 7))~ F o)) .
(2.45)

Using (2.31), (2.35), (2.36), (2.44) and (2.45) we find

[lyo — =]

< [I1F' (o) 7 F' ()] H

o Hwo—ap
= B+ D{1 — kollzo — °[)
= Hy(llao — a*|)llao — 2°|] < [|zo — 2°]| < B (2.46)

/0 F'(x*) Y F' (2" 4+ 0(zo — 2*)) — F'(20))(z0—2*) db

[|wo — 2]
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and this shows (2.41) for n = 0. Since F'(x9)~' € BL(Y, X) so, 2o is well defined.
Using the definition of R’, (2.6), (2.32), (2.37), (2.44) and (2.46), we get

[lz0 — 27|
< lyo — @[]+ 2[[F" (0) " F (yo) || + | F" (o) ™ F (yo) | [|F” (o) ™ F (yo)|
<lyo = 2| + [|[F" (o) " F' ()| ||F" (z*) = F (o)l
+ | |F (o) THF ()| || F ()T F (o) || 1F" (o) ™ F' ()| ||F' (2*) ™ F (o)
(1 + Kollyo — =*[|")[lyo — =™ ||
1 — kol||zg — x*||P
(1 + Kollyo — =*[|P) (1 + kollyo — =™ ||*)[lyo — 2|

< lyo — ™|l +

+
l—koHl‘o—x*Hp l—k‘ono—JT*Hp
1+ k —x*|P 14+ k —z*|P) (1 + &k —x*||P
< <1+( + kol lyo x*\l) (1 + kol|yo x*l\ ) (1 + Follyo x*ll )>|Iyo—w*ll
1 —kollwo —a*|[P 1 —kollzo —2*[|P 1 — kollzg —a*|P

_ ¥ p _ ¥[|P
< <1+ (1 + koHy(||lzo — 2*|)P[|zo — x*||P)
1—k0||$0—$*||p

(Lt o (Jlao — &[]0 — °[[7)” : *
H — —
( (1~ ollaro — (P2 t(lfeo = aiDtfo =7l

= Ha(||lwo — 2”|])[|zo — 2*|| < |lzo — 2”[| < R'. (2.47)
Hence, we establish (2.42) for n = 0. Again,
[1F" (")~ (F (y0) — F'(2"))|| < Kollyo — ™ |IP < ko H1(||z0 — 27| |)?||wo — 2|7
= Hs(||lzo — z™|]) < 1. (2.48)

) Hi (20 — 2|0 — 2°|

So, F'(yo)~! € BL(Y, X) with
E 1
= 1= Hy([lwo — 2*[])’
Now, it follows from the last step of the method (1.5) for n = 0 that x; is well define.
Finally, we use (2.6), (2.34), (2.35), (2.39), (2.47) and (2.49) to get
[l — 27| < [lz0 — 2| + |1F" (yo) = F (20)]]
< lzo = ™[+ [1F"(yo) =" F' (2| [|[F' (")~ F(20) ]
(1 + kollzo — =™[|P)lz0 — ™|
1 — Hy([[zo — 2*|])
(1+k‘0||20—$*||p)> )
=1+ Z0— T
(1 i) o)
(1 + ko Hy([lzo — ™ |])"|lxo — w*llp))
1+ Hs(||lxg — z*||)|]|xo — 2
( e 2(llzo — a*[Dllzo — =]
= Hy(llwo — 2[)[|wo — 27| < ||lwo — 2*|| < R’ (2.50)

Thus, we show the estimate (2.43) for n = 0. We get the estimates (2.41)-(2.43) by
substituting x,, yn, 2, and z,41 in place of zg, Yo, 20 and x; respectively in the
previous estimations. Using the fact ||z,+1 —2*|| < Hy(R')||z, —2*|] < R, we derive

|F' (yo) ™" F'(z) (2.49)

<z —2™[| +

<
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that z,4+1 € B(z*,R') and lim z, =2*. Now, we want to show the uniqueness
n—oo

of the solution z*. Suppose there exist another solution y* (# z*) of F(z) = 0 in
B(z*,A")N Q. Consider T = fol F'(y* +6(z* — y*)) df. From equation (2.2), we get

1
IIF'(fL’*)’l(T*F'(ﬂﬂ*))llS/O kolly™ + 0(z" —y*) — 2™[|" db

ko
“p+1
k()A/p
<
p+1
Applying Banach Lemma, we find T~ € BL(Y, X). Now, using the identity
0=F(") - F(y") =T@" —y"),
it is concluded that x* = y*. This ends the proof.

|EA

<1

3. NUMERICAL EXAMPLES

In this section, numerical examples are provided to validate the theoretical results.
We consider the Examples (1, 2 and 3) from the research paper of Argyros and George
[6]. The examples 4 and 5 are selected from [28].

Example 3.1. Define F on Q = [—1, 3] by
22nz?+a25 -2, ifzx#0
F(I){o, ifz=0"

We have z* = 1. Also, p = 1 and kg = k = 146.6629. The values of R and R’ are
determined using the definitions of “J” and “H” functions respectively.

Table 1. Radii of convergence balls for Example 3.1

Method (1.4) Method (1.5)
Ry = 0.004545 R} = 0.004545
R3 =0.003994 R}, =0.002012
Rs = 0.002917 R} =0.001331
R =0.002917 R’ =0.001331
Example 3.2. Let us define F on Q = [1, 3] by
2
F(z) = gx% —x

We have z* = % Also, we have p = 0.5, kg = 1 and k = 2. R and R’ are computed
using “J” and “H” functions respectively.

Table 2. Radii of convergence balls for Example 3.2

Method (1.4)

Ry =0.183673
R3 =0.107877
Rs = 0.038326

R =0.038326

Method (1.5)

R} =0.183673
R}, = 0.025567
R}, = 0.008795
R’ = 0.008795
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Example 3.3. Let F is defined on B(0,1) for (z1,z2,23)" by
—1
F(x) = (e"“ — ]_7 eTl'g + l'g,l'g)t
We have z* = (0,0,0)*. Also, we have p =1, kg = ¢ — 1 and k = e. We determine
the values of R and R’ using “J” and “H” functions respectively.

Table 3. Radii of convergence balls for Example 3.3

Example 3.4. Consider the nonlinear Hammerstein type integral equation given by

where z(s) € C[0,1]. We have z* = 0. Also, p = 0.5 and kg = k =
definitions of “J” and “H” functions the values of R and R’ are computed.

Table 4. Radii of convergence balls for Example 3.4

Method (1.4)

Method (1.5)

Ry =0.324947
R3 =0.268633
Ry = 0.184350
R = 0.184350

R} = 0.324947
R}, = 0.133649
R}, = 0.083613
R’ =0.083613

1
F2)(s) = (s) — 5 / ste(t)ddt,

0

Method (1.4)

Method (1.5)

Ry =0.025599
R3 =0.017992
Rs =0.007313
R =0.007313

R} =0.025599
R}, = 0.004240
R/, = 0.001689
R’ = 0.001689

. Using the

Example 3.5. Consider the nonlinear integral equation given by

1
F(z)(s) = x(s) — 3/0 Gi(s, t)z(t)idt,

where z(s) € C[0,1] and G1(s,t) is Green’s function. We have 2* = 0. Also, p = 0.25
and kg =k = % Using the definitions of “J” and “H” functions the values of R and
R’ are determined.

Table 5. Radii of convergence balls for Example 3.5

Method (1.4) Method (1.5)

Ry =1.973080 R} =1.973080
Rs = 0.879329 R}, =0.043572
Rs =0.101198 R} = 0.006069
R =10.101198 R’ = 0.006069

4. CONCLUSIONS

We studied the local convergence analysis of two higher-order methods to find a lo-
cally unique solution of a nonlinear equation in Banach spaces. The Holder continuity
condition on the first derivative is used to enhance the applicability of these meth-
ods. This study helps in solving those problems for which Lipschitz condition fails
without applying higher-order derivative. Lastly, the theoretical outcomes are tested
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on standard numerical examples like Hammerstein equation and system of nonlinear
equations.
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