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1. INTRODUCTION

Throughout this paper, we assume that H is a real Hilbert space with inner product
(-.-) and norm || - ||. Let I be the identity mapping. Let C' and @) be nonempty closed
convex subsets of real Hilbert spaces Hy and Hs, respectively. Let A : Hy — Hy be
a bounded linear operator with its adjoint operator A*.

The split feasibility problem (SFP) which was first introduced by Censor and Elfv-
ing [4] is to find

v* € C' such that Av* € Q. (1.1)

Let Pc and Pg be the orthogonal projection onto the set C' and () respectively.
Assume that (1.1) has a solution, it is known that v* € Hy solves (1.1) if and only if
it solves the fixed point equation

v* = Po(I +~vA"(Pg — I)A)v",

where v > 0 is any positive constant. In 2002, Byrne [2] introduced and proved that
CQ algorithm converges to a solution of (1.1) in finite dimensional Hilbert spaces.
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The split fized point problem (SFPP) for mappings T and S is to find
v* € F(T) such that Av* € F(S), (1.2)
where T': Hy — H;, and S : Hy, — Hs are two mappings satisfying
FT)={z€H : Tr=z}#0and F(S)={x € Hy : Sz =2z} #10),

respectively. Since each closed and convex subset may be considered as a fixed point
set of a projection onto the subset, hence the SFPP is a generalization of the SFP.
Recently, the SFPP and SFP have been studied by many authors such as [9, 10, 17,
19, 20, 8], ete.

In 2010, Moudafi [8] introduced the following algorithm for solving (1.2) for two
demicontractive mappings:

1 € H; choose arbitrarily,
Up = Ty, + YA (S — I)Axy, (1.3)
Tnt+1 = (1 - ﬂn)un + ﬁnTunv n e Nv

and he proved that {z,} converges weakly to some solution of SFPP.
Five years later, Shehu and Cholamjiak [12] modified algorithim (1.3) by adding
some control sequence in the second step as follows:

x1 € Hy choose arbitrarily,
Up = Ty + VA" (S — I) Az, (1.4)
Tnt1 = (1 = Bn)Anun) + BT un, n €N,

They proved under some control conditions that the sequence {z,, } generated by (1.4)
converges strongly to a solution v* of SFPP.

It is noted that the algorithm (1.3) introduced by Moudafi [8] obtained only weak
convergence. However, strong convergence is more desirable than that of weak conver-
gence. So, it is natural to ask, how can we modify or construct some new algorithms
which give us strong convergence?. Recently, Shehu and Cholamjiak [12] modifies al-
gorithm (1.3) to obtain strong convergence. In this work, by using the idea of viscosity
approximation method and Mann iteration method, we propose a new algorithm to
approximate a split common fixed point of two demicontractive mappings and prove
strong convergence of the proposed method to a solution of the split common fixed
point problem.

Throughout this paper, we adopt the following notations.

(i) “— "and “—"denote the strong and weak convergence, respectively.
(ii) wy(x,) denote the set of the cluster point of {z,} in the weak topology, that is,
Hazp, t of {z,} such that z,, — z.
(iii) T is the solution set of the split common fixed point problems (1.2), that is,

I'={v* € F(T) : Av* € F(S)} = F(T)N A~ (F(9)).
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2. PRELIMINARIES

A mapping P¢ is said to be metric projection of H onto C, if for every x € H,
there exists a unique nearest point in C' denoted by Pcx such that

e = Pox| < [l — 2|, VzeC.

It is known that P¢ is firmly nonexpansive mapping. Moreover, P is characterized
by the following properties:

(x — Pox,y — Pex) <0, Vxe H,yeCl,

and

lz = yll* > [lz — Pez||* + |ly — Poz||* Vz e H,yeC.
A bounded linear operator B : H — H is said to be strongly positive if there is a
constant & > 0 such that

(Bx,z) > £||z||* for all z € H.

Let M be the set-valued mapping of H into 27, The effective domain of M is denote
by D(M), that is, D(M) = {# € H : Mx # (}. The mapping M is said to be
monotone if

(x —y,u—v) >0 Ve,y€ D(M),u € Mx,v € My
A monotone mapping M is said to be mazimal if the graph G(M) is not property
contained in the graph of any other monotone map, where

GM)={(z,y) e Hx H : y & Mx}.

It is known that M is maximal if and only if for (z,u) € H x H,{(x — y,u —v) >0
for every (y,v) € G(M) implies u € Mx. For the maximal monotone operator M, we
can associate its resolvent Jé” defined by

JM =T +6M)" ' H— D(M), where §> 0.

It is known that if M is a maximal monotone operator, then the resolvent Jé\/f is
firmly nonexpansive and F(JM)=M-10={x € H : 0 € Mz} for every 6 > 0.

Definition 2.1. The mapping T': H — H is said to be

(i) quasi-nonezpansive if F(T) # () and

ITu— || < |lu—v for all w € H,v € F(T);
(ii) strictly quasi-nonexpansive if F(T) # () and
|Tu — | < ||u—v for all u ¢ F(T),v € F(T);
(iii) firmly nonexpansive if
|Tu —To||? < |lu—2|* = ||(u—v) — (Tu - Tv)|]? for all u,v € H;
equivalently, for all u,v € H,
|Tu — To||? < (Tu — Tv,u —v);
(iv) k-demicontractive if F(T) # () and there exists k € [0,1) such that
| Tu —v||* < |ju— | + k|ju — Tul? for all w e H,v e F(T);
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(v) A-inverse strongly monotone if there exists A > 0 such that
(u —v,Tu — Tv) > \|Tu — Tv|? for all u,v € H.

Definition 2.2. Let H be a Hilbert space and C be a nonempty subset of H. The
mapping T : C — H is said to («, 8)-generalized hybrid if there exist a, f € R such
that

al|Tu —To|> + (1 — a)|lu — To||* < B||Tu —v||* + (1 — B)|Ju —v||?, forall u,v e C.

Definition 2.3. The mapping T : H — H is said to be demiclosed at zero if for
any sequence {u,} C H with u, — u and T'u,, — 0, then Tu = 0.

Lemma 2.4 ([7]). Assume that B is a self-adjoint strongly positive bounded linear
operator on a Hilbert space H with coefficient € >0 and 0 < u < ||B||~. Then

IT— B <1 ¢n.

We also note that if B is a self-adjoint strongly positive bounded linear operator on

a Hilbert space H, then also is By = ﬁ.

Lemma 2.5 ([14]). Let H be a real Hilbert space. Then the following results hold:
(i) for allt € [0,1] and u,v € H,
[tw + (1= t)o)|* = thul® + (1 = O)|v]* — (1 = H)lJu - v]*;
(ii) |lu+ o] = [lull® + 2(u, v) + v]|* Vu,v € H;
(ii) ||u+v||? < |Jul|® + 2(v,u +v) Vu,v € H.

Lemma 2.6 ([18]). Let {a,} be a sequence of nonnegative real numbers satisfying the
following relation:
ant1 < (1 —v)an +6,, neN,
where
(i) {7} € (0,1), 32521 Yn = o005
(1) limsup,, ., % <0 or Y0 10, < oo

Then lim,,_ o a,, = 0.

Lemma 2.7 ([6]). Let {kn} be a sequence of real numbers that dose not decrease at
infinity, that is there exists at a subsequence {kn,} of {kn} which satisfies kn, < Kn,;+1
for all i € N. For every n > n,, define an integer sequence {T(n)} as follow:

T(n) = ma,X{l eN: | S n, Kk < ﬁl+1}’

where n, € N such that {l < n, : Kk < k31t # 0. Then the following hold:

(i) T(ny,) < 7(no+1) < ... and 7(n) — oo;
(ii) for alln > ny, max{kn, krm)} < Krn)t1-
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3. MAIN RESULTS

In this section, we first introduce a new algorithm for solving SFPP of two demi-
contraction mapping by using idea of viscosity approximation method and Mann
iteration method.

Theorem 3.1. Let Hy and Hy be two real Hilbert spaces, A : Hy — Hs be a bounded
linear operator with its adjoint operator A*. Let f : Hy — H; be a p-contraction
mapping and B be a self-adjoint strongly positive bounded linear operator on Hy with
coefficient £ > 2p and ||B|| = 1. Let S : Hy — Hy and T : Hy — Hy be k1 and ko-
demicontractive mappings such that S—I and T—1 are demiclosed at zero, respectively.
Suppose that T # 0. For 1 € Hy arbitrarily, let {u,} and {x,} be generated by:

{ tn = anf(@n) + (I = anB) (@ + 52 A™(S — I) Azn), (3.1)

Tn+1 = (1 - Bn)un + /BnTunv n N,

where {6, }, {an} and {B,} are sequences in (0,1) satisfying the following conditions:
(C1) lim,,— 00 vy = 0;

(C2) 220:1 Qp = O0;
(C3) 0<a< B, <b<1-—ko
(C4)O<c§6n§d<ﬁ.

Then the sequence {xz,} converges strongly to x* = Pr(f + I — B)z*.

Proof. For any u,v € Hy, by Lemma 2.4, we have

| Pr(f+1—B)u—Pr(f+1-DB)| <|[(f+I-Bu—(f+1-DB)|
< f(u) = fF) + L = Bllllu — v
<pllu—vl + (1 =&u—v]
<A =p)u—ol,
that is the mapping Pr(f + I — B) is contraction.
Let 2* = Pr(f + I — B)z*, that is 2* € F(T) N A=Y(F(S)). By (3.1) and Lemma
2.5(1), we have
|Zn+1 — x*HQ = I(1 = Bn)un + BnTun — $*||2
= |I(1 = Bn)(un — %) + Bn(Tun — x*)HQ
= (1= Bn)llun — x*||2 + Bul| Tun — w*HQ = Bn(1 = Bn)llun — Tun||2
< (1= B)llun — 2*|* + Bn | llun — ¥ + kallun — Tun||2]
= Bn(1 = Bu)|lun — TUnH2
= |lun — x*”z = Bn(1 = k2 — Bn)llun — Tun”2
< flun — 2°IP. (32)
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By the condition (C1) and Lemma 2.4, we get
lun — 2% = lanf(zn) + (I — anB)(xn + 0, A% (S — I)Ax,) — x|
= |lan(f(zn) — Bz*) + (I — apnB)(xy + 0, A7 (S — I) Az, — ™)
< an|[lf(za) = f@)] + [If (") — Ba||
+ |1 — anB||||zy + 0, A*(S — I) Az, — x7||
< anpllzn — x7|| + anl[f(27) — Ba||
+ (1 — anl)llzn + 3, A" (S — I) Az, — 27|, (3.3)
for sufficient large n. Using Lemma 2.5(ii), we obtain
|20 — 2* + 3, A%(S — I Az, ||? = |20 — 2 ||* + 2{z, — 2,6, A (S — I)Az,,)
+ |0, A*(S — I) Az, ||?
< Nlwn — 2||* 4+ 20, (2 — 2, A*(S — I)Az,,)
+ AP [1(S — I) Awnl|*. (34)

Since A is a bounded linear operator with its adjoint operator A* and S is a k;-
demicontractive mapping, by Lemma 2.5(ii), we deduce that

(20— %, A% (S — I)Az) = (Azp — Az*, (S — ) Az)
= (SAx,, — Ax™,SAx, — Az,) — ||(S — I)A:Un||2
- % (1S 4z, — Az*|]? + S Az, — Az — | Az, — Ax* ]
— (S = I) Az, |?
< % (1 Azs — A* | + k]| S Az, — Az, |?

+ 1S Az, — Awn||* — || Az, — Ax™|?| = (S — 1) Awn ||

k-1
2
From (3.4) and (3.5), we obtain

lwn — 2 + 0, A(S = DAz ||* < am — 2" * = 60 (1 — k1 — 0u | A (S — I) Az |
< [l — 2™, (3.6)

By (3.2),(3.3) and (3.6), we get

1S — 1) Az |*. (3-5)

N < un — 2|
< anpllzn — || + anll f (") = Ba™|| + (1 — ané)||zn — 27|
=[1 —an(§ = p)lllzn — 27| + an| f(z*) — Bz™||
| IIf(z*) BI*II}'
’ E—p

Hanrl -

< max {Hxn —z"|

Therefore, {x,} is a bounded sequence.
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Next, we show that x,, — x*. To this end, we consider the following two cases.

Case 1. Suppose that {||z, — 2*|}7%,, is non-increasing for some n, € N. Then we
get lim, o0 ||2n — 2*|| exists. By (3.2) and (3.3), we get

1 =" < flun — 27|

< |an(pllzn — 27| +[|f(27) = Bz"])

2
+ (1= an®)lzn + 6,4 (S = 1) Azy — |
< an(pllzn — 2| + || f(z") — Ba")?
+ (1 = and)||zn + 6, A% (S — I) Az, — x*||?
+ 2an(1 = anf)(pllen — =*|| + [[f(«7) = Ba™|)[|zn — 27|
< an @+ p)llzn—a"| + 1f (")~ Ba*[|| [pllwn — 2% + I/ (") - Ba|
(1= @nd) [ln = 2117 = 6a(1 = k1 = 6] AIP)I(S — 1) Azy ]
< anM + (1= an®)|llon = 2|12 = 6a(1 = k1 = 8al| A2 (S = ) Aza] 2]
where
* * * 2
M =sup { [3le, — a1 + (%) - 8271}
This implies
(1=0n€)dn(1=k1 =0u | AP (S—1) Az ||* < anM+(1=an&)lon—a* | ~l|zns1—2|*.
By condition (C1), we obtain
lim (S —I)Ax,|| = 0. (3.7)
By (3.1), we get
un = anll = llon f(2n) + (I — anB)(zn + 6, A™(S — I)Azy) — 24|
<Ol AINI(S = DAz || + anl[f(2n) — Bn — 0, BA™(S — I) Azp||.
By (3.7) and condition (C1), we obtain
nh_{rgo lun, — z,| = 0. (3.8)
From (3.2), we have
Bn(1 = ka = Bo)lun = Tun|® < |lun — 2*[* = [lwnss — 2™
= |un — 2 ||* + 2(up — 0, T, — )
+ |z — 2% 1.
This together with (3.8) and condition (C3) imply
nlLH;O |un, — Tuy|| = 0. (3.9)

- Hxn+1 -
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We now claim

limsup(f(z*) — Bz*,u, — ") <0, where " = Pr(f +1 — B)x".

n—oo

To see this, choose a subsequence {u,, } of {u,} such that

limsup(f(z*) — Bz*,u, — z*) = lim (f(z*) — Ba™, up, — x").
n— 00 100

Since the sequence {u,, } is bounded, there exists a subsequence {unj} of {u,,} such

that U, — 2 € H;. Without loss of generality, we may assume that u,, — z € Hj.

By the demiclosedness principle of T'— I at zero and (3.9), we get z € F(T'). Using the

fact that A is a bounded linear operator, u,, — z € H; and (3.8), we can conclude

that x,, — z and Az,, — Az. Since S — I is demiclosed at zero and (3.7), we also
have Az € F(S). So z € F(T)N A='F(S). Thus, we have

lim sup(f(z*) — Bz*, u,, — z*)

lim (f(z*) — Bx™,u,, — ™)
n—oo 11— 00

(f(a) = Bx*, 2z — x%)
< 0
so we have the claim. Using Lemma 2.5(iii), we have
tm — 22 = o (f(@n) = Ba™) + (I = anB) (@ + 62 4%(S — 1) Az — )2
<\ = anB|?||zn + 6, A% (S — I) Az, — 2*||?
+ 20, (f(xn) — Bz, up — *)
< (1= and)llzn — 2*|* + 200 (f(20) = f(z"), upn — 2%)
+ 20, (f(z") — Bx™, uy, — ™)
< (1 - and)llzn — 2*|* + 2anpllon — o*|[lun — 27|
+ 20, (f(z*) — Bx*,up, — x*)
< (1= and)llzn — x*HZ + anpllzn — x*HQ + appllun — x*HQ
+ 20, (f(x") — Bx™, up, — x*). (3.10)
From (3.2) and (3.10), we obtain

lensr — a7 < un — 22

1—an+agp 2 20
< | —=> P g, — 2F *Y — Ba*,u, — z*
_[ B }nm P ) = B =)
an (& —2 N 200, N N ,
I PG (f(z*) - Ba*,uy, — z*)
1_047“0 l_anp

(3.11)

By (3.11) and Lemma 2.6, we can conclude that z, — z* as n — oco.
Case 2. Suppose that there exists an integer m, such that

[2m, — 2"l < l[@m, 1 — "]
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Put k,, = ||z, — «*| for all n > m,. Then we have k,,,, < Ky, +1. Let {7(n)} be a
sequence defined by

7(n) =max{l € N : | <n,k < Kiy1},

for all n > m,. By Lemma 2.7, we obtain that {r(n)} is a nondecreasing sequence
such that

nh_}n;o 7(n) =00 and kK, < Kr(n)41, forall n>my,.
Similarly of Case 1, we also have
nhﬁrrgo (S —I)Az (|| =0, and nl;r{:o tr(n) — Ttz = 0.
By the demiclosedness principle of S — I and T' — I at zero, we obtain
W (Ur(ny) CT.
This implies that

limsup(f(z*) — Bx™, ur@n) —2") < 0. (3.12)
n—oo
It follows from (3.11) that
Ar(n (5_2p) 20{7-71 * * *
Ii72_(n)+1 < 1 s A e (n) f(@") = Bx™ upmy —x*). (3.13)

L—arep |77 71— armyp
Since Kr(n) < Kr(n)41, and by (3.13), we obtain
2
2 <= *) — Bx* — ). 3.14
K‘r(n) = 5_ 20 <f(:17 ) T 5 Ur(n) T > ( )
This together with (3.12), we get
limsup K£-(») <0,
n—oo
and hence lim,, o K7(n) = 0. Using again (3.13), we get
hvlzn—?olip “3(n)+1 < liTrLILsolip H,Qr(n),

which implies lim,, o0 £7(n)41 = 0. Applying Lemma 2.7, we get
0 < kn < max{kr(n), Kir(n)+1}-
It follows that lim,, oo K, = 0, i.e., lim, _ o x, = x*. This completes the proof. I

It is known that the resolvent operator JM of a maximal monotone mapping M
is firmly nonexpansive for all § > 0 and F(J}) = M 10, so J} is 0-demicontractive
mapping and Jé” — I is demiclosed at zero. Hence we obtain the following result
directly from Theorem 3.1.

Theorem 3.2. Let Hi, Hy, A, A*, f, B and S be the same as Theorem 3.1. Let M :
Hy — 211 be a mazimal monotone mapping. Suppose that Q = M 0N A=Y (F(S)) #
(0. For x1 € Hy arbitrarily, let {u,} and {x,} be generated by:

{ Un = anf(an) + (I — apB)(xn + 6, A7 (S — I)Azy,),
(3.15)

Tn+1 = (1 - Bn)un + /Bn']éwunv n €N,
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where {6, }, {an} and {B,} are sequences in (0, 1) satisfying following conditions:
(C1) limy, 00 vy, = 0;
(C2) 3202 an = 00;
(C3) 0<a<pB,<b<l
(C4) 0<c<6,<d< ﬁ
Then the sequence {x,} converges strongly to x* = Po(f + I — B)z*.
We are now interested to apply our main result(Theorem 3.1) to the problem of

finding
r€ MT'0ONF(U) such that Az € F(S), (3.16)

where M : H; — 21 is a maximal monotone mapping, U : H; — H; is a quasi-
nonexpansive mapping, S : Ho — Hs is a ki-demicontractive mapping and A : Hy —
H, is a bounded linear operator. To do this, we need the following lemmas:

Lemma 3.3 ([3]). Let S : X — X be quasi-nonexpansive mapping, T : X — X

strictly quasi-nonexpansive mapping and F(S) N F(T) # 0. Then
F(ST)=F(TS)=F(S)NnF(T).

Furthermore, ST is quasi-nonexpansive mapping and TS s strictly quasi-

NONETPansive mapping.

Remark 3.4. Every a firmly nonexpansive mapping is a strictly quasi-nonexpansive

mapping.

Lemma 3.5. Let H be a real Hilbert space. Let J : H — H be a firmly nonexpansive

andV : H — H be a quasi-nonexpansive mapping such that V — I is demi-closed at
zero. Asume that F(J)NF(V) # 0, then

(i) VJ —1I is demiclosed at zero.
(i) JV —1I is demiclosed at zero.

Proof. Let p e F(J)NF(V).

(i) Let {z,} C H be such that z,, = z* and VJz,, — x,, — 0. We will show that z* €
F(VJ)=F(V)NnF(J). By quasi-nonexpansiveness of V' and firmly nonexpansiveness
of J, we get

IV Iz, —p|? < [Tz, — pl?
e e P
This implies that
120 = 2al® < llzn = plI* = |V J2n — plf?
= [lzn = pll + [IVJzn = pl] lll2n — Pl = IV J2n — pl]
< M|xp — Vx|,

where N' = sup, {[|lzn — pl| + [V Jzn — pl}-
Thus, Jx, — x, — 0. It follows that

WVan, —xn| < ||V, — VIz,| + ||VJIz, — x|
<N wn — Jzp|| + |VI2n — x4
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Hence Vz,, — z, — 0. By demiclosedness of V — I and J — I at zero, we have
e F(V)NF(J)=F(VJ) (by Lemma 3.3).
(ii) Let {z,,} C H be such that z,, = z* and JVz, — z, — 0. We will show that
x* € F(V)N F(J). By quasi-nonexpansiveness of V' and firmly nonexpansiveness of
J, we get

[JVan = pl* < |[Vay —pl? = [TV, — Va,|?

<l = plI? = [TVan = Vag|*.

Observe that

1TV 2y = V| < e = pl* = 1T7Van - plf?

< N||ap — IV, |,

where N = sup,, {||z, — p|| + |[TVz, — ||}
This implies JVx,, — Vx,, — 0. From

|Jzp — xn|| < | Jxp — V|| + || TVETn — 0|
< lwn = Van | + [TV, — zal,
and
WV, —z,| <[V, — IVa,| + | TVE, — 24,
it follows that Vz,, — x,, — 0 and Jx, — x, — 0. By demiclosedness of V — I and

J — I at zero, we have z* € F(V)NF(J) = F(JV) (by Lemma 3.3). O

Theorem 3.6. Let Hi,Hs, A, A*, f,B and S be the same as Theorem 3.1. Let
M : Hy — 2™ be a mazimal monotone mapping. Let U : Hy — H; be a quasi-
nonezxpansive mapping such that U — I is demiclosed at zero. Suppose that

Q=M10NFU)NATL(F(S)) # 0.
For xy € Hy arbitrarily, let {u,} and {x,} be generated by:

{ Up = anf(xn) + (I — anB)(xy + 0,4 (S — I)Axy,),
(3.17)

Tpy1 = (1= B)un + BuUTMu,, n € N,
where {6, }, {an} and {B,} are sequences in (0, 1) satisfying following conditions:
(C1) limy, 00 vy = 0;

(C2) 320~y om = 005
(C3) 0<a<fB,<b<1
(C4) 0<c<b, <d<

Then the sequence {x,} converges strongly to x* = Po(f + I — B)z*.

Proof. If we set T = UJM, then T is 0-demicontractive mapping. By Lemma 3.3 and
Lemma 3.5, Theorem 3.6 is directly obtained by Theorem 3.1. O

It is known that every (a, 8)-generalized hybrid is quasi-nonexpansive mapping, so
the following result is directly obtained by Theorem 3.6.
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Theorem 3.7. Let Hi, Hy, A, A*, f, B and S be the same as Theorem 3.1. Let M :
Hy — 21 be a mazimal monotone mapping such that D(M) C C. Let U : C — C be

a (a, B)-generalized hybrid mapping such that U — I is demiclosed at zero. Suppose
that Q@ = M—10N F(U)N A=L(F(S)) # 0. For z1 € C arbitrarily, let {u,} and {z,}
be generated by:

{ Up = anf(xn) + (I — anB)(xy + 0,4 (S — I)Axy,),
(3.18)

Tp+1 = (1 - 611)“77, + BnUJé\/[un, n e N7
where {0, }, {an} and {B,} are sequences in (0,1) satisfying the following conditions:
(C1) limy, 00 vy = 0;

(C2) 3252y om = 005
(C3) 0<a<fB,<b<l;
(C4) 0<c< b, <d< 74

Then the sequence {x,} converges strongly to x* = Po(f + I — B)z*.

4. APPLICATIONS
Now, we apply our main results to study the following problems:

4.1. The split common null point problem. In this section, we apply Theorem
3.1 to solve the split common null point problem in Hilbert spaces. Let H; and
Hs be two real Hilbert spaces. Let M; : H; — 21 (1 <i < p) and Uj : Hy — 2H>2
(1 < j <q). The split common null point problem (SCNPP) is to find a point u* € H;
such that

P
0€ () M, (4.1)
i=1
and the point v; = Aju” € Hy satisfy

q
0e(Uju;, (4.2)

j=1
where A; : Hi — Hs (1 < j < g¢) are bounded linear operators.
When p = ¢ = 1 above SCNPP is reduced to find a point u* € H; such that
0€ Mu* and 0€U(Au"). (4.3)

We denote the solution set of (4.3) by €.
The following result is a strong convergence theorem for the split common null
point problem (4.3).

Theorem 4.1. Let Hy, Hy, A, A*  f and B be the same as Theorem 3.1. Let M :
Hy — 20y and U : Hy — 2H2 be two maximal monotone mappings. Suppose that
Q£ 0. For x1 € Hy arbitrarily, let {u,} and {x,} be generated by:

=a,f(x -« T “(JY — T
{Un— nf( n)+(I nB)( n+0nA (Jé I)A n)v (4-4>

Tp+1 = (1 - ﬁn)un + ané\/[una n e Na
where {6, }, {an} and {B,} are sequences in (0, 1) satisfying the following conditions:
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(C1) lim,,— 00 vy = 0;

(C2) 3257, on = 005

(C8) 0<a<p,<b<l
(C4) 0<c<6,<d< W.

Then the sequence {x,} converges strongly to x* = Po(f + I — B)x*.

Proof. Set S = JY and T = JM for all § > 0. Then S and T are O-demicontractive
mappings. Then Theorem 4.1 is directly obtained by Theorem 3.1. (]

4.2. The split variational inequality problem. Let C' and ) be nonempty closed
convex subsets of two real Hilbert spaces H; and Hs, respectively. Let A : Hy — Hy
be a bounded linear operator, g : H; — Hy and h : Ho — H,. The split variational
inequality problem (SVIP) is to find a point u* € C such that

(g(u*),x - U*> > 07 V€ 07 (45)
and the point v* = Au* € @ satisfy
(h(v*),y —v*) >0, VyeQ. (4.6)

We denote the solution set of the SVIP by 2 = SVIP(C,Q, g, h, A). The set of all
solutions of wvariational inequality problem (4.5) is denoted by VIP(C,g) and it is
known that VIP(C, g) = F(Pc(I — Ag)) for all A > 0.

We now prove a strong convergence theorem for split variational inequality problem
(4.5) and (4.6).

Theorem 4.2. Let Hy and Hs be two real Hilbert spaces, C and Q) be nonempty
closed convex subsets of Hy and Hy, respectively. Let A : Hy — Hsy be a bounded linear
operator with its adjoint operator A* and f : Hi — Hy be a p-contraction mapping
and B be a self-adjoint strongly positive bounded linear operator on Hy with coefficient
E>2pand||B||=1. Let g : Hi — Hy and h : Hy — Hy beny and na-inverse strongly
monotone mappings, respectively. Let S := Po(I — Ah) and T := Pc(I — Ag), where
A € (0,2n] and n = min{ny,n2}. Suppose that 2 # 0. For x1 € H;y arbitrarily, let
{un} and {x,} be generated by:

4.7
Tnt1 = (1= Bn)un + BnTun, n €N, (4.7)

where {6, }, {an} and {B,} are sequences in (0, 1) satisfying the following conditions:

(C1) limy, 00 ot = 0;

(C2) 3257, an = 005

(03) 0<a<fp<b<l;

(C4) 0<c< by <d< g

Then the sequence {x,} converges strongly to x* = Po(f + 1 — B)x*.

{un = opnf(zn) + (I — anB)(zy + 0, A% (S — I)Axy,),

Proof. 1t is known that S := Pg(I — Ah) and T := Pc(I — Ag) are nonexpensive
mappings and hence they are 0-demicontractive mappings. We obtain the desired
result from Theorem 3.1. O
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4.3. The split convex minimization problem. Let G : C' — R be a real-valued
convex function. The constraint minimization problem is to find z € C such that

G(z) = min{G(x) : z € C}. (4.8)

We denote {2 by the solution set of minimization problem. If G is Fréchet differen-
tiable, then u* € (2 if and only if

(VGu*),z —u*) >0, VreCl, (4.9)

where VG is the gradient of G. It is known that the solution set of (4.9) is the fixed
point set of Po(I—AVG) for all A > 0. Let C' and @ be nonempty closed convex subsets
of two real Hilbert spaces H; and Hs, respectively. Observe that if G : H; — H; and
H : Hy — Hy are Fréchet differentiable convex functions on C' and @, respectively,
and take g = VG and h = V H, then the split convex minimization problem (SMP) is
to find a point u* € C such that

u* = argmin{g(z) : x € C}, (4.10)
and the point v* = Au* € @Q satisfy
v* = argmin{h(z) : z € Q}. (4.11)

We denote the solution set of the SMP by 2. The following result is obtained directly
by Theorem 3.1.

Theorem 4.3. Let Hy, Hy,C,Q, A, A*, f and B be the same Theorem 4.2. Let G :
Hy — Hy and H : Hy, — Hy be Fréchet differentiable convex functions on C' and
Q, respectively. Suppose that VG and VH be 11 and nq-inverse strongly monotone
mappings, respectively and Q@ # 0. Let S := Po(I — A\VH) and T := Pc(I — A\VG),
where where X\ € (0,2n] and n = min{ny,n2}. For x1 € Hy arbitrarily, let {u,} and
{zn} be generated by:

{ Un = o f(2n) + (I — 0 B) (2 + 6,47 (S — 1) Azy,), (4.12)

Tnt1 = (1 — Bn)tn + BnTtn, n €N,
where {6, }, {an} and {B,} are sequences in (0,1) satisfying the following conditions:
(C1) limy, 00 vy = 0;

(C2) 32,5 an = 005
(C3) 0<a<fB,<b<l;
(C4) 0<c< by <d< A

Then the sequence {x,} converges strongly to x* = Po(f + I — B)x*.

4.4. The split equilibrium problem. Let H; and H> be two real Hilbert spaces
and let C' and @ be nonempty closed convex subset of Hy and Hs, respectively. Let
A : H; — Hj be a bounded linear operator, g : C' x C — Rand h: Q x Q — R be
two bifunctions. The split equilibrium problem(SEQP) is to find a point u* € C such
that

gu*,x) >0, Vzedl, (4.13)
and Au* € @ satisfy

h(Au*,y) >0, VyeQ. (4.14)



THE SPLIT FIXED POINT PROBLEM 521

We denote the solution set of the SEQP by 2. The following lemmas are useful for
our main result.

Lemma 4.4 ([1]). Let C be a nonempty closed convex subset of H and g be a bifunc-
tion of C' x C into R satisfying the following condition:

(A1) g(x,x) =0 for all x € C;

(A2) g is monotone, i.e., g(x,y) + g(y,x) <0 for all z,y € C;

(A3) for each z,y,z € C,

limsup g(tz + (1 - t)x,y) < g(x,y);
t10

(A4) g(x,-) is convex and lower semicontinuous for all x € C.
If g: C x C = R is a bifunction satisfying the condition (Al) — (A4) and let r > 0
and x € H. Then there exists z € C' such that

1
g(Z,y)—F;(y—z,z—x) >0, forallyecC.

Lemma 4.5 ([5]). Let C be a nonempty closed convexr subset of H and g be a bi-
function of C x C into R satisfying the condition (A1) — (A4). Forr >0 and x € H,
define a mapping T, : H — C of g by

1
Trx:{zeC : g(z,y)—k;(y—z,z—x)ZO, VyGC}7 Ve € H.

Then the following hold:
(i) T, is single-valued;
(i) T, is firmly nonexpansive;
(iii) F(Tv) = EP(g);
(iv) EP(g) is closed and convex.

Lemma 4.6 ([15]). Let C be a nonempty closed convexr subset of H and g be a
bifunction of C' x C into R satisfying the condition (A1) — (A4). Define Ay as follows:

{z€ H : g(z,y) > (y—z,2) Vy € C} if v e C,
A(z) = (4.15)
0 if x ¢ C.
Then EP(g) = A;'(0) and A, is mazimal monotone with the domain of Ay in C.

Furthermore,
To(z)= (I +71Ay) " (z), Vr>0.

Since the resolvent of the maximal monotone operators are firmly nonexpansive,
the following result is immediately obtained by Theorem 3.1.

Theorem 4.7. Let Hi,H>,C,Q, f and B be the same Theorem 4.2. Let g: C xC —
R and h: Q x Q — R be two bifunctions satisfying the condition (Al) — (A4). Let Ty
and T, be the resolvent of Ay and Ay, (as defined in (4.15)) for é,r > 0, respectively.
Suppose that Q # (. For x1 € Hy arbitrarily, let {u,} and {z,} be generated by:

{ tn = an f(@n) + (I = anB) (@ + 52 A* (T, — I)Az), (4.16)

Tn+1 = (1 - ﬁn)un + 6nT§un7 n e N7
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where {0, }, {an} and {B,} are sequences in (0,1) satisfying the following conditions:

(C1) lim,,— 00 vy = 0;

(C2) 3257, on = 005

(C8) 0<a<p,<b<l
(C4) 0<c<é,<d< W.

Then the sequence {x,} converges strongly to x* = Po(f + I — B)z*.

Remark 4.8. We make the following remarks concerning our results.

(i) In the results of Moudafi [9], he obtained the weak convergence for the SFPP of
two demicontractive mappings, but in this paper we obtain the strong conver-
gence for the SFPP of two demicontractive mappings.

(ii) In 2014, Takahashi, Xu and Yao [16] proposed an iterative method for solving
problem (3.16), where U : Hy — H; is a generalized hybrid mapping and S :
Hy; — Hs is a nonexpansive mapping. They obtained only weak convergence
but Theorem 3.7 a strong convergence for this problem.

(iii) Some authors, (see [12, 11, 13]), introduced iterative methods for solving SFPP
for two demicontractive mapping and also obtained strong convergence. How-
ever, our iterative method is different from those works.

5. NUMERICAL EXAMPLE FOR THE MAIN RESULT

Let Hy = Hy = (R%,]| - ||2). Define mappings f,S,T : R> — R> by

f@)= x, S()=—o, T(x) =2z,
X I (2/3).’E1
X9 i) (1/3)1‘2
where z = | 3 | € R® and let B : R® — R® be defined by B | 23 | = T3
Ty Xq (1/3).1‘4
Ts Zs5 (1/3)I5

Then f,B,S,T are 1—16—contracti0n, self-adjoint strongly positive linear bounded op-
erator with coefficient §& = %, %—demicontractive mapping and %—demicontractive

mapping, respectively. Note that S and T are not quasi-nonexpansive mapping.

n 1 1
Choose a, = lln—l’én = 1,000n—1’and Bn = 5~ Eon for all n > 1. Let
0 4 5 4 0 3
1 5 -5 0 2 5
A=1]11 -3 =5 0 0 |. We start with the initial point x1 = | —4 | and let
1 0 1 3 -9 2
2 1 1 4 1 -3

{z,} be the sequence generated by

Un = anf(an) + (I — apB)(xn + 6,A7(S — I)Axy,),
Tn+1 = (1 - Bn)un + /BnTun7 n e N7
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Suppose that z,, is in the form z,, = | ¢, | , where a,,, b,,, c,, d,, e, € R. The criterion
€n

for stopping our testing method is taken as: ||z,_1 — z,|l2 < 1076, The value of x,,
and ||z,—1 — xp||2 are shown in the following table:

n an bn Cn dn €n ||xn71 — xn”2
3.00000000 5.00000000 -4.00000000 2.00000000 -3.00000000 -
-1.08774016 -1.79768060 1.36469369 -0.59389907 0.99813989 10.6963290
0.43935004 0.70132834 -0.52041873 0.18097608 -0.36492268 3.8195641
-0.18495636 -0.28155872 0.20344520 -0.05183887 0.13932102 1.4792799
0.07989845 0.11486268 -0.08000925 0.01234365 -0.05477975 0.5911336
-0.03519913 -0.04738171 0.03142980 -0.00127037 0.02203001 0.2409864

SO W N~

21 0.00000053 0.00000018 0.00000009 -0.00000035 -0.00000009 0.0000020
22 -0.00000026 -0.00000008 -0.00000005 0.00000017 0.00000004 0.0000010
23 0.00000013 0.00000004 0.00000003 -0.00000009 -0.00000002 0.0000005

0
0
We observe from the table that z,, — 0 € F(T) N A~ (F(S)), where 0 = | 0
0
0
We also note that the error bounded of ||z99 — @23]]2 < 1075 and we can use
0.00000013
0.00000004
Toz = 0.00000003 ,
—0.00000009
—0.00000002

to approximate the solution of SFP with accuracy at least 6 D.P.

6. CONCLUSION

In this work, by using the concept of viscosity approximate method and Mann
iteration in a Hilbert space we introduce a new algorithm for solving the split fixed
point problem for two demicontractive mappings, we obtain strong convergence re-
sult under some suitable control conditions and apply our main results to study split
common null point problems, split variational inequality problems, split convex mini-
mization problems and split equilibrium problems. Moreover, we give some numerical
experiment to support our main results. The novelty of this work are the following:

(1) We obtain a new algorithm for solving the split fixed point problem for two
demicontractive mappings.

(2) We obtain strong convergence of our proposed algorithm which is more desirable
than that Moudafi [8].
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(3)
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We can apply our main results to study split common null point problems, split
variational inequality problems, split convex minimization problems and split
equilibrium problems.
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