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1. INTRODUCTION

The aim of this paper is to establish the existence of at least three weak solutions
for the following perturbed p(z)-Kirchhoff-type problem

T(u) = A (z,u(x)), in Q,

Pf’g
VU238 — gl (u())), on 00 (Fx)

1

70 = ([ (V@™ + a@lu@)P®)ds ) (-8 + a0l 20),
o p\x

Apyu = div(|Vu|P®~2Vu) is the p(z)-Laplacian operator, @ C R is an open

bounded domain with smooth boundary, M : [0, +oco[— R is a continuous function

such that there_are two positive constants mgy and mq with moy < M (t) < m; for all

t>0,peC(Q),A>0,u>0,f: QxR — Risan L'-Carathéodory function,
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g : R — R is a continuous function, o € L>(Q)), with ess ir(lzfa > 0, v is the outer

unit normal to 9 and v : WHP(@)(Q) — LP(®)(9Q) is the trace operator.

The Kirchhoff equation refers back to Kirchhoff [37] in 1883 in the study on the
oscillations of stretched strings and plates, suggested as an extended version of the
classical D’Alembert’s wave equation by taking into account the effects of the changes
in the length of the string during the vibrations. Kirchhoff’s model like the problem
(P)]:’i ) model several physical and biological systems where u describes a process which
depend on the average of itself, as for example, the population density. Lions in [39]
has proposed an abstract framework for the Kirchhoff-type equations. After the work
by Lions, various problems of Kirchhoff-type have been widely investigated. We refer
the reader to the papers [30, 42, 43, 51, 54] and the references therein.

The p(z)-Laplacian is a meaningful generalization of the p-Laplacian. The p(x)-
Laplacian possesses more complicated nonlinearities than the p-Laplacian; for exam-
ple, it is inhomogeneous. The study of various mathematical problems with variable
exponent growth condition has been received considerable attention in recent years.
The necessary framework for the study of these problems is represented by the func-
tion spaces with variable exponent LP(*)(Q) and W™?®)(Q). These problems are
interesting in applications and raise many difficult mathematical problems. One of
the most studied models leading to problems of this type is the model of motion of elec-
trorheological fluids, which are characterized by their ability to drastically change the
mechanical properties under the influence of an exterior electromagnetic field [52, 58].
Materials which require such advanced theories have been under experimental studies
from the 1950 onwards. The first important discovery on electrorheological fluids was
contributed by Willis Winslow in 1949. The viscosity of these fluids depends upon the
electric field of the fluids. He discovered that the viscosity of such fluids as instance
lithium polymetachrylate in an electrical field is an inverse relation to the strength
of the field. The field causes string-like formations in the fluid, parallel to the field.
They can increase the viscosity five orders of magnitude. This event is called the
Winslow effect. For a general account of the underlying physics see [31] and for some
technical applications [46]. Electrorheological fluids also have functions in robotics
and space technology. Many experimental researches have been done chiefly in the
USA, as in NASA laboratories. Problems with variable exponent growth conditions
also appear in the mathematical modelling of stationary thermo-rheological viscous
flows of non-Newtonian fluids and in the mathematical description of the filtration
processes of an ideal barotropic gas through a porous medium [2, 3]. Another applica-
tion of these equations is in image processing [17], in which the variable nonlinearity
is used to outline the borders of the true image and to eliminate possible noise. For
background and recent results on problems with variable exponent, we refer the reader
to [1, 10, 11, 14, 21, 28, 29, 32, 33, 34, 41, 45, 47, 48, 49, 50, 53] and the references
therein for details. For example, Fan and Ji in [28] by applying a variational principle
due to Ricceri and the theory of the variable exponent Sobolev spaces, proved the
existence of infinitely many solutions of the following Neumann problem involving the
p(z)-Laplacian of the following form
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%:—o on 99.

{ —div(|Vu|P®=2Vu) + Az |[u|P@ 2y = f(z,u) + g(z,u), in Q,
Mihailescu in [41] by using as the main tool a variational principle due to Ricceri, to-
gether with the Palais-Smale property, studied the existence of at least three solutions

for the following Neumann problem:

@—O for z € 992

{ —div(|VulP @ =2Vu) + |u|P®) 2y = \f(x,u), forz € Q,
ov

where Q C RY (N > 3) is a bounded domain with a smooth boundary, A > 0 is a real
number, p is a continuous function on Q with inf p(y) > N and f : Q xR — R is a
yeQ
continuous function. Cammaroto et al. in [14] based on a three critical points theorem
established by Ricceri, obtained weak solutions for a Neumann problem involving the
p(zx)-Laplacian. Bonanno and Chinni in [11] by applying variational methods under
appropriate growth conditions on the nonlinearity, obtained the existence of multiple
solutions for nonlinear elliptic Dirichlet problems with variable exponent. D’Aguil
and Sciammetta in [21] based on variational methods, established the existence of an
unbounded sequence of weak solutions for the problem (P{:g ), in the case M = 1.
Recently, the study of p(z)-Kirchhoff type problems has been an interesting topic.
We refer the reader to [15, 16, 18, 22, 23, 24, 25, 27, 35, 56| for an overview of and
references on this subject. For example, Dai and Hao in [22] by means of a direct
variational approach and the theory of the variable exponent Sobolev spaces, we
establish conditions ensuring the existence and multiplicity of solutions for the p(x)-
Kirchhoff-type problem with Dirichlet boundary data. Chung in [18] by using the
mountain pass theorem combined with the Ekeland variational principle, obtained at
least two distinct, non-trivial weak solutions for the p(z)-Kirchhoff type equation

fQ e |Vu )|P@ dx)div(|VuP®)=2Vu) = Af(z,u), in Q,
U= on 05}

where M : RT — R is a continuous function, p € C1(Q) and f: Q x Rt - Ris a
Carathéodory function, satisfying some certain conditions, A is a parameter. In [25]
multiplicity results for the problem (Pf ), in the case A\ = p were established. In
fact, using variational methods and crltlcal point theory the existence results for the
problem under algebraic conditions with the classical Ambrosetti-Rabinowitz (AR)
condition on the nonlinear term were ensured. Furthermore, by combining two alge-
braic conditions on the nonlinear term which guarantees the existence of two solutions,
applying the mountain pass theorem given by Pucci and Serrin the existence of third
solution for the problem was proved while in [24] based on variational methods the
existence of at least one weak solution for the same problem was discussed.

We also refer the reader to the paper [36, 40] in which using variational methods
the existence of multiple solutions for nonlocal systems of (p(x), ¢(x))-Kirchhoff type
was discussed.
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The existence and multiplicity of solutions for stationary higher order problems
of Kirchhoff type (in n-dimensional domains, n > 1) were also investigated in some
recent papers, using variational methods like the symmetric mountain pass theorem
in [19] and a three critical point theorem in [6]. Moreover, in [4, 5], some evolutionary
higher order Kirchhoff problems were studied, mainly focusing on the qualitative
properties of the solutions.

For a thorough discussion on the subject, we also refer the reader to [7, 12].

Motivated by the above facts, in the present paper, by using two kinds of three
critical points theorems obtained in [13, 8] which we recall in the next section (The-
orems 2.1 and 2.2), we ensure the existence of at least three weak solutions for the
problem (P/{g) under mutually independent conditions; see Theorems 3.1 and 3.2. In
fact, in Theorem 3.1, we require that the primitive F' of the function f is p-sublinear
at infinity and satisfies appropriate local growth condition. In Theorem 3.2 we obtain
at least three non-negative weak solutions uniformly bounded with respect to A, and
three non-negative weak solutions, respectively, under a suitable sign hypothesis on
the function f, an appropriate growth conditions on the potential F' in a bounded
interval, and without assuming asymptotic condition at infinity on the function f
for every non-negative continuous function g. We present Examples 3.5 and 3.6 to
illustrate Theorems 3.1 and 3.2, respectively. Theorem 3.8 is a special case of Theo-
rem 3.1. In Theorem 3.9 we present an application of Theorem 3.2. As special cases
of Theorems 3.1 and 3.2, we obtain Theorems 3.10 and 3.11 considering the case
p(z) =p>N.

Compared to the previous results, we give some new assumptions to obtain the
existence of at least three weak solutions of (P)Jfﬁ ). Recent related works are gener-
alized.

We refer to the recent monograph by Molica Bisci, Radulescu and Servadei [44]
for related problems concerning the variational analysis of solutions of some classes
of nonlocal problems.

The paper is organized as follows. In Section 2, we recall some basic definitions
and our main tool, while Section 3 is devoted to our abstract results.

2. PRELIMINARIES

Our main tools are the following three critical points theorems. In the first one
the coercivity of the functional ® — AW is required, in the second one a suitable sign
hypothesis is assumed.

Theorem 2.1 ([13, Theorem 3.6]). Let X be a reflexive real Banach space, ® :
X — R be a coercive continuously Gateauz differentiable and sequentially weakly lower
semicontinuous functional whose Gateauz derivative admits a continuous inverse on
X*, U X — R be a continuously Gateaux differentiable functional whose Gdteaux
derivative is compact such that ®(0) = ¥(0) = 0.
Assume that there exist r >0 and v € X, with r < ®(v) such that

sup ¥(u)

P (u)<r v
(@) (w)< < ).
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(ag) for each \ € A, := the functional ® — AV is coercive.

V() sup Y(u)

®(u)<r
Then, for each A € A,. the functional ® — AV has at least three distinct critical points
in X.

Theorem 2.2 ([8, Corollary 3.1]). Let X be a reflexive real Banach space, ® : X — R
be a convex, coercive and continuously Gateaux differentiable functional whose deriv-
ative admits a continuous inverse on X*, U : X — R be a continuously Gateaux
differentiable functional whose derivative is compact, such that

1. igl{f(b = ®(0) = ¥(0) = 0;
2. for each A > 0 and for every ui,us € X which are local minima for the
functional ® — AU and such that U(uy) > 0 and U(uz) > 0, one has
inf W(su; + (1 —s)uz) > 0.
s€0,1]

Assume that there are two positive constants r1,172 and v € X, with 2r; < ®(v) < 2,

such that

sup U (u)
(b1) u€®=1(]—o0,r1[) < 7\:[/(@)
! T 30(v)’
sup U (u) B
(b ) u€P—1(]—o0,r2[) < E\P(U)
2 ro 30(v)
Then, for each
3 9(7v) . 1 =
A 2
< 29 (v)’ i sup U(u)’ sup Uu) (|’
weP—1(]—oo,r1[) ueP—1(]—o0,r2[)

the functional ® — AU has at least three distinct critical points which lie in

o-1(] - oo, r2]).

Theorems 2.1 and 2.2 have been successfully used to ensure the existence of at
least three solutions for perturbed boundary value problems in the papers [12, 20].

Here and in the sequel, meas(2) denotes the Lebesgue measure of the set 2, and
we also assume that p € C(Q) verifies the following condition:

N <p := 1r€1£p(x) <p(z) < pt :=supp(z) < +oc. (2.1)
z €N
Let © be a bounded domain of RY, denote:

LP@(Q) = {u :  — R measurable and / Ju(x) [P dz < —l—oo},
Q

LP@)(9Q) = {u : 0Q — R measurable and lu(z)|P®do < —|—oo}.

o0
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We can introduce the norms on LP(®)(Q) and LP(*)(9Q) by:

. u\xr x
fullio @y = n {5 > 0+ [ M2 < 1),
Q

; W) (o
[ull Lo (a0) = 1nf{5 >0: /em |7|p( Vdo < 1}

where do is the surface measure on 0f).
Let X be the generalized Lebesgue-Sobolev space WP(*)(Q) defined by putting
WL (Q) by

W@ (@) = {ue D(Q): |Vul € I"D(Q)}
and it can be equipped with the norm:

[ullwroe @) = [[ullLow @) + VUl Loe @) (2.2)

It is well known (see [29]) that, in view of (2.1), both LP®)(Q) and W'P(®)(Q), with
the respective norms, are separable, reflexive and uniformly convex Banach spaces.

Moreover, since a € L*>®(Q), with a~ := ess irelga(m) > 0 is assumed, then the
x
following norm
\Y
fulla =it {o >0 [ () e 4 T4 o < 1},
Q o g

on W1P(®)(Q) is equivalent to that introduce in (2.2). Since WP(#)(Q) is continuously
embedded in W' (Q) (see [29] or [38]) and p~ > N, W'P(®)(Q) is continuously
embedded in C°(Q2) and one has

||U||CO(Q) < kp-llullyprp- Q)"

When (2 is convex, an explicit upper bound for the constant k,- is

1 p_—1
p_—1 1 I d =1 P S
k,- <2 » max () ,— (p meas(Q)) ol
lexl]y N \p~ —N [lexllx

where |lo|[; = [, a(z)dz and ||a . = sup a(z) and d = diam(Q) (see [9, Remark 1]).
€N

On the other hand, taking into account that p~ < p(z), [38, Theorem 2.8] ensures that
LP®)(Q) < LP (Q) and the constant of such embedding does not exceed 1-+meas(€).
So, one has

[ullyyrp- (o) < (1 4 meas(Q))[[ullw1@ (@) < (14 meas(Q2))ulla-
In conclusion, put
¢ = ky- (14 meas(£2)),
it results

[ullcogny < ellulla (2.3)
for each u € W12@)(Q).
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Set
Fa,t) = /t F@,€)de for all (z,1) € Q x R,
0

t
G(t) = / g(€)de for all £ € R
0
and

~ t
M(t) = /0 M(&)d¢ for all t > 0.

We say that u € WHP()(Q) is a weak solution of the problem (P{g) if
M (/Q Z%(Wu(:cﬂp(m) + a(x)|u(x)|p(””))dx>
/Q (\Vu(x)\p(z)QVu(x)Vv(x) + oz(x)\u(x)|p(z)72u(x)v(m))dx
A [ @)= [ gbu@)nea)de =0

Q
for every v € WHP()(Q),

Proposition 2.3 ([26, Proposition 2.4]). Let
palt) = [ (196l + ao)|ul?]do
Q

for u € WHP@)(Q), we have
- +
) Nulla = 1= [lull§ < palu) <[lulf ;

'\ ~
2)  ulla <1T=ullty, < palu) < ullf -
For our convenience, set

G .= a(0Q) \r?\i}é G() forall® >0

where a(0Q) = [, do and

G = a(09) tei[r(lan] G(t) foralln>1.

If g is sign-changing, then clearly GY > 0 and G,, < 0.

3. MAIN RESULTS
Fixing two positive constants § > ¢ and n > 1 such that

m | -
= a1 mo6P

/F(x,n)dm cp_er/ sup F(z,t)dzx
Q Qt<e
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where c is given by (2.3) and choosing

my” | -
Ese— O[”l moep

P
F(x,n)dx cp7p+/ sup F(JC,t)dl‘[
Q Q [t[<6

Ae A=

set dy,4 given by

_ - o+
mof? — AP p+/ sup F(z,t)dx |y 7)\/ F(z,n)dz
Q

min @ t<6
P ptGP ’ min{0, G, }
and
0 in< o0 ! (3.1)
A,g = Il X, g5 — .
! ! c? pta(oQ) . G(t)
max{ 0, ——— = limsup ——
mo t—+oo [t[P
where we read /0 = +o00, so that, for instance, SM, = 400 when
G(t
lim sup Lf) <0,
t—+o0 |t|p

and G,, = GY = 0.
We present our first existence result as follows.

Theorem 3.1. Assume that there exist two positive constants 0 > ¢ and n > 1 with

0 < "vllellien

such that
sup F(z,t)dx
(A1) Jo [t|<6 (1) < p—me Jo F(z, n)da:.
' o micr ptlalli et
sup F'(x,t)
(Ay) meas(Q)c? limsup 22— < @

t—+oo [t~ -
where

cp7p+/ sup F(z,t)dz
o_ Q|t[<o

mobP~
Then, for each A € A and for every continuous function g : R — R satisfying the
condition

G(t)

limsup —= < 400
t—too [t|P ’

there exists 65,4 > 0 given by (3.1) such that, for each yu € [0,85 4), the problem (P{g)

admits at least three distinct weak solutions in WP(®)(Q).
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Proof. Fix A\, g and p as in the conclusion. Let X be the Sobolev space Wl’p("”)(Q).
In order to apply Theorem 2.1 to our problem. Consider the functionals ®, ¥ for
every u € X, defined by

d(u) = M ( /Q (%(|Vu(x)|p(m) + a(x)|u(ac)|p(””))dx> (3.2)

p(x)
and
U(u) = / F(z,u(x))dx + K G(y(u(z)))do, (3.3)
Q A Jog
and put Iy(u) = ®(u) — A¥(u) for every u € X. Let us prove that the functionals ®
and W satisfy the required the conditions in Theorem 2.1. It is well known that ¥ is
a differentiable functional whose differential at the point u € X is

V) = [ faa@p@d+f [ o))

for every v € X, and ¥ : X — X* is compact. Moreover, ® is continuously differen-
tiable whose differential at the point u € X is

T = </Q 5 (Tul)P + a(m)|u<x>|?<w>>dx)

/Q (|Vu(x)|p(‘”)_2Vu(x)Vv(x) + a(m)|u(x)\p(m)_2u(aj)v(m‘))dm

for every v € X. We prove that ® admits a continuous inverse on X*. Assuming
||u|le > 1, we have

@' (u)(u) > mollullf,

and since p~ > 1, it follows that @' is coercive. Since @' is the Fréchet derivative of
®, it follows that @’ is continuous and bounded. Using the elementary inequality [55]

le —y|" <27z 2z — |y 2y)(z —y) ify > 2,
for all (x,y) € RN x RN, N > 1, we obtain for all u,v € X such that u # v,
(@' (u) — ®'(v),u —v) >0,

which means that ®’ is strictly monotone. Thus & is injective. Consequently, thanks
to Minty-Browder theorem [57], the operator @ is an surjection and has an inverse
®'~1: X* - X, and one has ® ! is continues. Furthermore, ® is sequentially weakly
lower semicontinuous. Choose r := %(Q)p_ and put w(z) = n for all x € Q. Clearly

c
w € X. Hence, we have definitively,

.
min?

mon? B
er

el < @(w) < vl (3-4)
Then, from the condition § < *y/[la|1cn, we get 0 < r < ®(w). Moreover, for all
u € X with ®(u) < r, then, owing to [14, Proposition 2.2], one has

1

ullo < max {(p*7) 7%, (pFr)o- }.
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By (2.3) one has ||ullco < ¢||tl|, from the definition of r, it follows that
O H(—oo,r] ={u€ X;®(u) <r} C{uc X;ul <0},

and it follows that

U(u) < sup / F(z,u(x))dz + n sup G(y(u(z)))do
u€P—1(—oo0,r] JQ A u€P—1(—o0,r] /OO

S/ sup F(z,t)dx + B max G(t)do
Q|t|<6 A Jaq ItI<o

:/ sup F(x,t)dz + arel
Q [t]<6 A

for every u € X such that ®(u) <r. Then
sup U(u) < / sup F(xz,t)dz + Hao.
(u)<r Q [ <0 A
On the other hand, we have
U(w) = / F(z,w(@)dz+ £ [ Gy(w(x)))do
Q A Jaq

> /F(xyn)derHGn.
0 )

Therefore, we have

sup U (u)
u€P—1(—o0,r]
. (3.5)
sup  Jo F(z,u(x))de+  sup & [0 G(y(u(z)))do
_ u€d 1 (—oo,r] u€P—1(—o0,r]
N r
Jq sup F(z,t)dz + 4G
111<0
< ___ (3.6)
Py
and
Vw) _  JoFw@)de+§ [, Gh(w(@)do
= " ot
¢ (w) M ||y
fQ F(x,n)dz + §G, (3.7)

+
mar? o,

Since p < 0,4, one has
mof? — Acp7p+/ sup F(z,t)dz
Q Jt<6
P ptGY '

p<
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this means
fo, sup F(z,t)dz + £G°
It|<6 < 1
(T 2
Furthermore,
pt
ol < A [ Fan)do
0
w <

b
Gy
this means

1
/QF(:C, n)dzx + XG" 1

m + )
el A
Then,
Jo §|u<p9 F(z,t)dx + %G° / F(x,n)dz + G
— - < = . (3.8)
(O - )y

Hence, from (3.5)-(3.8), the condition (a;) of Theorem 2.1 is fulfilled. Finally, since
< 0dxg, we can fix [ > 0 such that

limsup ——= G(#)
t—too [P

)

and pl < Therefore, there exists a function ¢ € R such that

__Mo
a(0)cP™ pt’
G(t) <1t +e, (3.9)

for every t € R. Now, fix 0 < € < %(% — pa(0Q)cP ). From (Az) there is a
function 7 € R such that

meas(Q)cP
(C]

for every x € Q and t € R. Recalling (2.3), from (3.9) and (3.10), for each u € X, we
have

B(u) ~ \T(u) = M(/ ()(wu( >|p<“f>+a<x>|u<x>|”<x>>dar)

—/((dm—/G

F(x,t) <e€lt|P +7, (3.10)

> Moy, 9 o
Bl +||“HQ )\emeaS(Q)cp* /Q|u($>| dx
@ —
T — — P gy
meas ()P~ meas(Q)7 — pl /(m [u(z)[" do — pla(992)e
mo _ /o)
> — _ P O .
> (p+ A — a0 1) [ully, — A= — pla(0Q)e
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This leads to the coercivity of the functional Iy, and the condition (as) of Theorem
2.1 is verified. From (3.5)-(3.8) one also has

D (w) r

U(w) sup ¥(u)
P(u)<r

A€

Theorem 2.1 assures the existence of three critical points for the functional Iy (with
T = w), which are solutions of the problem (P/{ ﬁ) and we have the conclusion. O

Now, we state a variant of Theorem 3.1 in which no asymptotic condition on the
nonlinear term is requested. In such a case f and g are supposed to be non-negative.
For our first goal, let us fix positive constants 67 > ¢, #; and 1 > 1 such that

P+ — —
3 |l v or
3 L I < TSf min L , 2 ,
/F(x,n)dx pre / sup F(z,t)dx 2/ sup F(z,t)dz
o Q |t|<6: Q [t]<0s
and take
mlnpJr - -
U P -
. ) + — )
/F(z,n)d:z: pre? / sup F(z,t)dx 2/ sup F(z,t)dx
Q Q \t|§91 Q ‘tISOQ

Theorem 3.2. Assume that there exist three positive constants 01 > ¢, 02 andn > 1,

+
— _ D
with 6; < ° —”C’é‘llcn and 7’\/727";31':”1@7?* < 0y such that

(B1) f(z,t) >0 for each (x,t) € Q x [—02,05];

(B2)
/ sup F(z,t)dzx 2/ sup F(z,t)dzx /F(x n)dz
Q [t]<6: Q [8]<62 2 pmg o
P ’ on 3micr ptlali  ppt

Then, for each A € A and for every mon-negative continuous function g : R — R,
there exists 6;‘\)9 > 0 given by

mof? — P ptA [ sup F(z,t)dx mohy —2¢° ptA [ sup F(z,t)dx
Q [t[<61 Q [t]<02

i P ptGo ’ 2¢r” ptGo2

such that, for each p € [0,63 ,), the problem (P)in) admits at least three distinct
non-negative weak solutions u; for i =1,2,3, such that

0<wui(z)<b, Ve, (1=1,2,3).
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Proof. Our aim is to apply Theorem 2.2 to our problem. We consider the auxiliary

problem
{ T (u) = Azgf ), f)n Q, (P{’j)
[VuP@=28% = jig(y(u(z))), in 0Q ’

where f : QxR — R is an L'-Carathéodory function, defined as follows

f(.T,O), 1f§< _027
f(xvg): f(xug)v if _02§§§027
f(x,02), 1f£ > 92.

If any solution of the problem (PAf ') satisfies the condition —f2 < u(x) < 65 for every
x € Q, then, any weak solution of the problem (P/{;j) clearly turns to be also a weak
solution of (Pf 7). Therefore, for our goal, it is enough to show that our conclusion

holds for (Pfi) Fix A, g and p as in the conclusion and take ®, ¥ and X as in the
proof of Theorem 3.1. We observe that the regularity the assumptions of Theorem
2.2 on @ and ¥ are fulfilled. Then, our aim is to verify (b1) and (b3). To this end,
choose w(x) =n for all z € Q, as well as

r = 01 andr'—@ @V
L p+ c 2'_pJr c

+
By considering the conditions 6; < *y Halh cnand 7/ %Cn = < 0, we have
2ry < ®(w) <2 Since p <63, and G, > 0, taking (3.4) into account, one has

sup U (u)
ueP—1(—o0,r1)
T1
sup fQ F(z,u(x))dx + sup ‘X‘ 59 G(y(u(z)))do
_ ueP—1(—o0,r1) ueP—1(—o0,r1)
— -
Jo sup F(z,t)dz + £G*
[t]| <61
< 7
p+< By
2 Jo F(z,n)dz + £G,
< N pt
)\ 3 MHOKHl
< 2 Jo F(z,n)dz + & fasz v(n))do
B 2 o
20
< (w) (3.11)

3 ®(w

~
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and

2 sup U (u)
uedP—1(—o0,r2)

T2
sup Jo F (2, u(x))dx + sup & [50 G(v(u(z)))do
_ 2u€¢’_1(—oo,r2) u€ed—1(—o00,rz)
T2
fq sup F(z,t)dz + 4G
|t <62
< B —
A
2 Jo Flz,n)dz + LG,
< —
R N o)
< 2JoF xnderAfOQ v(n))do
3 MHQHI
BELTE)
- 3%(w)

Therefore, (b1) and (b2) of Theorem 2.2 are satisfied. Finally, we prove that ® — A\
satisfies the assumption 2. of Theorem 2.2. For this, let u; and us be two local
minima for ® — A\W. Then u; and uy are critical points for ® — AV, and so, they are
weak solutions for the problem (P/\fi) We want to prove that they are non-negative.

Let ug be a weak solution of the problem (P,(.’,i’ ). Arguing by a contradiction, assume

that the set A = {x € Q:up(x) < O} is non-empty and of positive measure. Put
?(xz) = min{0, up(z)} for all z € Q. Clearly, v € X and one has

M -1 (IVuo ()P + () [uo(2)[P)) dx Vo () P& 2V ug () Vo(x) da
</Q p(x) ) </Q

+ [ ool )_QUO(x)v(x)dx)
[ How@)ods —u [ gt (@) =0,

Thus, from our sign assumptions on the data we have

M( /A p(lx)(Mo(x)Wﬂ+a<x>|uo<x>|p<w>>dx) ( /A Vo ()P da

+ /A a(x)uo(a:)|p($)d$>

) /A (2 o () o ()l + / 9o (2))) (o (x))dor < 0.

[5}9]

Hence, that is, [[uol|y1.pe)(4) = O which is an absurd. Hence, our claim is proved.
Then, we observe uq(z) > 0 and ua(z) > 0 for every x € Q. Thus, it follows that
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suj + (1 — s)ug > 0 for all s € [0,1], and that
and so, ¥(suy + (1 — s)uz) > 0, for every s € [0, 1]. From Theorem 2.2, for every

3e(w) . ! r2/2
2

U(w) sup U(u)’ sup Uu) (|’
ued—1(]—oo,r1]) ued—1(]—oo,ra[)

the functional ® — AU has at least three distinct critical points, which are solutions
of the problem (P)Jf 9) and the conclusion is achieved. O

Remark 3.3. If in Theorems 3.1 and 3.2, either f(z,0) # 0 for some z € 2, then
the ensured solutions are obviously non-trivial.

Remark 3.4. If in Theorem 3.1, f(-,t) and g(t) are odd functions in ¢, then we can
ensured the existence of at least five distinct weak solutions.

In fact, by Theorem 3.1 the problem (Pf ’q) possesses at least three weak solutions.
If v is a nontrivial weak solution, then —u is a weak solution since satisfies the equation

M ( / L (19 (@) + a()] - u(w)lp(“)dw>

o p(x)

(9 (@) P2V (—ut@) Vola) + afe)] = u(o) "3 (—u(w)(w)da
A [ S —u@)@dr = [ gt-u@)n@)ds =0

for every v € WP(®)(Q).

We now present the following examples to illustrate Theorems 3.1 and 3.2, respec-
tively.

Example 3.5. Let Q = {(z,y) € R? : 22 + y*> < 10~*}. We consider the problem
M(J 5k (Fu() P + @) () PE0)de) (~ Ay s+ al@)ul? @0 20)
=M(z,y,u), inQ,

VP =258 = 1g(y(u(x))), on O
(3.12)

where M (t) = 2+ Sm(t) for every t € [0, +00), p(z,y) = 2% +y* +4 for every z,y € Q,
a(z,y) = 4(z* +y?) + 2 for every z,y €  and

fla,y,t) = 8(a® + )t
for every z,y € (2 and every t € R. By the expression of f, we have

F(x,y,t) = 4(2* + y*)t?
for every z,y € Q) and every t € R. By simple calculations, we obtain

274 x107%+2x107°

={/=— 1+1074
¢ o 108510t LT,
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a(0) =2 x 10727, mg =1, my =2, p~ =4 and p™ =4+ 10~%. Taking § = 3 and
n = 10, we clearly see that all assumptions of Theorem 3.1 are satisfied. Therefore,
it follows that for each

e <(10—8 +10-4)104+4107" 9 x 106
) b

2 x 106 "2mct (441074

and:

1) for every non-negative continuous function g : R — R, there exists & Ag >0
such that for each pu € [0,0) ), the problem (3.12) admits at least three
distinct weak solutions in WhHPE¥)(Q).

2) for every odd continuous function g : R — R, there exists 5%9 > 0 such that
for each u € [0,5)\79), the problem (3.12) admits at least five distinct weak
solutions in W1P(@:¥)(Q).

3) for g : R — R defined by ¢(¢) = t, since

lim sup % <0,
t—too [P
then 8y 4, = +oo and for each p € [0, +00), the problem (3.12) admits at least

five distinct weak solutions in W1P(@:¥)(Q).
Example 3.6. We consider the problem
Mg 55 (V)P + ) ua) P die) (— By gy + ()2 20)
= Af(z,y,u), in ,

[Valpe9 =280 = g (y(u(x))), on 99
(3.13)

where Q = {(z,y) € R? : 22 +4? < 107%}, M(t) = 2+ M for every t € [0, +00),
p(z,y) = 2% + y* + 4 for every z,y € Q, a(z,y) = 4(z? + y?) + 2 for every z,y € Q
and

fla,y,t) = 26(a +y*)t"?
for every z,y €  and every t € R. By the expression of f, we have

F(z,y,t) = 2(2® + y*)t"
for every z,y € Q and every t € R. Direct calculations, give

L2744 %1072 42 %1075 4
=4/ — 1+1
=\ 1o sy0d L HOT

a(0Q) =2x 1072w, my =1, my =3, p~ =4 and p* =4+ 10~*. Choosing 0; = -5,

f; = 10 and n = 10, then all conditions in Theorem 3.2 are satisfied. Therefore,

. 9(10~3410-*)10* 10"
it follows that for each A\ € ( ( +4X10)5 ) 20”(4+110_4)c4)

negative continuous function g : R — R, there exists ), > 0 such that for each
€ [0,0y,4), the problem (3.13) admits at least three distinct non-negative weak
solutions u; for ¢ = 1,2, 3, such that

0<ui(z)<10, Yz e, (i=1,2,3).

and for every non-
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Remark 3.7. If we consider the autonomous case of the problem (P{ ’5),

{T<u> — M(u(2)), in Q,
[Vul®)=228 = ug(y(u(x)), on o9

where f,g : R — R are two non-negative continuous and nonzero functions, putting
F(t) = fot f(&)dE for each t € R, in Theorem 3.1 the assumptions (A;) and (A3) can
be written as

(3.14)

F(t) p~m F(n)
(A3) or— m1cpip+0\|0<|\1 77P+ ’
- F(t
(A4) meas(Q)cP? limsup £t) < © where

t—too |H[PT

¢ pTmeas(Q)F(0)

C"') =
m00p7 ’
respectively, as well as
P+ —
R T
meas(Q)F(n)’ c pTmeas(Q)F(0)

and
o+
222 o], — Ameas(D)F(r)
min{0, G, }

.| mefP — AP pTmeas(Q)F ()
min - ;
P pTGo

}.

In this case, in Theorem 3.2 the assumption (Bz) assumes the form

(Bs) max { F(61) 2F(62) } < 2_p mo Fn)

- - 3 P~ pt+ + 2
9117 9120 mict” ptilali pp

as well as

P+ — —
R N S
" | 2meas(Q)F(n)’ pter” meas(£2) F(61)" 2F(62)
and

§* = mi m0011)7 — /\cp7p+meas(Q)F(91) m09§)7 - 2/\cp7p+meas(Q)F(92)
o P pta(002)G(6:1) ’ 200" pta(09)G(6s)

A special case of Theorem 3.1 is the following theorem.

Theorem 3.8. Assume that

F(t F(t

lim inf Q = lim sup Q =0.
t—0 (P t—+oo

Then, there is \* > 0 such that for each A > X* and for every non-negative continuous
function g : R — R satisfying the condition

. G(t)

limsup —= < +o0,

t——+o0 |t|p
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there exists § > 0 such that, for each p € [0,0[, the problem (3.14) admits at least
three distinct solutions.

+
. .. m;[p lleella R - I
Proof. Fix A > \* := oS F() for some i > 1. From the condition hgl_}l(r}f - = 0,
sup ()
there is a sequence {6, } C]0,+oo[ such that lim 6, =0 and lirJrrl % =0.
n—oo n—-+oo n
Indeed, one has
sup F(¢) b~
n . F
i IS0 F) %,
where F (&, ) = sup F(£). Hence, there exists § > 0 such that
€1<0n
sup F(t)
|t]<8 . { p~mo  F(n) Mo }
I — < min — T —
9" micP” pt|ally nP7 7 AcP” ptmeas(§2)
and
0 < *V/llallien.
Applying Theorem 3.1 we have the conclusion. O

Moreover, the following result is a consequence of Theorem 3.2.

Theorem 3.9. Let f: R — R be a non-negative continuous function such that

im M =0
t—0+ 12
and
100 10° % [y f(€)de

; f(&)ds < BT a

9 10° .
Then, for every \ € T , 700 and for every nonnegative con-

4 [y f(&)de 8mc? [ f(§)dE

tinuous function g : R — R, there exists 6 > 0 such that, for each p € [0,0], the
problem (3.14) admits at least three distinct non-negative solutions.

Proof. Our aim is to employ Theorem 3.2 by choosing
Q={(z,y) eR*:a” +y* <1}, pla,y) = 2" +y* +3

for all z,y € Q, M(t) = 2 + cos(t) for t € [0,4+0), a(z,y) = 2% + y*> + 1 for all
x,y € Q,n=1and f; = 102. Simple calculations show that mg = 1, m; =3, p~ = 3,
pT=4and c= A2 (1+7).

3T
m pt
3 = lladl 9
2 Jo Fzmde 4 [ f()de
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and
mo b - 106
PR 2 fy swp Flatde ~ swer 1% fe)ds
U2
t
Moreover, since lim & = 0, one has
t—0t+ 2

lim
t—0t

t
/f@%
i N}
t3

Then, there exists a positive constant 61 < ¢ %’Tc such that

01
o T g ree

03 97c3
and
03 10°
01 > 100 :
fede 2 | rede
0
Finally, we easily observe that all assumptions of Theorem 3.2 are satisfied, and it
follows the result. O

We end this paper by presenting the following versions of Theorems 3.1 and 3.2,
in the case p(x) = p for every z € 2, respectively.

Theorem 3.10. Assume that there exist two positive constants 0 > ¢ and n > 1 with

0 < {/|allien

such that
" Jo Ii\ug% F(x,t)dx o [ Fl. n)dsc'
’ Z mlally
sup F(z,t)
(Ag) meas(2)c? limsup ze0 < © where
t—+00 |t

cpp/ sup F(z,t)dx
Q

|t]<6
C‘-‘) =
moﬂp
Then, for each
o
1 mo6P
e |2 0 [

/F(x,n)dm cpp/ sup F(z,t)dx
Q Q

[t]<6
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and for every continuous function g : R — R satisfying the condition

G(®)

limsup —+ < 400
t—+o0 ‘ |

for each

22 oy~ A [ Flods
0
min{0, G}

mofP — )\cpp/ sup F(z,t)dx
p# €min [0, min Al ,
cPpG?

}

- { N cppa(aglz) (0] } ’

Mot JHP

the problem

{T(u) = M (z,u(z)), in g, (3.15)

[Vu[P=2 8% = ug(y(u(x))), on 89
where
1
T(u) = M ( [ 3 (vu@r + a(m)u(m)#’)dx) (= Ayu+ a@)lul2u),
Q
admits at least three distinct weak solutions in WP ().

Theorem 3.11. Let f : Q x R = R be a non-negative L'-Carathéodory function.
Assume that there exist three positive constants 61 > ¢, 0 and n > 1, with 6, <

p HQHICT] and Luo‘l‘lcn < 05 such that

(By) f(z,t) >0 for each (x,t) € Q x [—b2,05];

(Bs)
Jo sup F(z,t)dx 2 [, sup F(z,t)dx
[t]<61 [¢]<62 2 my JoF(z
max 9p s ap g » »
1 2 mac? |y Ui
Then, for each
AE: ™ |, mo . 6" 6P
min
QfQ x,n)dz’ pcP Jo sup F(z,t)dz’ 2 [, sup F(x,t)dx
[t]<61 t]<62

and for every non-negative continuous function g : R — R, there exists 65 ; > 0 given
by
moby — cpp)\/ sup F(z,t)dz mobh —ZCpp)\/ sup F(z,t)dx

Q |t|<6, Q |t|<02

cPpa(0Q)G(6;) ’ 2¢Ppa(00)G(62)

min
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such that, for each p € [0,5:{)9), the problem (3.15) admits at least three distinct
non-negative weak solutions u; for i =1,2,3, such that

(1]
2]

3]

]
5]
6]
)
)
9

[10]

[11]

[12)

[13]

[14]

[15]

[16]

[17)

[18]

[19]

20]

(21]

(22]

0<wu(z)<bs, Ve, (1=1,2,3).
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