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Abstract. A new contraction condition for multivalued maps in metric spaces is introduced and
then, based on this new condition, we prove two fixed point theorems for such contractions. The new
condition uses the altering distance technique and a Pompeiu type metric on the family of nonempty
and closed subsets of a metric space. Our results essentially compliments and generalizes some well
known results. As application, we model a nonconvex Hammerstein type integral inclusion and prove
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1. INTRODUCTION AND PRELIMINARIES

Nadler in his seminal paper [11] initiated the study of fixed point of multivalued
maps and proved the existence of fixed point of closed bounded valued multivalued
maps on a complete metric spaces. This theory of multivalued mappings has appli-
cations in convex optimization, control theory, economics and differential inclusions
[7]. Reich [15] independently obtained fixed point results for the case of compact
valued maps under general conditions. Reich [16] further asked the question whether
his results are also true for the closed bounded valued maps The affirmative answer
under some additional hypothesis was given by Mizoguchi and Takahashi [10]. Af-
terward Beg and Azam [1] and Feng and Liu [5] also obtained several extensions of
Nadler’s result in different directions. Petrusgel [14] has discussed several operational
inclusions in connection with fixed point of multivalued maps. Recently several re-
searchers have generalized these results in different directions [2, 3, 6, 8, 9, 12]. In
this article, we introduce a new contraction condition for multivalued maps in metric
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spaces, using the altering distance technique and a Pompeiu type metric on the fam-
ily of nonempty and closed subsets of a metric space, and we prove two fixed point
theorems in this framework. Our results essentially compliment and generalize the
results of Nadler [11], Feng and Liu [5] and Klim and Wardowski [8], Kamran and
Kiran [6] and is different from Reich [15]. As an application of our result we consider
a nonconvex Hammerstein type integral inclusion and we prove an existence theorem
for this problem.

Petrusel [14] has discussed several operational inclusions in connection with fixed
point of multivalued maps.

Let 7 € (0, +oc], and 6 : [0,7) — R where R be the set of all real numbers. Let

(i) 6(t) > 0 for each ¢ € (0,7);

(ii) € is nondecreasing on [0, 7);

(iii) H(tl + t2> < e(tl) + 9<t2) Vi,ty € (0,7’);

(iv) 0(t1) < O(t2) = t1 < ta, t1,t2 € (0,7) strictly inverse isotone.
For the sake of clarity, one may consider 6 : [0,7) — R defined by

(a) () = 19, g € (0, 1)

(b) 0(t) = 11

(c) O(t) =tan"1t YVt € [0, 7).

By the mean value theorem, we note that tan~ 'z —tan~!y < x—y in [y, 2]. Clearly,
each 6 (in (a)-(c)) satisfies all the conditions (i)-(iv). As in [17], we define

©10,7) = {0| 6 satisfies (i) — (iv)}.

The function ©[0, 7) is called positive homogeneous in [0, T) if

(v) 0(at) < ab(t) for all @ > 0,t € [0, 7).

The class of functions ©[0,7) is denoted by ©4[0, 7) if it satisfies condition (v).

Let (X,d) be a metric space. A subset K of X is said to be proxzimal if for each
r € X, there exists a e € K such that d(z,e) =inf exd(z,y) = d(z,K). Let 2%
denote a collection of all subsets of X, CL(X) a collection of all nonempty closed
subsets of X, CB(X) a collection of all nonempty closed and bounded subsets of X,
K(X) a collection of all nonempty compact subsets of X, and P(X) a collection of
all proximal subsets of X.

For E,F € CB(X), let

H(E,F)= max{ sup d(z, E), sup d(y,F)}7
zeF yeE

where d(z, E) = infycgd(z,y). The map H is called Hausdorff metric induced by d”.

For E,F € CL(X), let

max{ sup d(z, E), sup d(y, F)}, if the maximum exists
el yelE
00, otherwise.

H(E,F) =
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The map H is called Hausdorff generalized functional induced by d.
Denoting sup d(zx, E) by p(F, E) we define

zeF
E,F)+ p(F, E)], if bothp(E,F) and p(F, E) exist

00 otherwise.

H+(E,F) — { %[p(
The map H™ is a metric on CL(X).
We also recall the following definitions:

(a) Amap f: X — R is said to be lower semi-continuous, if for {x,} in X and
x € X such that z,, — x, we have f(z) < liminf,, o f(zn).

(b) If, for zp € X, there exists z,, in X such that z,, € Tz,_1, then O(T,xzo) =
{zo, 21,2, -} is called an orbit of T : X — CL(X).

(¢) Amap f: X — Ris called T-orbitally lower semi-continuous [9], if {z,} is a
sequence in O(T, zp) and x,, — & implies f(&) < liminf, o f(xy).
Let T: X — 2%\ {0}. For b€ (0,1] and z € X, we define

If ={y € Tz : bd(z,y) < d(z,Tz)},

M(b,z;0) = {y € Tz : b(d(z,y)) < 0(d(z,Tx))}
and
M(1,2;0) = {y € Tz : 0(d(z,y)) = 6(d(z, Tx))}.
A point x € X is called a fized point of a multivalued map T : X — 2%\ {0}, if
zeTz.

2. FIXED POINT

Through out this section (X, d) is a complete metric space unless otherwise stated.
Lemma 2.1. Suppose that E,F € CL(X) with p(E,F) < p(F,E) . Then for each
a € E and 8 > 1 there exists an element b € F such that

d(a,b) < B HY(E, F).

Proof. If, for some a € E, d(a,F) = 0 then a € F, since F is a closed subset of X.
Taking b = a we see that (2.1) holds. Now suppose that d(a, F') > 0, then H*(E, F) >
0. For any € > 0, using the definition of d(a, F'), there exists b = b(a, €) € F such that

d(a,b) < d(a,F)+e<supd(a,F)+e=p(E,F)+e. (2.1)
a€A

As p(E,F) < p(F,E), from (2.1), we also have
d(a,b) < p(F,E) +e. (2.2)
Choose € = (3 —1)H*(E, F). Then from (2.1) and (2.2), it follows that

d(a,b) < Z[p(E,F)+ p(F,E)|+e=H"(E,F) +¢

1
2
< B H"(E,F) (by inserting the value of¢).
Next we state and prove our main result.
Theorem 2.2. Suppose that ¢ is a function from (0,00) to [0,1) such that
limsup p(r) < 1 for each t € [0, 00). (2.3)

r—tt
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Suppose that T : X — CL(X) . Assume that for x € X, y € Tz and p(Tz,Ty) <
p(Ty, Tx), we have:

O(H" (Tx,Ty)) < ¢(d(z,y)) 0(d(z,y)) for each x € X and y € Tz, (2.4)

where § € ©4[0,4+00). Then:
(i) for each xy € X, there exists an orbit x, of T and § € X such that lim,, x,, = &;
(i) € is a fized point of T if and only if the function f(z) := d(xz,Tz) is T-orbitally
lower semi-continuous at &.
Proof. Suppose limsup,_,;+ ¢(r) < ag for each ¢ € [0,00). Then by (2.3) there exists
a € (ap, 1) such that ¢(t) < « for each ¢ € [0, 00). Suppose that T has no fixed point,
so d(z,Tx) > 0 for each x € X. Let zp € X be arbitrary and fixed. Since Tzy # 0,
there exists 1 € X such that z1 € T'zg. Clearly xy # x1; using (iv) and taking

B =

p(d(zo,21))’

it follows from Lemma 2.1 that there exists x9 € Tz such that

0(d(z1,22)) < O(H (Txo,Tx1)) (2.5)

e
e(d(wo, 1))
Proceeding with the same argument as above and noting that z,,—1 # x,, for otherwise
Zp—1 is a fixed point of T, we obtain a sequence {z, }nen in X such that

«a

0(d(zp, zp <—————O0H (Tzy1, T, 2.6
( (.73 T +1)) So(d(l'nflaxn)) ( ( Tn—1 x )) ( )
where x, € Txp,_1,n=1,2,--.
Using (2.4) it follows from (2.6) that
O(d(xn, Tnt1)) < ab(d(xpn—1,2y)) (2.7)
< 0d(@n1,0)). (2.8)

Hence 6(d(xy,, z,+1)) is a decreasing sequence of positive real numbers bounded below
by 0. Since 6 is strictly inverse isotone, d(z,,2,11) is also a decreasing sequence of
positive real numbers bounded below by 0, and thus convergent. Let 6(d(zy,, pt1))
converges to some nonnegative real number, ¢ say. We claim that ¢ = 0; for otherwise,
by taking the limits in (2.7), we get

(<al <t

a contradiction. Further, we claim that d(z,,z,+1) also converges to 0. Suppose
lim,, o0 d(@p, Tpe1) = > 0. Then for 0 < € <+, there exists a natural number ng
such that

0<d=7v—€<d(@n,Tnt1) ¥n > ng.
Since 6 is positive and nondecreasing, we obtain from the above
0<0(0) <O(d(xn, Tnt1)) Y > no,
which is a contradiction, since §(d(zy, Zn+1)) — 0. From (2.7), we get

0(d(xn, Tnt1)) < a™0(d(z0,x1)). (2.9)
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For any m > n > ng, by (2.9), we have

m—1

0(d(zm,xn)) 29 (75,7541)) Zoﬂ@ (w0, 1) :( Olj) d(zo,21))

<.
3

n

11—«

< H(d(wo,T:ﬂl))

Therefore
lim 0(d(zy,,x,)) =0.

n,m— oo

We claim that

lim d(zp,,z,) =0.
n,m—00

Suppose not. Then there exist ¢ > 0 and subsequences {x,,, } and {x,,} respectively
such that
AT, ;) > 0 Vi

Since 6 is nondecreasing,
0<0(0) <0(d(xm,;,xn;)) — 0,

which is a contradiction. This proves our claim. Hence {z,} is a Cauchy sequence in
X. Since X is complete there exists £ € X such that x,, — £ and, by (2.4), we obtain

9(%{p(Txn,1,Txn) + p(Txn,Txn,l)}) =0(H" (Txp_1,Tx,)).

1
9(§{p(T:cn,1,Txn) T p(Txn,Txn,l)}) < o(d(@n_1,70)) 0(d(@n_1,22))-
It follows that

9(%{p(Twn71,Txn) + p(T:cn,Txn,l)}) < O(d(2n_1,70)),

which further implies that
1
i{p(Txn,l,Txn) + p(Tmn,Txn,l)} < d(Xp_1,Ty). (2.10)
Now(2.10) yields

1
lim f{p(Txn_l, Tx,) + p(Txy, T:cn_l)} =0.

n— oo

It implies that
tim_(d(zn, Tan) + p(Titn, Tt 1)) =0,

n— oo
Thus we obtain
lim d(xy,,Tx,) = 0.

n—oo
Suppose that f(z) = d(z, Tx) is T-orbitally continuous at &; then
d(&,T¢) = f(¢) < liminf f(x,) = liminf d(x,, Tz,) = 0.
n—oo n—oo

It implies that d(§,T¢) = 0, and since T¢ is closed it must be the case that £ € T¢.
Conversely, if £ is a fixed point, then f(§) =0 < liminf,, o f(zy).
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Example 2.3. Let X = {0,1} and d : X x X — R be a standard metric. Let
T:X — CL(X) be such that
[ {0,1}, for z=0,
T'(x) —{ {0}, for z=1.
Define 6 : (0,00) — [0,1) by 6(t) = ¢ for all ¢ € (0,00). It is routine to check that
condition (2.4) is satisfied for any # € X and y € T'z. Notice that 0 is a fixed points
of T.
Observe that the map T does not satisfy the assumptions of [6]. Indeed, for x =0
and y = 1 € T(0) we have

0(d(1,T(1))) = 6(d(1,{0})) = 1 > ¢(d(0, 1))8(d(0, 1)).
The following result is a direct consequence of Theorem 2.2.
Corollary 2.4. Let T : X — CL(X). Assume that conditions (2.4) of Theorem 2.2
holds. Also assume that there exist a 6 € ©,]0,400) and a U € O[0, +00) such that
T satisfies

O(H ' (Tz,Ty)) 0(d(x,y))
/0 B(t) dt < o(d(z,y)) / () dt, (2.11)

where ¥(e) = fOE Y(t)dt, and ¢ : [0,00) — [0,00) is a Lebesque-integrable mapping
satisfying the following condition:

/ ¥ (t) dt > 0 for all € > 0. (2.12)
0

Then T has a fized point.
Since H*(Tz,Ty) < H(Tz,Ty) for y € Tz, we have the following:
Corollary 2.5. Suppose that ¢ is a function from (0,00) to [0,1) such that

limsup p(r) < 1 for each t € [0, 00). (2.13)
r—t+
Suppose that T : X — CL(X). Assume that the following condition holds:
0(H(Tz,Ty)) < @(d(x,y)) 0(d(x,y)) for each x € X andy € Tz, (2.14)

where § € ©4,]0,+00). Then:
(i) for each xo € X, there exists an orbit x,, of T and & € X such that lim, x,, = ;
(i) € is a fived point of T if and only if the function f(x) := d(z,Tx) is T-orbitally
lower semi-continuous at &.
Now we state and prove a fixed point result in Banach spaces. Let WCL(X) denote
the collection of all nonempty weakly closed subsets of a Banach space X.
Theorem 2.6. Suppose that ¢ is a function from (0,00) to [0,1) such that

limsup ¢(r) < 1 for each t € [0, 00). (2.15)
r—t+
Let T : X - WCL(X). Also assume that the following condition holds:
for all x € X, M(1,z:0) is nonempty (2.16)

and
O(ly — Tyll) < e(llz —yl) 0|z —yl|) for each x € X andy € Tz, (2.17)
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where 6 € O[0,+00). Then:
(1) for each x¢ € X, there exists an orbit x,, of T and & € X such that lim,, x,, = &;
(2) € is a fized point of T <> the function f(z) := d(x,Tz) is T-orbitally lower
semi-continuous at €.
Proof. Assume that T has no fixed point, so d(z,Tx) = infyery ||z — y|| > 0 for
each € X. Let ¢ be as in condition () and xg € X . By (2.15), using the same
argument as in the proof of theorem 2.1 in [12], we obtain a Cauchy sequence {x,}
such that z, € Tz, 1,2, # Tn_1, having

O(|zpn—1 — znl]) = 0(d(xn-1,TTn-1)) (2.18)
and
A(n, Tn) < 9 (ln1 = Eal)l[2n_1 — 2all and @(lan_1 —2al) <1 (2.19)

Consequently, there exists £ € X such that x,, — £. Suppose that f(z) = d(z,Tx) is
T-orbitally continuous at &; then

(¢, T€) = f(§) < liminf f(z,) = liminf d(z,, Tz, ) = 0.

It implies that d(£,T¢) = 0, and since T¢ is weakly closed it further implies that
& e T¢ . Tt contradicts the fact that T has no fixed point. Conwversely, if £ is a fixed
point of T, then f(£) = 0 < liminf,,  f(zn).

Next we further compare and discuss our results with the known results in the existing
literature. It is clear from Example 2.3, that Theorem 2.2 essentially compliments
and generalizes the results of [6, 10].

Example 2.7. Let X = [0, c0) equipped with usual metric d. Define T': X — CL(X)
by Tx = [x,00) for all z € X. Define 6 : (0,00) — [0,1) by 6(¢t) =t for all t € (0, 00)
and ¢ : (0,00) = [0,1) by

+%, if x € (0,1]
p(t) =
otherwise..

b

WM N =

Clearly, limsup,_,,+ ¢(r) = 2 < 1 for each t € [0,00). Further, for any z € X and
y € Tx, we have

1
H(Tz,Ty) = 5le —yl < o(le —yl) |z -yl

Thus we see that all conditions of Theorem 2.2 are satisfied and 0 is a fixed point of
T. Note that T does not fulfill the hypothesis of Theorems in [6, 10].
Example 2.8. For 1 < p < 00, let £, = {(z,,) : |z, |" < 0o} be the real Banach space
equipped with the standard norm || - ||, defined by

lzllp = (Jzal?)' 7P, @ = (20).

Note that for @ = (21, 22, ...),y = (y1,¥2,...) € £P the usual metric d is defined by
d(x,y) = (lzn — yn|p)1/p'

For each n = 1,2, ..., let e, be the vector in ¢, with zeros as all its coordinates except
the nth coordinate which is equal to 1 and ey be the vector in ¢, with zeros at all
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coordinates. Take a = (fl,f%,...,f%,o~), and F = {eg,e1,e€,...,€n,...}. Define
T: ¢, - WCL((,) by
Te =F Vx €/,
Then, for ¢(t) =t, Theorem 2.6 [condition (2.17)] is obviously satisfied. Further,

d(a, F) = inf [la —b]l, = [lall, = lla - eoll,-

Observe that FF € WCL(X) and there exists eg in F such that ||a — egl|, < d(a, F).
Hence M(1,x;0) is nonempty and Theorem 2.6 | condition (2.16)] is satisfied. Note
that eg, e, ea, ... are fixed points of T'.

Applying the above results, we obtain the following significant result which plays an
important role in the next section.

Proposition 2.9. Let X and C'L(X) be as given in Theorem 2.2, and let ¢ : (0, 00) —
[0,1) be a function satisfying the condition (2.3). Suppose that T; : X — CL(X),i =
1,2, are two H T -type multi-valued mappings such that each one satisfies the condition
(2.4). Then, for a given 5 > 1, if Fiz(Ty) and Fixz(T2) denote the respective fixed
point sets of T} and T5,

HY (Fiz(Ty), Fiz(Ty)) < 56 7 Sup HT (Tyx, Thx).
— 1 xzeX

Proof. Notice that Fiz(T;) € CL(X) for i = 1,2. Assume that Fiz(T}) < Fiz(Ts).
Let ¢ > 1 be given. Suppose limsup, _,,+ ©(r) < ag for each ¢ € [0,00). Then by (2.3)

there exists a € (o, 1) such that ¢(t) < « for each t € [0,00). Select zy € Fix(T1),

and then select z1 € Toxg. Set 8 = % From Lemma 2.1 it follows that we can

choose x9 € Tox; such that

0(d(z1,22)) < O(H™ (Taoo, Toa1))

-5 =

< NG @(d(xo,21))0(d(0, 1))

< V@ 0(d(zo,1)). (2.20)
Now define {z,} inductively so that x, 1 € To(z,) and
1

Va
Repeating the same argument n-times as in (2.20), we get

0(d(n, Tni1)) < a2 O(d(zg, x1)). (2.22)
It implies that {z,} is a Cauchy sequence with limit, say z.
Since T5 is continuous, we have

lim H'(Tyx,, Thz) = 0.

n—oo

Also, since x,+1 € To(x,) it must be the case that z € Thz; that is, z € Fix(T3).
Furthermore, using defining property (ii) of # and the inequality (2.22), we have

O(d(zn, Tnt1)) < O(HT (Tozy_1,Tory))) Vn € N. (2.21)

0(d(x0,2)) < Y 0(d(zns1,70)) < (L+ Va+ (Va)* +---)b(d(w1, 20)).
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1
1-Va

It leads to the conclusion that for each yg € Fix(T3) there exist y; € Tiyo and
w € Fix(Ty) such that

Q(d(mo,z)) S H+(TQ$0,T11‘O).

d(yo, w) < % H*(Tuyo, Tayo)-

Hence the conclusion follows.
Theorem 2.10. Suppose that ¢ : (0,00) — [0, 1) is a function satisfying the condition
(2.2), X and CL(X) are as in Theorem 2.2. Suppose T;: X — CL(X), i=1,2,...
are HY -type multi-valued contraction mappings satisfying the condition (2.4) and ¢ a
function as defined in (2.3). If for a given 8> 1, lim H™(T,z,Toz) = 0 uniformly
n—oo

for x € X, then

lim HY(Fiz(T,), Fiz(Ty)) = 0.

n—oo
Proof. Let ¢ > 0 be given. Since lim H(T,z,Tox) = 0 uniformly for z € X it

n—oo
is possible to choose N € N so that for n > N, sup H(T,x,Tox) < %5. By
zeX

Proposition 2.9, H(Fix(T,), Fiz(Ty)) < € for all n > N. Hence the conclusion
follows.

3. APPLICATION TO NONCONVEX HAMMERSTEIN TYPE
INTEGRAL INCLUSIONS

Let E be a real separable Banach space with the norm || - ||, T = diam(E), and
let P(E) denote the family of all nonempty subsets of E and B(E) the family of all
Borel subsets of E. Then 0 < T < oco. Let I :=[0,T] and £(I) denote the o-algebra
of all Lebesgue measurable subsets of 1.

In what follows, we denote by C'(I, F) the Banach space of all continuous functions
z(-) : I —» E endowed with the norm ||z(")|lc = super||z(t)||. Now consider the
following integral equation

x(t) = A(t) —1—/0 k(t,s) g(t, s,u(s))ds on [0,T]. (3.1

Here A\, k and g are given functions, where A(-) : I — E is a function with Banach
space value, k : I x I — R, =[0,00) is a positive real single valued function, while
g:IxIxE — Eisamap. Let p € [1,00), ¢ € [1,00), and r € [1,00) be the
conjugate exponent of ¢, that is 1/¢ + 1/r = 1. Let || - ||, denote the p-norm of
the space LP(I, E) and is defined by ||ul|, = (fOT |u(s)|[Pds) /P for all u € LP(I, E).
Consider the Nemitskij operator associated to ¢g,p,q and G : LP(I,E) — L%(1,E)
given by
G(u) = g(t,s,u(s))a.e.on I.
Consider the linear integral operator of kernel k, S : LY(I, E) — LP(I, E) given by

T
S(u) = A(t) +/0 k(t, s)u(s)ds a.e.on I.
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Thus the Hammerstein type integral equation (3.1) is transformed into the form
x=SG(u), uwelLP(I,E)aeonl (3.1)

u(t) € F(t,V(x)(t)) ae. (I:=10,T)), (3.2)

where V : C(I,E) — C(I,E) is a given mapping. In the sequel, we also use the
following: For any z € E, A € C(I,E),o € LP(I, E), we define the multivalued maps

My, (t) == F(t,V(zoa)(t), t €1,

Ta(0) == (o) € L(1, B) : ¥(t) € Mao(t) ace. (I)}.

In order to study problem (3.1)-(3.2) we introduce the following more general assump-
tions similar to [13].
Hypothesis 3.1. Let F(-,-) : I x E — P(E) be a multivalued map with nonempty
closed values that verify:
(H;) The function k : I x I — R satisfies that k(¢,-) € L"(I), and

t— () € L2(1).
(Hs) The multivalued map F(-,-) is £L(I) ® B(F) measurable.
(Hj3) There exists p(-) € L'(I,Ry) such that, for almost all t € I, F'(t,-) satisfies the
condition

O(H T (F(t, ), F(t,y))) < ¢(t) 0(lz —y]) (C1)

for all 2,y in F, where ¢ and 6 are as defined in (2.3) and (2.4), respectively.
For any z,y € E,w € F(t,x) and any 8 > 1, there exists z € F(t,y) such that

lw = zll, < 8 HY (F(t,2), F(t,y)) (C2)

and T (-) satisfies the conditions: For any o € LP(I, E) and o1 € T)\(0) there exists
o9 € Th(o1) such that

oy = oall, < B HT(Ta(0), Ta(01)) (C3)
and for all t € I, there exists ag € (0,1) such that
lim sup ¢(r) < ap and 0(90(t) t) < p(t) 0(1). (C4)
r—tt

(Hy) The mappings k: I x I - Ry,g: I xIx E — E are continuous, V : C(I, E) —
C(I, F) and there exist the constants My, My, M3 > 0 such that

lg(t,s,u1) = g(t, 5, u2)llg < Millur — ual”, Vui, uz € E,

||V($1)(t) — V(l’g)(t)” S M2||$1(t) — xg(t)||7 Vit € I,le,xz € C(I, E),

and
lk(t, s)||- < M3 Vi, s € 1.

Note that the system (3.1)-(3.2) encompasses a large variety of differential inclusions
and control systems including those defined by partial differential equations.
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Assume that U be an open bounded subset of R™ (or Y, a subset of F homeo-
morphic to R™) and Uy = (0,T] x U for some fixed T > 0. We say that the partial
differential operator % + L is parabolic if there exists a constant 6 > 0 such that

n
> a(t, )& > 0¢] for all (t,x) € Up,§ € R™.
ij=1
The letter L denotes for each time t a second order partial differential operator, having
either the divergence form
Lu=— S (@9t ) )e, + S0 (t2) 0, + clt, 1)
i,j=1 i=1
or else the nondivergence form
Lu= = a"(t,2)usm, + Y V' (t, 2)ua, + c(t, 2)u,
ij=1 i=1
for given coefficients a/,b%, ¢ (i,j =1,2,...,n).
A family{G(¢) : t € R4} of bounded linear operators from X into E is a Cp-
semigroup (also called linear semigroup of class (Cp)) on X if
(i) G(0) = the identity operator, and G(t + s) = G(t)G(s) Vt,s > 0;
(ii) G(-) is strongly continuous in t € Ry;
(iii) [|G(t)]| < Me*! for some M > 0, real w and t € R
Example 3.2. Set k(t,7)g(t,7,u) = G(t — 7)u,®(x) = x,\(t) = G(t)xo where
{G(t)}+>0 is a Cy-semigroup with an infinitesimal generator A. Then a solution of
system (3.1)-(3.2) represents a mild solution of

2/ (t) € Ax(t) + F(t,x(t)), x(0) = zg. (3.3)
In particular, this problem includes control systems governed by parabolic partial

differential equations as a special case. When A = 0, the relation (3.3) reduces to
classical differential inclusions

z'(t) € F(t,z(t)), 2(0) = zo. (3.4)
Denote
T
B(u)(t) = /O k(1 T)g(t, Ty u(r)) dr, teE I, (3.5)
Then the integral inclusion system (3.1)-(3.2) reduces to the form
z(t) = A(t) + @(u)(t) a.e. (I), (S)

which may be written in more “compact” form as
u(t) € F(t,V(A+ @(u))(t)) a.e. (I).

Now we recall the following:

Definition 3.3. [13] A pair of functions (x,u) is called a solution pair of integral
inclusion system (5), if z(-) € C(I, E), u(-) € LP(I, E) and satisty relation (5).

For our further discussion, we denote by S(A) the solution set of (3.1)-(3.2).
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Notice that the integral operator in (3.5) plays a key role in the proofs of our main
results.

For given 8 € R we denote by LP(I, E) the Banach space of all Bochner integrable
functions u(-) : I — E endowed with the norm

T 1
||U()Hp _ (/ e—ﬂMleMgm(t)” ( )”p dt) »
0
where
t
m(t) :/ w(s)ds, tel.
0

For our further discussion, we denote L = m(T).
Theorem 3.4. Let Hypothesis 3.1 be satisfied, \(-,-), u(-,") € C(Ix E,E) and v(-) €
L?(1,E) be such that

d(v(t), F(t,2(y)(t)) <p(t)  ae  (I),

(
where p(-) € LP(I,R4) and y(t) = p(t,v(t)) + @(v)(¢), Vt € L.
Then for every 8 > 1, there exists x(-) € S(A) such that for every t € I

pi/a
(8 )M} MY
+ % ( /T e*ﬁMleMS’”(t)p(t)dt) z .r.
Proof. For A € C(I, E) and u € L?(I, F) define

Jt) = y@ll < 1A = pllo + My MgePMaMattsl | 1A - ulle

T
2ua® = MO+ [ k(t.5)glt,s.u(s)) ds. 1€ 1
0
Let us consider that A € C(I, E),o € LP(I, E) and define the multivalued maps
My, (t) == F(t,V(zoa)(t), t €1, (3.6)

Ty(o) :={y(-) € LP(I,E) : Y(t) € My (t) a.e. (I)}. (3.7)
Further, in view of condition (C2) of Hypothesis 3.1(Hjz), T»(-) satisfies the condition:

For any o € LP(I,E), 01 € T)(0) and any given § > 1 there exists oo € T)(01) such
that

loy = o2llp < B H(Tx(0), Ta(01)). (3.8)

Now we claim that T (o) is nonempty, bounded and closed for every o € LP(I, E).
It is well known that the multivalued map M) () is measurable. For example the
map t — M) (t) can be approximated by step functions and so we can apply Castaing
and Valadier [4, Theorem II1.40]. As the values of F' are closed, with the measurable
selection theorem we infer that M) ,(-) is nonempty.

Further, we note that the set T) (o) is bounded and closed. Indeed, if ¢,, € T»(+) and
|n — ||, — 0, then there exists a subsequence v, such that v, (t) — (t) for a.e.
t € I and we find that ¢ € T)\(0).
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Let 01,09 € LP(I, E) be given. Let 1)1 € Th(o1) and let § > 0. Consider the following
multi-valued map:

G(t) i= Mgy N {2 € Bt i (8) - 2|1

6(0) < MiMaMsp(t)iollor = 2l [ ll(s) = (o)l ds + 53,
By (3.8), it follows that
O(d(1(t), Moy (1)) < B0 (HT (F(t, V(20 2) (1), F(t, V(20,1 (1))))
< BTV (@e, 1) (1) = V(s )OI OV (20,2) (8) = V(200 2) ()]
S BT My O([lze, A(8) = zou A (D))

<008~ 3 0 [ 109 o 5,00 (5)) ds = . 5,22(5) )

T
< apB~ My Mo M; 9(/ lloi(s) — 02(5)||pd5)-
0

From this we deduce that G(-) is nonempty bounded and has closed values. Further,
according to [4, Proposition II1.4], G(-) is measurable.
Let 12(+) be a measurable selector of G(+). It follows that 15 € Th(02) and

T
o = ally = [ e PO 1) — g 1)
0
T t
< [ et (M Map(Olellon — aall )P [ lons) = a(s)Pds)
0 0
T
n 5/ o~ BMAM: Mym(t) gy
0
T
< B e(llor = oallp)Pllor — ok + 5/ e M MaMam(D) gy
0

T
< plllor = axllp)Pllor — ozl +5 [ e MmO,
0

Because ¢ is arbitrary, so letting § — 0 we deduce from the above inequality that

Y1 = Y2l < @(llor = o2l[p)]Pllor — o2l
Therefore
1 = v2llp < @(llor = o2]p)llor — o2|p.
This yields
d(v1, Tr(02)) < @(llor — o2(lp)llor — o2|p.
Thus, we have

p(Tx(o1), Tx(o2)) = . S;lp( )d(wlvTA(‘H)) < ¢(llor = ozllp)llor — o2l (3.9)
1€\ (o1

Now replacing o1(-) with o2(+) and arguing as above, we obtain

p(Tx(02), Ta(01)) < @([lor = o2llp)llor — oall,- (3.10)
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Using (3.9), (3.10), (C4) and defining properties of 8, we obtain

9<p(TA(01),TA(02)) ;p(TA(Uz%TA(m)))

[0(p(T2(01). Ta(02)))) + 0(p(p(T1(02), T (01)))]

O(H* (Tx(01), Ta(02)))

IN

1
2
< 0(¢(lor = aally)llor — ol
<@

(llor = o2|lp)0(llor — o2llp)-

Hence we conclude that Ty (+) is an H'-type multivalued mapping on LP(I, E).
Next, we consider the following multivalued maps

F(t,z) := F(
My (t) := F(t,p(zo2)(t),  tel,
Ti(0) = {y(-) € LP(I, E); %(t) € My o(t) a.e. (I)}.

It is obvious that F(-,-) satisfies Hypothesis 3.1.
Let ¢ € Th(0),6 > 0 and define

G1(1) == M) 1 {= € X ¢ 6(8) — 2117 < Mo o8|\ — sl + p(t) + ).
Using the same argument as used for the set valued map G(-), we deduce that G;(-)

is measurable with nonempty closed values.
Next, we prove the following estimate:

~ 1 T 1
H™(T\(0),Tu(0)) < <A —pllc + (/ e ﬁMlM"‘MSm(t)P(t)dt) - (311)
/Blep MSTJ 0
Let ¢(-) € T,(0). Then
T
o=l = [ e PAREERO (1) - (o) Pat
0
T —1
< [ s MmO 60~ -+ ple) + Ol
0
T
< MafA— % / =AM MMam(t) o 1) iy
0
T T
+/ e—BMleMgm(t)p(t)dt+6/ e—ﬁMlMgMgm(t)dt
0 0
1 T
< Garap A ule+ [ e

T
+ 5/ G_BIVIleMBm(t)dt.
0
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Because § is arbitrary, so letting § — 0 we deduce from the above inequality that

¢ — b <

T
ﬁMw@W—m%+/)fmmmmm%MMt
0

Thus, by taking %th power on both sides of the above inequality breaking the right

hand side, one obtains (3.11).
Now applying Proposition 2.9 we obtain

. s B
H*(Fiz(Ty), Fiz(T,)) < ———— A = pllo

(B—1)M} Mg

5 T 1
+ /8 — 1 (/; efﬁMlMg]\/fgm(t)p(t)dt) p .

Because v(-) € Fixz(T),), it follows that there exists u(-) € Fiz(T),) such that
pi/a 5o :
o= ully € — = o+ 5P ([ ey 12)
(8 = )My M 0
We define

T
aﬂzxﬂ+ézmﬁmmawgm&

Then we have the following inequality:

T
Hﬂﬂ—y@HSHMﬂ—MUN+AﬁM§A|W@%—M@Wd8
< A = plle + My MaeP MM E |y — ||,
Combining the last inequality with (3.12) we obtain

) : /31/11
lo(t) — w(e) 1 < I — gl + My Mo MM [ P

(B = 1)M;" M

([ na)

This completes the proof.

Pathak and Shahzad [13, Theorem 4.4] is a particular case of our Theorem 3.4.
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