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1. INTRODUCTION

Let X be a Banach space. We consider the following problem

D& u(t) + uDgu(t) — Au(t) = F(t,u(t),u), telI=][0,T] (1.1)
u(s) = g(s), s<0, (1.2)
u'(0) 4+ h(u) =, (1.3)

where 0 < o < 8 < 1,Dg is the fractional derivative in Caputo’s sense of order
a, A: D(A) ¢ X — X is the closed linear operator, and A generates a strongly
continuous family {S, g(t)} of bounded and linear operator on X, u is the unknown
function defined on I and taking values in X, w; is the history state defined by
up 2 (—00,0] = X, u(s) = u(t+s), foreach t € I, ¢ € X, g € B with B being an
admissible phase space that satisfying some fundamental axioms listed in Subsection
21, F:Ix X xB— X, h: BO(I; X) — X are given functions.

Equation (1.1) without delays come from recent investigations [16, 17, 13]. These
papers discussed the existence and asymptotic behavior of solutions for linear or
semilinear two-term time-fractional differential evolution equations.

In the case 0 < « < 1, 8 =1, u = 0, Eq. (1.1) without delays was studied in [27]
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and when 0 < a < 1, =1, p =0, A = A is the model of a fractional diffusion-
wave equation (see [26]). Eq. (1.1) without delays is the abstract setting of nonlinear
time-fractional telegraph equations when oo+ 1 = 28, A = A (see [22, 23]), and
nonlinear fractional diffusion-wave with damping when 0 < a < 1, =1, A = A
(see [24]). In the case, A = A, in [21] a two-term fractional-order diffusion evolution
equation without delays was proposed for the total concentration in solute transport,
in order to distinguish explicitly the mobile and immobile status of the solute using
fractional dynamics; the kinetic equation with two fractional derivatives of different
orders appears also quite naturally when describing subdiffusive motion in velocity
fields [19]; and [12] for investigations on the model for wave-type phenomena.

Differential equations with delay are often more realistic mathematical models
for practical problems compared to those without delay, for instance, from control
theory in which control factor is taken in the form of feedbacks. In such control
problems, the presence of delay term is an inherent feature. Numerous papers and
monographs have appeared devoted to differential equations with delays (see, e.g.,
[8, 9, 28, 7, 14, 1, 20, 11] and references therein). These papers contain various types
of existence results for initial value problem to differential equations with delays.
Recently, in [29], two-term time fractional differential equations with finite delay and
the right hand side f = f(¢, us) has studied, the author established the existence,
uniqueness of pseudo asymptotically periodic solutions.

In this paper, based on a fixed point principle for condensing maps for measures
of noncompactness on BC(R™; X), we prove the existence of mild solution on [0, T]
for problem (1.1)-(1.3) and decay estimates of mild solutions u with ||u(t)|| = O(t™7)
as t — o0.

The rest of our work is organized as follows. Section 2, we recall some notions,
phase space and facts relating to measures of noncompactness and condensing map.
Section 3, we prove the existence of mild solutions on (—oo,T],T > 0 under some
regular conditions imposed on the nonlinearities h and F'. Section 4 is devoted to show
that decay mild solutions on R with the certain decay rate exist if some conditions of
the operator A and the phase space B are added. Section 5, we give an application
for partial differential equations to illustrate the obtained results.

2. PRELIMINARIES

Denote by LL (RT, X) the Banach space of all locally (Bochner) integrable vector-

loc
valued functions. The Laplace transform of a function f € L{ (RT, X) is defined as

LI = / (DL, Red > w.
0

whenever the integral is entirely convergent for ReA > w.
The Caputo fractional derivative of order o > 0 is ascertained by

t

DEF() = (e * f) () = / ol — 5) [ (s)ds,

0
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in which m is the smallest integer greater that or equal to «, and for 5 > 0
th-1
¥B (t) = @7 t >0,
in which I'(-) denotes the Gamma function. This function satisfies the semigroup
property (see [6])
Vo * P8 = Pat+p, Vo,B>0.

Applying the properties of the Laplace transform, an easy computation shows that
for a > 0,

,_.

LIDEAN) = XL — 3 AF-150(0)
k=0

Definition 2.1. Let g > 0 and 0 < o, < 1 be given. Let A be a closed linear
operator with domain D(A) on a Banach space X. Then A is called the generator of
an (a, 3),-regularized family if there exists w € R and a strongly continuous function
Sop i RY — Z(X) such that {\**! + pA? : Re(\) > w} C p(A) and

AN N — AT = /o e Sy p(t)xdt, Re(N) > w,z € X.

We know that in the case y = 0, a = 0, this is a Cy-semigroup while if 4 = 0, = 1,
we get a cosine family. The existence and characterization of generators of (o, 8),-
regularized families were discussed in [15]. Specifically, let A be a closed and densely
defined operator. An operator A is called to be w-sectorial of angle @ if there exist

6 €10,%) and w € R such that its resolvent family is in the sector
w+Spi={w+A: AeC,Jarg(\)]| < g+9}\{w}, (2.1)
and
1 M
IA—=A)~" < L A€w+ Sy (2.2)

Notice that a closed and densely defined operator A is w-sectorial of angle 8 if A —wI
is sectorial of angle §. The following results were established in [13].

Lemma 2.2. [13] Let 0 < o < 8 < 1,u > 0 and A be an w-sectorial operator of angle

%r. Then A generates an exponentially bounded («, B),-reqularized family Sop(t).

Lemma 2.3. [13] Let 0 < a<B<1,u>0andw <0. Assume that A is an w-
sectorial operator of angle . Then A generates an («, 8),-reqularized family Sap(t)
satisfying the estimate

¢ >0, (2.3)

S, < .t
IS5 < Ty 2

for some constant C > 0 depending only on «, 3.
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We now are in search of suitable concept of mild solutions to problem (1.1)-(1.3).
Denoting by . the Laplace transform for X-valued functions acting on R™*, putting
v(t) = F(t,u(t),us) and applying the Laplace transform to (1.1)-(1.3), we have

(AT 4 NP — A) L] (V)

= 2u(0) + A (0) + pA7u(0) + L] (N), Re(N) > w.
Therefore

Lu(N) = AN £ )\ — )7 u(0) + A N — A) 7R (0)
+ AT 4 P — A) T u(0)
+ (A AT — A)TLZ [ (N),

for all A such that Re()\) > w, A>T 4+-u)\? € p(A). Let S, 5(t) be an (o, B3),-regularized
family generated by A, we have

ZLu)(A) = Z[Sa,81(N)(9(0)) + ZL1e1]-Z[Sa,sl (MY — h(w)]
+ 1Z[p11a-plZ[Sa,6](N) (9(0))
+ Z[Sa,8l(A)Z[pal(N)Z[0](A), Re(N) > w,
where functions ¢g(t) = f(;a;,t > 0,5 > 0. Inversion of the Laplace transform indi-
cates that

u(t) = Sa,5(t)(9(0)) + (1 * Sa) ()1 — h(u)]
+ 1(@11a—p * Sa,8)(t) (9(0)) + (Sap * @a * v)(t). (2.4)

Assume that f(t,u(t),ur) = o * F(t,u(t),u;). Motivated by (2.4), the following
definition of mild solutions are given.

Definition 2.4. Let 0 < a < f < 1 and g > 0. A function w : (—o00,T] — X is
called to be a mild solution of problem (1.1)—(1.3) iff u(t) = g(t), for ¢ < 0 and

u(t) = Sa,p(t)(9(0)) + (¢1 * Sa,p) (D) [Y — h(w)] + p(P1+a—p * Sa,p)(t)(9(0))
+/ Sa,g(t —7)f(T,u(r),us)dr, (2.5)
0

for each t € Ry and (g,%) € B x X.

2.1. Phase space. Let (B, |-|5) be a semi-normed linear space, consisting of functions
mapping (—oo, 0] into a Banach space X. The definition of a phase space B, introduced
in [8], is based on the following axioms. If v: (—00,0 +7T] — X, where c € R and T
is a positive number, is a function such that v|, 71, € C([o,T + 0]; X) and v, € B,
we have

(Bl) vye Bfort € [o,T + ol;
(B2) The function ¢ — v, is continuous on [o,T + o];
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(B3) |uelg < K(t — o) sup |lv(s)|| + M(t — o)|vs|g for each ¢ > o, where
s€o,t]
K,M : [0,00) = [0,00), K is continuous, M is locally bounded and they
are independent of v.

An archetypal example for B is C, defined as follows
C, ={w € C((—00,0]; X) such that lim e w(s) exists in X}.

§——00

If v > 0 then C, is a Banach space with the norm

[wly = supe™®|lw(s)|x.
s<0

In this case K (t) = 1, M(t) = e~ 7". For more examples of phase space, see [9].

2.2. Measure of noncompactness. Let X be a Banach space. Denote by Pp(X)
the collection of all nonempty bounded subsets in X.

Definition 2.5. A function ® : P,(X) — [0, 400) is called a measure of noncom-
pactness (MNC) in X if
®(co)) = (), VQ € Pp(X),
where ¢of) is the closure of the convex hull of 2. An MNC & in X is called
(i) monotone if for ¥y, Qs € Pp(X), 21 C s implies (1) < P(Q2),
(ii) nonsingular if ®({z} UQ) = ®(Q) for Vz € X,VQ € Pp(X);
(iii) invariant with respect to union with compact set if ®(K U Q) = &(Q) for
every relatively compact K C X and Q € Pp(X);
(iv) algebraically semi-additive if ®(Qy 4+ Q2) < ®(Q4) 4+ B(22) for any Q4,0 €
Py(X);

(v) regular if ®(2) = 0 is equivalent to the relative compactness of €.

A significant example of MNC is the Hausdorff MNC x(-), which is defined as
follows:

x(©) = inf{e > 0: Q has a finite € — net} (2.6)

for V Q € Pp(X). It is well known that Hausdorff MNC x(+), enjoys the the above
properties (i)-(v).

Sequencingly, some basic MNC estimates are needed. Based on Hausdorff MNC y
in X, one can define the sequential MNC yq as follows:

xo(Q2) =sup{x(D) : D € A(Q)},

in which A(Q) is the collection of all at-most-countable subsets of Q (see [2]). It is
known that

1
ZX(Q) < x0(92) < x(%),
for all bounded set Q C X. So the following property is evident.

Proposition 2.6. Let x be the Hausdorff MNC on Banach space X,Q € Py(X).
Then there exists a sequence {x,}o2, C Q such that

x(Q) < 2x({zn}oly) +¢, Ve > 0. (2.7)
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Let C(]0,T]; X) be the space of all continuous functions defined on the interval
[0, T] taking values in X, which is a Banach space with the norm
[ulle = sup lu(t)x.
te[0,T)

Denote by xr the Hausdorff measure of noncompactness of C([0,T]; X), we obtain
the following proposition.

Proposition 2.7. [5]
(1) If D C C([0,T); X) is bounded, then x(D(t)) < xr(D), for any t € [0,T],
where D(t) = {z(t) : x € D}.
(2) If D is equicontinuous on [0,T], then x(D(t)) is continuous fort € [0,T] and
xT(D) = sup x(D(t)).

t€[0,T]
(3) If D is bounded and equicontinuous on [0,T], then x(D(t)) is continuous for
te€[0,7] and

N (/OtD(s)ds) < /Otx(D(s))ds, for all t € [0,T],

where fot D(s)ds = {fot z(s)ds : v € D}.

We denote by (L£(X), |- |lz(x)) the space of linear bounded operators from X into
itself, x is the Hausdorff MNC on X. For each S € £(X), we define x—norm of S (see
[2]) as follows:

[1S]y =inf{k>0: x(S(Q) < kx(Q), Q € Py(X)} (2.8)
We have following estimate (see [4])
IS1x < 1512 (2.9)

Consider the space BC(R™;X) of bounded continuous functions on R* taking
values on X. Denote by 7 the restriction operator on this space, i. e, mr(u) is the
restriction of u on [0,7]. Then

Xoo(D) = sup xr (mr(D)), D ¢ BC(R; X). (2.10)

is an MNC. Some measures of noncompactness are given as follows

dr(D) = Sup sup [[u®)llx, (2.11)
deel(D) = lim_d(D), (2.12)
X" (D) = X (D) + doo(D). (2.13)

The regularity of MNC x* is proved in [3, Lem 2.6].
Before coming to the next section, we recall the fixed point principle for condensing
maps which will be used in next sections.
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Definition 2.8. [4] Let x be an MNC on Banach space X, and § # D C X. A con-
tinuous map F': D — X is said to be condensing with respect to x (x—condensing)
if for VQ € Py(D), the relation

X(9) < x(F(Q)
implies the relative compactness of 2.

Theorem 2.9. [10] Let D be a bounded convex closed subset of Banach space X and
let F': D — D be a x—condensing map. Then

Fiz(F)={z € D:xz=F(z)}
18 a nonempty compact set.

This theorem is rather typical. Particularly, it covers the contraction mapping
principle and Krasnoselkii theorem.

3. EXISTENCE RESULT

In formulation of problem (1.1)-(1.3), we suppose that
(B) The phase space B verifies (B1)-(B3).
(F) The nonlinear function f: [0,7] x X x B — X satisfies:
(i) t = f(t,v,w) is measurable for each (v,w) € X x B and (v,w) —
f(t,v,w) is continuous for a.e t € [0,T].
(ii) There exists function m,m; € L1(0,T) such that
1t 0, w)llx <m@)|olx +mi()|w]s, (3.1)
for all (v,w) € X x B, and for each t € [0, T].
(iii) There exists k € L1(0,T), which is non-negative such that

X (f(t,9, D)) < k(t)(x() + sup x(D(s))), (32)

for every ¢ € [0,T] and for all bounded sets 2 C X, D C B.
(H) The function h: C([0,T]; X) — X satisfies following conditions:
(i) There exists a nondecreasing continuous function 6 : Rt — R such
that

1h(u)lx < 0(lullc), (3.3)
for all w € C([0,T7; X).
(ii) There exists a non-negative constant n such that
X (P(2)) < mxr (), (3:4)
for all bounded set  C C([0,T]; X).

For g € B and y € C([0,7T]; X), we ascertain the function y[g] : (—o00,T] — X as
follows

o= { ) s
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We denote
Cy ={y € C([0,T]; X) : y(0) =g(0)}

Then Cj is a closed subspace of C([0,T]; X) with the supremum norm.
We ascertain the solution operator F': Cy — C, by

D(u)(t) = Sa,5(t)(9(0)) + (p1 * Sap) ()[¢) — h(w)]

+ ipr+a-p * Sa,p)(t)(9(0)) + /O Sa,p(t = 1) f (T, u(T), ur)dr, (3.5)

for Vu € Cy, Vt € [0,T)]. It is clear that u is a fixed point of F' then u[g] is a mild
solution of (1.1)—(1.3) on (—o0, T.

From the assumptions imposed on f, h, it is seen that ® is a continuous map on Cj,.
Set

St = sup [|Sa,s(t)llzx)s Ar = sup |[p1* Sa,s(t)l|z(x)
te[0,T] te[0,T]

t
Or = sup [[p14a—p * Sap(t)llc(x), 7= sup /||Sa,ﬂ(t = 7)lexyma(r)dr
t€[0,T] t€[0,T) 0

t
Y7 = sup / 1Sa,8(t = )l z(x) [m(T) + ml(T)K(T)}dT.
t€[0,T] 0

Lemma 3.1. Let (B), (F), (H) hold and

n—oo n

Then there exists R > 0 such that F(Br) C Bg, in which Bg is the ball in Cy centered
at origin with radius R.

Proof. Assume to the contrary that there exists a sequence {u,}52, C B, with
lunllc < n but ||F(uy)l|c > n. From the formulation of ®, we set

P (up)(t) = Po(un)(t) + P2(un)(t) + P3(un)(t),
where

@4 (u)(t)
Do (u)(?)

Sa,8(£)9(0) + p(@11a—p * Sa.8) () (9(0));
(#1 % Sa8) (1) (¢ — h(u));

t

D3 (u)(t) = /Saﬁ(t — T)f('r,u(T), u.,-)d’]’.
0
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We have

[ (un) D) x < [@1(un) (@)l x + [P2(un) (@)l x + [[®s(un)(B)]]x- (3.7)
11 (un) ()l x < 15,80l llg(0)][x + pllprra—s * Sap(®)]lcx)llg(0)]x
s [1Sa.,8(0)ll 2x)119(0) [ x

IAIA

+ o sup ([@11a—p * Sa,s(t)llcx)llg(0)]x
t€[0,T]

= Srllg(0)||x + 1O7||g(0)| x- (3.8)
[ @2 (un) () x < [lo1 * Sa,p()ll )Y — h(un)llx

< sup o1 * Sa,s(t)llecx) (1911x + [[R(un)| x)
te[0,T)

< Ar(|l¥]lx +6(n)), (3.9)

owing to the assumption (H).

13 (un) ()] x S/||Sa,ﬂ(t_T)”ﬂ(X)”f(T»Un(T)aun[g]‘r)”XdT
0

< [ 1antt = 7)o mDllun(m)lx + ma () unlole
0

owing to the assumption (F). Noting that
|ung)7|8 < K(7) sup [[un(r)llx + M(7)lg|5
rel0,7
< K(7)llunllc + Mrlgls < nK(7) + Mrlg|s,

we get

13 (un) ()]l x S/HSa,B(t*T)Hﬁ(w)[m(T)”erl(T)nK(T)+m1(T)MT|g|B]dT~
0

From (3.7)-(3.10), we obtain

1 (un) ()] x < [STllg(0)|lx + Az (Y] x +6(n))]
+ 1O7llg(0)|x + nYr + LrMrlg|s.

It is inferred

1@(un)llc < [STllg(0)llx + Arll¢lx + 1O7]9(0)|x + TrMrlg|s]
+ Apf(n) +nYr.



748 DO VAN LOIL, VU TRONG LUONG AND NGUYEN THANH TUNG
So

1 1
1<~ @(unllc < — [Srlg®llx +Ar|vx

+u0rlgO)1x + TrMrlals] + (1o + 4 ") (311)
Passing to the limit in (3.11), we obtain a contradiction. Thus, Lemma 3.1 is proved.
O
Now, we put
0, if Su,(+) is compact,
i sup ft||Sa,5(t—7')||£(x)k(7')d7', otherwise.
t€[0,7] 0
Lemma 3.2. Let (B), (F) and (H) be satisfied. Then
xr(®(D)) < (nAr +4Q7)xr (D), (3.12)

for all bounded sets D C C,.

Proof. Take the decompositions of ® as in Lemma 3.1. From the algebraically semi-
additive property of xr, we have

xr(®(D)) < x7(®1(D)) + x1(®2(D)) + x1(P3(D)). (3.13)
1. Obviously, we have
xr(®1(D)) =0. (3.14)
2. For z1, 25 € ®o(D), there exist uy,us € D such that
z1(t) = @o(u1)(t), 22(t) = P2(u2)(?).
Then
[[21() = z2(t) | x = [[®2(u1)(t) — P2(u2) ()| x
< [(p1 * Sa,8) ()|l cxy [[(u2) — h(ur)| x-
So
xz(®2(D)) < Arx(h(D)) < Arnxr(D) (3.15)

3. Using Proposition 2.6, for every ¢ > 0, there exists a sequence {u,}>2; C D such
that

xr(®3(D)) < 2x7 ({@3(un)}oy) +e. (3.16)

X({@3(un)(1)}) < /X(Sa,ﬁ(t*T))f(T’ {un (1)}, {unlg]-})dr

0

S/HSaﬁ(t*T)Hamx(f(ﬂ {un(7)} {unlg]-}))dr.
0
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It is seen that

X(f (7, {un (1)} {unlgl-})) < 87 [x({un(7)}) +sup x ({unlgl(7 +1)})]

r<0

< k(m) [x({un()}) + sup x({un(r)})]

rel0,7]
< 2k(r) sup x({un(r)}).

rel0,7]

So
X ({®3(un)(t)}) <2 /HSa,/a(t*T)llc(x)k(t)dT sup X ({un(r)}).
0

rel0,7]
We also see that {®3(uy,)} is an equicontinuous set. Therefore
xr ({@3(un)}) < 2Qrxr (D).

So
XT (@3(D)) < 4Qrxr(D). (3.17)
The combination of (3.13)-(3.17) brings in
xr(®(D)) < (Ar +4Q7)x7(D). (3.18)
Lemma 3.2 is proved. O

Theorem 3.3. Let (B),(F) and (H) be satisfied. Then problem (1.1)-(1.3) has at
least one mild solution on (—oo,T] on condition that

l:= T]AT +4Qr < 1, (319)
YTr+ Ar liminf@ < 1. (3.20)
n—oco N

Proof. By inequality (3.19), the solution operator F' is a xr—condensing. Indeed, let
D C M be a bounded set such that xr(D) < xr (F(D)) Applying Lemma 3.2, we
have

xr(D) < xr(F(D)) < lxr(D).
So x7(D) = 0, and thus, D is relatively compact.

Applying Lemma 3.1, bearing in mind (3.20), we get F(Br) C Bg. Next, applying
Theorem 2.9, the yr—condensing map F' defined by (3.5) has fixed point set Fiz(F') C
Bpg which is nonempty and compact. This indicates that the problem (1.1)—(1.3) has
at least one mild solution u[g] with u € Fixz(F). O

4. POLYNOMIAL DECAY OF MILD SOLUTIONS

In this section, we look at solution operator ® on the following space:

B}(p) = Br N{u € BC, and t&ﬂlg tu(t)||x < p}s
€

where BCy = {y € BC(R"; X) : y(0) = g(0)}, Bg is the ball in BCy centered at the
origin with radius R > 0, and =, p are positive numbers with v < min{«, 8 — a}. We
can see that B} (p) is nonempty, bounded convex closed subset of BC(R™; X).
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Our following task is to prove that F keeps B} (p) invariant, i.e. CID(B]%(/))) C
B} (p), and F is x*—condensing on B} (p). To this end, we suppose that

(B*) The phase B satisfies (B) with K € BC(R™;R") and M being such that
tYM(t) = O(1) as t — oc.
(A*) A is an w—sectorial operator of angle f7/2 with w < 0.

(F*) f satisfies (F) for all 7' > 0. Moreover, we assume that k,m,my € L}, (RT),
such that

t

N = s1>118/ 1Sa,8(t = 7)|| cxym(T)dT < +00,
t
=0

t
Nl = Sup/HSoéﬁ(tf’T)Hﬁ(X)ml(T)dT < +OO,
t>0
-0

M7° =supmy(t) < +oo, M= =supm(t) < +oo.
>0 >0

(H*) In (H), space C([0,T]; X) is replaced by space BC(R™; X).

Lemma 4.1. [17] Let 0 < a < 8 < 1,14 > 0 and A be an w-sectorial operator of angle
57 Then
5 -

Sa,s(O)llex)y = OQ), 17l * Sap(t)lccx) = O(1), and
t’y‘|(p1+a,ﬁ * SQ,B(t)HE(X) = O(l) as t — +oo. (41)
Set

K> =sup K(t), M* =sup M(t), S = sup ||Sa7ﬂ(t)||£’(x),
t>0 >0 t>0

A% = sup |1 * Sa, (1)l 2(x), O =sup|[p1+a—ps * Sa,s(t)llz(x),
£>0 >0

t
= btgg/ [1Sa,8(t = T)llz(xym1(T) M (7)dr,
-0

T = sup/ [1Sa.5(t = 3)|l2(x) [m(T) + mai(7)K(7)]dr.
0.

Lemma 4.2. Let (B*), (A*), (F*), (H*) hold and

A% liming 2 4 e <, (4.2)

n— 00 n
N+2NE® <1, (4.3)
Then ®(B}(p)) C Bh(p) for all 0 <~ < min{e, B — a}.

Proof. 1. By using similar argument to the proof in Lemma 3.1, we have ®(Bg) C Bgr
only if (4.2), where Bg is the ball in BCY.
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2. Next, we prove that there is a positive number p such that ®(B}(p)) C BL(p).
Indeed, assume to the contrary that for each n € N there exists u,, € B} (p) such that
sup Y |Jun ()]l x < n but sup t7||P(un)(t)||x > n. We have

teRt teR+

19 (un) ()]l x < [|Sa,s(t)(9(0)) + (91 % Sas) (1) (¥ — h(uy))
+ (1405 * Sa8) (1) (9(0)) |

] E——
0

1= P(un)(t) + Q(un)(t). (4.4)
We also have
7P (un)(t) < t7[|Sa,s(8) 2 lg(0)llx + 71 (01 * Sas) )]l ex) (1911 x
+ [1A(un)llx) + 7 ull(P11a-s * Sas)(t)llex) 19(0)]x
< t)|Sa.s (e 190)]1x + 7[1(1 * Sap) (O)llecx) (1 ]lx + 0(R))
2 pll(D14a-p * Sa,8) (D)l ccx) 9(0) ]| x
Applying Lemma 4.1, we achieve

supt” P(uy,)(t) = C1 < +00. (4.5)
>0

By using the assumption (F*), we have

DQ(un)(t) < tv/ 1Sa,s(t = D)l 1 (7 un(7)s tnr) ||y dr
0
= [ 1805t = DlleomDllun(r)xdr
0

t
480 [ 180t = 7)llevnym ()lualg) adr
0

1= R (un)(t) + Rao(un)(t) (4.6)

We also have

t

Ry (un)(t) = t”/ 1Sa,5( = Tl cxxym(7) [[un (7) || x dr
0

t
+t”/I\Sa,ﬁ(t*T)IIa(x)m(T)llun(T)deT

1= Lu(un)(t) + La(un)(t). (4.7)
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Looking at Ly, by applying Lemma 2.3, we have

t

2

La(un)(t) < 7 /

0

C
L+ |w|((t = 7)ot + p(t — 7))

m(7)|[un (T)l x dT

kA
2

CRMWtV/ 1 J
.
ST e
0
2°CRM>
ale]

As v < «, the last estimate deduces that
Li(u,)(t) =0O(1) as t = +oo.
Thus

sup Ly (un)(t) = CF (4.8)

Looking at Lo, we have

Lo(un () =t”/I\Sa,ﬁ(t—T)Ilz:(x>m(T)T‘”T”Hun(T)IIXdT

2 N+

< n2'N, (4.9)

owing to 777 < (£)77 . From (4.7)-(4.9), we have

sup Ry (un)(t) < Cy +n27N. (4.10)
>0

Next, we have

Ro(un)(t) =t”/IISa,B(t—T)Ilz:(x>m1(7)|un[9]rlzsdf
0

t
480 [ 1805t = 7)leoxrym () unlg) adr

:= L3(un)(t) + La(un)(t). (4.11)
We see that

t

Ly (un)(t) St”/I\Sa,ﬂ(t—f)llc(X)ml(T) [K(ﬂ sup un(r)llx + M(7)lg|s | d7
0

ref0,7]
/2
< M (KR + M*|g|g)t" / 1St — 7l dr-
0
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By applying Lemma 2.3, we obtain

t/2
Ls(uy,)(t) < CtY / S A
) w(t —T)otl alwl
Since v < «, the last estimate deduces that
L3(u,)(t) = O(1) as t = +oo.
Thus
sup Ls(uy ) (t) = Ci. (4.12)

t>0

Looking at L4, we have

lunlgl+ls < K(7/2) sup [un(r)llx + M(7/2)|unlgl/2|5-
re|t/2,7

unlglr/2ls < K(7/2) sup l[un(r)llx + M(7/2)|gls
re|0,7

< K*®R+ M*|g|g = C*.
It is inferred

lunlglrls < K(7/2) sup |lun(r)|x + C*M(7/2).

re[r/2,7)
So
(7/2)|unlg)-|5 < K(7/2)(/2)" ?u/];; | un ()| x +C*(7/2)" M(7/2)
re|t/2,7
< K(1/2) sup r||un(r)||lx + C*C < K®n+ C*C.
re[r/2,7)
Hence

La(un)(t) = t”/IISa,ﬁ(t = llccxyma () lunlgl-lsdr

2

t
<2(KE®n+C*C) [ |Sa,5(t — )| cixyma (7)dr

[VEY

< 27(K®n+ C*C)N;. (4.13)
From (4.11)-(4.13), we have

sup Ra(un)(t) < Cy + 27 (K*®°n+ C*C)N; < C3 + 2" N1 K*n. (4.14)
>0

It follows from (4.6), (4.10), and (4.14) that
sup 7 Q(uyn)(t) < Cy+ (N + 27N K)n. (4.15)
>0
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Gathering the results of (4.4), (4.5), and (4.15), we have
sup 7| (un) ()|l x < C5 + (N + 27 NLK)n.
>0

It is inferred that

1 C
1< = sup | @(un) (D) x < 2+ (N + 27N K).
t>0

Passing the last relation into limits as n — 400, we get a contradiction to (4.3). O
Now, we set

0, if Su,5(+) is compact,
Q> =

~ N

¢
up [ [|Sa,s(t — 7)|| cx)k(7)dT, otherwise.
Z 0
"),

Lemma 4.3. Let (B*), (A*), (F*), (H*) hold and
loo := A4+ 40Q® < 1. (4.16)
Then the solution operator ® is x*—condensing.
Proof. Let D C B}(p) be a bounded set. We have
X (2(D)) = Xoo (B(D)) + doo (P(D)). (4.17)

1. Applying the Hausdorf MNC x and using the results in Lemma 3.2, we have

Xoo(®1(D)) =0

Xoo(P2(D)) < A™nxoo(D)

Take the decompositions of ® as in Lemma 3.2, we obtain

Xoo (R(D)) < x(P1(D)) + Xoo (P2(D)) + Xoo (P3(D))
< (A% + 40%) xoo (D). (4.18)

2. Let D C B}(p) be a bounded set. Then, for all u € D, we have
te(u)(t)|x <p ast— oo

This means that || ®(u)(t)||x < pt~7, Yu € D, for all large t. Similarly, for a large T,
one has dp(®(D)) < pT~7. Thus

doo (®(D)) = Jim dr(®(D)) = 0. (4.19)
—00
From (4.17), (4.18) and (4.19), the proof is completed. O

From the combination of Lemma (4.2) and Lemma (4.3), we obtain the following
theorem.

Theorem 4.4. Under the assumptions of Lemma 4.2 and Lemma 4.3, problem (1.1)-
(1.8) has at least a mild solution on R, such that t7||u(t)|| = O(1) as t — +oo.
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Proof. By the inequality (4.16), the solution operator ® is a x*—condensing, owing
to Lemma 4.3. Indeed, if D C B}(p) is bounded such that x*(D) < x*(®(D)).
Applying Lemma 4.3, we obtain

X*(D) < x*(®(D)) < loox™ (D).

Therefore x*(D) = 0, and so D is relatively compact.

From assumptions (4.2), (4.3) and Lemma 4.2, we have ®(B}(p)) C B}L(p). So ap-
plying Theorem 2.9, the solution operator ® defined by (3.5) has a compact and
nonempty fixed point set Fiz(®) C B}(p). Hence, the problem (1.1)—(1.3) has a
mild solution u[g](t),t € R with u € BCL(B). O

5. AN EXAMPLE

Let €2 be a bounded domain in R™ with sufficiently smooth boundary 92 and

n
=D a
ij=1

be a uniformly elliptic second order differential operator, i.e, there exists a positive
constant ¢ such that

:0;

n

Z ai;(2)6& > cl¢)?, VEER™ x e

1,j=1

With 0 < a < 8 < 1,14 > 0,a9 > 0, and each t € [0,T],z € Q, we consider the
following problem:

D& u(t,z) + uDgu(t, z) — Lu(t, z) + agu(t, z) = F(t, u(t,z), u), (
u(s) =g(s), s <0, (5.2)
u'(0) + h(u) = . (5:3)

Let X = L2(Q), A = L—ag with D(A) = H*(Q)NHL(Q) and g € B = C,, v € (0, a),
YVeEX;0<t <ta <<ty <oo; C; (i =1,---,N) are constants. Then problems
(5.1)-(5.3) is in the form of the abstract model (1.1)-(1.3) with

f(t,amu(t,x), ut) = (g * F(t,%u(t,x),ut)

5.1)
5.
5

W N

(=)

:ﬁ(t,x,u(t,x) +utz //Vsyf2 Y, U t+s,y))dyds
—oco

and  h(u ZCU

(A) Tt is known that (see [25, Theorem 3.6]), L is a sectorial operator of angle % 2 (and
hence of angle £%). Therefore, we have A is an w—sectorial operator of angle T with
w=—ag <0.
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(F) The nonlinear function f, in which
ARTXQxR—oR, p: (—00,0] x Q= R,
v:(—o0;0] x Q = R, ]?2: OxR—>R
such that
(a) fi is a continuous function such that f; (¢, ,0) = 0 and
i@, t,21) = filt, 2, 22)| < p(t)]z1 — 2]
for all x € Q and V 21,22 € R, where p € L], _(R™).
(b) p € BCRY;L*(Q)).
(¢) v is continuous and satisfies |v(s,y)| < C,e"*®, Vs € (—o0,0],y € 2, where
"> -
(d) f2 is continuous and |f2(y, 2)| <
Let f: Rt x X x B — X such that

ftv,w)(@) = fi(t,v)(2) + fo(t, w)(z)

q(y)|z| for ¢ € L*(Q).

where

filt,v)(z) = filt,z,v(z))
fo(t,w)(x tw/ / v(s,9) fo(y, w(s, y))dyds.

Concerning f71, we have

[f1(t,v1) = fi(t,v2)llx < p(8)[[vr — valx, Vor,v2 € X,
This implies

x(f1(t,V)) < pt)x(V), for all bounded set V C X.
Regarding f5, using the Holder inequality, we have

1fatt w3 = llutt, 1% ( /. 0 / u(s,wﬁ(y,w(s,y))dyds)

< llutt, |X02(/ / |wsy|dyds)

< llatt, Y IZC2lall% ( / s >||de)2

2

2

0 2

< ute. 3l

—o0
1

oIt R CElallwl,

e(”0_7)8d3>

<

where we have taken the hypothesis 1y > 7 into consideration. Then we obtain

[fo(t, w)][x <

1
- Vl\u(t, NxCollallx|w|s.
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On the other hand, for any bounded set W C B, we see that
fat, W) C {Aul(t,-) : A € R},
that is, fa(¢, W) lies in an one dimensional subspace of X. Hence
x(f2(t, W)) = 0.
Therefore, f fulfills (F*) with k(t) = p(t) and

m(t) = p(t), m(t) =

1
- vl\u(t, MxCullgllx-

Therefore

t
N = sup / 1Sus(t — )lcorp(r)dr,
t>0

Cullallx
Ny = sup / 1Sasll el N xdr

Vo — 7

(H) Regarding the function h, we have

N
17 (1) = h(ug)l|x < Z |Cilllu (ti,-) — uz(ti,)llx < (Z |Ci |> [[ur — uzllc-

Then
) < (Z cz-|> x

The assumption (H*)(ii) is satisfied with n = Zf\;l |C;|. On the other hand, it is
easily seen that

1A(u)]| < (ZC ) [uloo,

which implies (H*)(i), we have

O(llulloo) = (ZC ) [l oo-

By the above settings and simple computations, we get

K* =1
Applying Theorem 4.4, we can conclude that, the problem (5.1)-(5.3) has at least one
mild solution on R satisfying ¢ |u(t)||2(q) = O(1) as t — 400 provided that

N N
A®DCi T <1, N+2'N; <1, A®> Ci+9% <1

=1 i=1
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