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Abstract. In this paper the existence and uniqueness of best proximity point for Reich-type con-
traction on b-metric spaces endowed with a graph is established. These results are significant, since
we replace the condition of continuity of mapping with the condition of G-continuity of mapping
and we consider b-metric spaces endowed with a graph instead of metric spaces, under which can be
unified some theorems of the existing literature.
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1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space, A and B two non-empty subsets of X and T: A — B
be a non-self mapping. The best proximity point of T are the set all points x in
A such that d(z,Tx) = d(A, B), where d(A, B) = inf{d(z,y);z € A, y € B}. The
purpose of best proximity point theory is to furnish sufficient conditions that assure
the existence of such points. Hence, numerous works on best proximity point theory
were studied by giving sufficient conditions assuring the existence and uniqueness of
these points such that several authors have studied different contractions for having
the best approximation point in metric spaces and partially ordered metric spaces in
[4, 5, 13, 14, 15, 16, 17, 19] and references therein. In 2008, Jachymski [10] applied
graphs in metric fixed point theory and generalized the Banach contraction principle
in both metric and partially ordered metric spaces. In the sequel, many authors
proved some fixed point theorems and best proximity point results in various metric
spaces endowed with a graph (for example, see [1, 2, 3, 9, 18]). On the other hand,
the concept of b-metric spaces was studied by Bakhtin [6] and Czerwik [8].

The purpose of this paper is to prove the existence and uniqueness of best proximity
points for contractive mappings (specially, Reich-type contraction [12]) in b-metric
spaces endowed with a graph. Our results are the extensions of some best proximity
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point theorems given in terms of metric spaces, partially ordered metric spaces and
b-metric spaces to b-metric spaces equipped with a graph G.
We start by reviewing a few basic notions about b-metric spaces and graph theory.

Definition 1.1. Let X be a nonempty set and s > 1 be a real number. Suppose that
the mapping d: X x X — [0,00) satisfies in the following conditions:

(d1) d(z,y) =0 if and only if z = y;

(d2) d(z,y) =d(y,x) for all z,y € X;

(ds) d(z,z) < sld(x,y) +d(y, 2)] for all z,y,z € X.

Then d is called a b-metric and (X, d) is called a b-metric space (or type metric space).

Obviously, for s = 1, a b-metric space is a metric space. Also, for notions such
as convergent and Cauchy sequences, completeness, continuity and etc in b-metric
spaces, we refer to [11].

In an arbitrary graph G, by a link, it is meant an edge of G with distinct ends
and by a loop, an edge of G with identical ends. Two or more links of G with the
same pairs of ends are called parallel edges of G. Let (X, d) be a metric space and G
be a directed graph with vertex set V(G) = X such that the edge set E(G) contains
all loops and G has no parallel edges. Under these hypotheses, the graph G can be
easily denoted by a pair (V(G), E(G)) and it is said that the metric space (X, d) is
endowed with the graph G. For more details on graphs, see [7].

Now, consider a pair (A4, B) of nonempty subsets of (X, d). Then we will apply the
following notations in the sequel.

d(A,B) =inf {d(z,y) : x € A, y € B},
Ag={z € A: d(z,y) = d(A, B) for some y € B},
By ={y € B: d(z,y) = d(A, B) for some z € A}.

2. MAIN RESULTS

In this section, we assume that (X,d) is a b-metric space with parameter s > 1
endowed with a graph G and (A, B) is a pair of nonempty closed subsets of X with
Ag # 0 unless otherwise stated.

Definition 2.1. Let (A, B) be a pair of nonempty subsets of a b-metric space (X, d)
and T : A — B be a non-self mapping. An element x € A is said to be a best
proximity point for T if d(x,Tz) = d(A, B).

By the above notations, if x is a best proximity point for T, then we have x € Aq
and Tz € By.

Definition 2.2. A pair (A, B) of nonempty subsets of a b-metric space (X, d) is said
to have the P-property if

d(x1,y1) = d(A, B) B
d(w2,y2) = d(A, B) = d(z1,22) = d(y1,y2)
for all z1,z9 € Ap and y1,y2 € By.

In Definition 2.1 and Definition 2.2, set s = 1. Then we have the same definitions in
metric spaces introduced in [14, 16]. Also, with change in Jachymski’s definition [10,
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Definition 2.3], we formulate the notion of G-continuity in b-metric spaces endowed
with a graph for non-self mappings as follows.

Definition 2.3. [10] Let (X,d) be a b-metric space endowed with a graph G. A
mapping T : A — B is said to be G-continuous on A if x, — x in A implies
Tz, — Tx in B for all sequences {x, } in A with (z,,2,4+1) € E(G) forn =1,2,---.
Also, motivated form the idea of Sadiq Basha [14], we introduce the concept of a
G-proximal mapping in a b-metric space endowed with a graph as follows.

Definition 2.4. A non-self mapping T : A — B is G-proximal if T satisfies

(y1,92) € E(G)
d(ml,Tyl) = d(A, B) = (l‘l,wg) € E(G)
d(xg, Tyz) = d(A, B)

for all x1,z2,y1,y2 € A.

Theorem 2.5. Let (X,d) be a complete b-metric with parameter s > 1 endowed with
a graph G and d be a continuous mapping in two variables. Suppose that there exists
G-continuous mapping T : A — B such that the following conditions hold:
(1) T is a G-prozimal with T(Ag) C By and the pair (A, B) satisfies the P-
property;
(1) there exist elements xg, 1 € Ay such that (xo,z1) € E(G) and
d(xl, Tﬂ?o) = d(A7 B);
(#i2) there exist non-negative constants c, 8,7 such that

d(Tw, Ty) < ad(z,y) + fd(x, Tx) + yd(y, Ty) — s(6 +7)d(A, B) (2.1)

for all z,y € A with (z,y) € BE(GQ), where s(a+7) + s?8 < 1.

Then T has a best proximity point in A. Furthermore, if for any two best proximity
points u,v € A we have (u,v) € E(G), then T has a unique best proximity point in
A.

Proof. From x1 € Ag and T(Ag) C By, there exists an x5 € A such that d(xo, Tz1) =
d(A, B). In particular, x5 € Ag. Since d(x1,Txo) = d(A, B), (zg,z1) € E(G) and T
is G-proximal, then (x1,22) € E(G). Continuing this process, we obtain a sequence
{zp} in Ap such that

d(zp41,Tx,) = d(A,B) and (zp,%n+1) € E(G) n=0,1,---. (2.2)
Since the pair (4, B) satisfies the P-property, it follows for all n € N that

d(xp, Txn_1) = d(A, B)

= d(zp, Tni1) = d(Txp_1,Txy). 2.3
d(mn+1,Txn)=d(A,B)} (ac &U+1) (Txp—1 33) (2.3)
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Using (2.1)-(2.3) and triangle inequality. Since (z,,2n+1) € E(G) for all n € N, we
get

d(xn, Znt1) = dTxp-1,Txy)
< ad(tp-1,2n) + Bd(xn—1, Txn_1) +vd(zn, Tx,) — s(B8 + v)d(A, B)
< ad(Tp-1,%n) + Bs[d(xn_1, ) + d(xn, TTn_1)]
+s(d(zn, Tpy1) + d(@ny1, Try)] — s(B+7)d(A, B)
= ad(xp_1,zn) + sB8d(zn_1, Tn) + sBld(xy, Txn_1) — d(A, B)]
+ syd(xp, Tpi1) + sY[d(@ni1, Txy) — d(A, B)]
= ad(Tp_1,2Tn) + $Bd(xp_1,Tn) + svd(Tpn, Tnt1),
which implies that

d(fL'n7 xn+1) < ot Sﬁ

d’ﬂ*?TL
—1—-sy (@1, 2n)

for all n € N. By repeating this process, we have
d(Tpn, Tnt1) < ANd(x9,21) (2.4)
for all n € N, where

Og)\:a+56<1.
1—sy s

Now, let m,n € N with m > n > 1. Using (2.4) and triangle inequality, we have
d(mna xm) S S[d(l‘ny xn-&-l) + d(xn-ﬁ-la xm)]

< sd(Tp, Tngr) + 52[d(xn+la Tpt2) + d(Tni2, Tm)]

< 8d(Tn, Tng1) + 82d(Tpg1, Togo) + -+ 8" (T 1, Ton)
< [S)\n + 52/\n+1 R SminAmil]d(on,l’l)

SA”
1—3sA
Hence, {x,} is Cauchy sequence. Since (X, d) is a complete space, there exists z* € X
(depending on xy and z;) such that z,, — x*. Moreover, z* € A (since A is closed).

We next show that z* is a best proximity point for 7. By the G-continuity of 7" on
A, since z,, — =* and (2, ny1) € E(G) for n =0,1,---, we get Tz, — Tx*. Also,
the joint continuity of the metric function d implies that d(z,,Tx,) — d(z*, Tz*).
On the other hand, (2.2) shows that the sequence {d(z,,Tx,)} is a constant sequence
converging to d(A, B). Since the limit of a sequence is unique, we get d(z*, Tx*) =
d(A, B); that is, z* is a best proximity point for 7. Moreover z* € Ay and T'z* € B.

To show uniqueness, suppose that x** is another best proximity point of 7' such
that (z*,2**) € E(G). Since the pair (A, B) satisfies the P-property, we have

d(z*,Tx*) = d(A, B)
d(z**, T2™) = d(A, B)

IN

d(zg,z1) =0 as n — oo.

} = d(z*,2"") = d(Tx", Tx™™)
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for z*,z** € Ag and Tz*, Tx** € By. Hence, by (2.1),
d(z*,z**) = d(Tz*, Tz"™™)
< oad(z*,x™) + pd(z*, Tx*) + vd(«™, Tx™™) — s(B + v)d(A, B)
<ad(z*,z")+ Bld(z*,Tz") — d(A, B)]
Fld(@™, Ta™) — d(A, B)] — (s — 1)(8 +2)d(A, B)
< ad(xz*,z*™).
Since @ < sa and s(a +7) + s28 < 1 we have a < 1. Thus, we get d(z*,2**) = 0;
that is, * = x**. This completes the proof.
Example 2.6. Let X = R2. Define d: X x X — [0,+00) by
d((@1,51), (22, 92)) = (21— 22)* + (Y1 — y2)?
for (x1,91), (v2,y2) € R%. Then (X,d) is a b-metric space with parameter s = 2. Let
A={(z,1):2€0,1]},
B={(y,0):y€0,1]}.

Clearly, d(A,B) =1, A = Ag and B = By. In particular Ay is nonempty. Also, let
T : A — B defined by

(0,00 0<z<l,
T(x,1) = 9 (z €[0,1]).
<,0> r=1
3
Observe that for elements (1,1) and (1,1) and given any «, 8,7 € [0,1) with
200+ 2y + 48 < 1 for s = 2, we have

o (2a))-+((3)-00)

(2a + 2y +4p)

V
D Ol Ok =

\%

+ o+ 228+ 7)

(00 (1)) voe (1 (30))
+9((5:1).0.0) = 25+)
(0:0-(31))

=ad | (1,1), (; 1) + Bd((1,1),T(1,1))

+nd ((; 1) T (; 1)> —2(8 +7)d(A, B).

So T does not satisfy the usual version (non-graph version) of (2.1).
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Now, define a graph G4 by V(G4) = R? and
E(G4) = {((z1,22), (z1,22)) : (z1,22) € R} U{((0,1),(1,1)), ((1,1),(0,1))},

Suppose that (R?,d) is endowed with G4. Moreover, one can be simply show that
the pair (A, B) satisfies the P-property, T is G4-proximal and T'(Ag) C By and T is
a G4-continuous.

Now, take a = %7 =0and v=0, so 2a + 2y + 48 < 1. Assume that z € [0,1].
Then we have

d(T(z,1),T(2,1)) =0
< ad((z,1), (z,1)) + Bd((z,1), T(2,1)) +~d((z, 1), T(z, 1))
—2(8+7)d(A, B).
Also,

d(T(0,1),T(1,1)) = d <(0, 0), @ 0>>

>~

)
< ad((0,1),(1,1)) + Bd((0,1),T(0,1)) + d((1,1),T(1,1))
—2(B+7)d(A, B).

Thus, T is satisfy the (2.1). Moreover, all hypotheses of Theorem 2.5 is satisfied.
Therefore, T has a best proximity point z* = (0, 1).

Now, let z** = (x,1) € A with « € (0, 1] be another best proximity point of T'.

If z € (0,1), then

d((z,1),T(z,1)) = d((z,1),(0,0)) = 2? + 1 > d(A, B).
Otherwise, if z = 1, then
2 10
d((1,1),T(1,1)) =d ((1, 1), (3,0)) =35> d(A, B),
which is a contradiction. Hence (0,1) is the unique best proximity point of T
Several consequences of Theorem 2.5 follow for particular choices of the graph.
First, consider the b-metric space (X, d) endowed with the complete graph Gy. If we

set G = Gy in Theorem 2.5, then it is clear that T': A — B is a Gg-proximally on A.
Thus, we get the following corollary.

Corollary 2.7. Let (X,d) be a complete b-metric with parameter s > 1 and d be a
continuous mapping in two variables. Suppose that there exists continuous mapping
T : A — B such that the following conditions hold:

(i) T(Ao) € By and (A, B) satisfies the P-property;
(i1) there exist elements xg,x1 € Ao such that d(z1,Txo) = d(A, B);
(#it) there exist non-negative constants «, 3,7 such that
d(Tz,Ty) < ad(z,y) + Bd(z, Tx) +vd(y, Ty) — s(8 +7)d(A, B)

for all x,y € A, where s(a+7) + 5?8 < 1.
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Then T has a unique best proximity point in X.

Now, suppose that (X, <) is a poset. Consider on the poset X the graph G; given
by V(G1) = X and E(G1) = {(z,y) € X x X : x 2 y}. If we set G = G; in Theorem
2.5, then we obtain following best proximity point result in complete b-metric spaces
endowed with a partial order.

Corollary 2.8. Let (X, =) be a poset, (X,d) be a complete b-metric with parameter
s > 1 and endowed with a graph G1 and d be a continuous mapping in two variables.
Suppose that there exists G1-continuous mapping T : A — B such that the following
conditions hold:
(1) T is a G1-prozimal with T(Ag) C By and (A, B) satisfies the P-property;
(i1) there exist elements xg,x1 € Ag such that xog < x1 and d(z1,Txzo) = d(A, B);
(#it) there exist non-negative constants «, 3,7 such that

d(Tz, Ty) < ad(z,y) + Bd(x, Tz) +vd(Ty,y) — s(B + v)d(A, B)

for all x,y € A with x <y, where s(a+ ) + 28 < 1.

Then T has a best prorimity point in A. Furthermore, if u < v for any two best
proximity point u,v € A, then T has a unique best proximity point in A.

For our next consequence, suppose again that (X, <) is a poset and consider the
graph G defined by V(G2) = X and E(G2) = {(z,y) e X x X 12 2y V y Zz}.
Then an ordered pair (z,y) € X x X is an edge of G if and only if z and y are
comparable elements of (X, =<). If we set G = G2 in Theorem 2.5, then we obtain
another best proximity point theorem in complete b-metric spaces endowed with a
partial order.

Corollary 2.9. Let (X,=X) be a poset, (X,d) be a complete b-metric space with
parameter s > 1 and endowed with a graph G2, and d be a continuous mapping in
two variables. Suppose that there exists Go-continuous mapping T : A — B such that
the following conditions hold:
(1) T is a Gag-prozimal with T(Ag) C By and (A, B) satisfies the P-property;
(i7) there exist comparable elements xg,x1 € Ao such that d(z1,Txzo) = d(A, B);
(#it) there exist non-negative constants «, 3,7 such that

d(Tz, Ty) < ad(z,y) + Bd(x, Tz) +vd(Ty,y) — s(B + v)d(A, B)

for all comparable x,y € A, where s(a +7v) + 5?8 < 1.

Then T has a best prozimity point in A. Furthermore, if each two best proximity point
are comparable, then T has a unique best proximity point in A.

Let € > 0 be a fixed. Recall that two elements z,y € X are said to be e-close if
d(z,y) < e. Finally, let a number ¢ > 0 be a fixed and consider the graph G, given
by V(Ge) = X and E(G:) = {(z,y) € X x X : d(z,y) < e}. If we set G = G.
in Theorem 2.5, then we get the following consequence of our best proximity point
theorem in a complete b-metric spaces.

Corollary 2.10. Let € > 0 be a fized, (X,d) be a complete b-metric space with
parameter s > 1 and endowed with a graph G., and d be a continuous mapping in two
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variables. Suppose that there exists G.-continuous mapping T : A — B such that the
following conditions hold:
(i) T is a Ge-prozimal with T(Ag) C By and (A, B) satisfies the P-property;
(1) there exist e-close elements xg,x1 € Ag such that d(x1,Txo) = d(A, B);
(#i1) there exist non-negative constants «, 3,7 such that

d(Tx,Ty) < ad(z,y) + Bd(z, Tx) +vd(Ty,y) — s(B +v)d(A, B)

for all e-close elements z,y € A, where s(a+7) + s28 < 1.

Then T has a best proximity point in A. Furthermore, if each two best proximity point
are e-close, then T has a unique best proximity point in A.

In Theorem 2.5 and his corollaries, set 8 =« = 0. Then we obtain best proximity
point result for Banach-type contraction in complete b-metric spaces endowed with
the graph G.

Corollary 2.11. Let (X,d) be a complete b-metric with parameter s > 1 endowed
with a graph G and d be a continuous mapping in two variables. Suppose that there
exists G-continuous mapping T : A — B such that the following conditions hold:
(i) T is a G-proximal such that T(Ag) C By and (A, B) satisfies the P-property;
(i1) there exist elements xo and z1 in Ay such that (xg9,x21) € E(G) and
d(.]?l, T.’Eo) = d(A, B),'
(#i1) there emists a € [0, %) such that d(Tz,Ty) < ad(z,y) for all x,y € A with
(z,y) € E(G).
Then T has a best prozimity point in X. Furthermore, if (u,v) € E(G) for any two
best proximity point u,v € A, then T has a unique best proximity point in X .
In Theorem 2.5 and his corollaries, set & = 0 and § = v = K. Then we obtain
best proximity point result for Kanan-type contraction in complete b-metric spaces
endowed with the graph G.

Corollary 2.12. Let (X,d) be a complete b-metric with parameter s > 1 endowed
with a graph G and d be a continuous mapping in two variables. Suppose that there
exists G-continuous mapping T : A — B such that the following conditions hold:
(1) T is a G-proximal such that T(Ag) C By and (A, B) satisfies the P-property;
(ii) there exist elements xo and x1 in Ay such that (zo,z1) € E(G) and
d(.’El, Tl'()) = d(A, B),
(3i) there exists K € [0, ﬁ) such that

d(Tx,Ty) < K[d(z,Tx) + d(y, Ty)] — 2K sd(A, B)
for all z,y € A with (z,y) € E(G).

Then T has a best prozimity point in X. Furthermore, if (u,v) € E(G) for any two
best proximity point u,v € A, then T has a unique best proximity point in X .

In Theorem 2.5, set s = 1. Then we have the following theorem in the framework
of complete metric spaces endowed with a graph G.

Theorem 2.13. Let (X, d) be a complete metric space endowed with a graph G. Also,
let T : A — B be a G-continuous mapping such that following conditions hold:

(i) T is a G-prozimal such that T(Ao) C By and (A, B) satisfies the P-property;
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(ii) there exist elements xo and x1 in Ay such that (zo,z1) € E(G) and
d(z1,Txo) = d(A, B);
(#it) there exist non-negative constants «, 3,7 such that

d(Txz, Ty) < ad(z,y) + pd(z, Tx) + vd(y,Ty) — (8 + 7)d(A, B)
for all z,y € A with (x,y) € E(G), where a +~v+ 8 < 1.

Then T has a best prozimity point in X. Furthermore, if (u,v) € E(G) for any two
best proximity point u,v € A, then T has a unique best proximity point in X .

Remark 2.14. In Theorem 2.13, consider Gg, G1, G5 and G. instead of G. Then we
obtain same corollaries 2.7-2.10 in the framework of complete metric spaces endowed
with a graph G.

Also, in two following corollaries, we introduce best proximity point result for
Banach-type contraction and Kanan-type contraction in complete metric spaces en-
dowed with the graph G.

Corollary 2.15. Let (X,d) be a complete metric space endowed with a graph G.
Also, let T : A — B be a G-continuous mapping such that following conditions hold:
(1) T is a G-proximal such that T(Ag) C By and (A, B) satisfies the P-property;
(ii) there exist elements xg and x1 in Ay such that (zg,z1) € E(G) and
d(.’tl, TIL’()) = d(A, B),
(#it) there exists a € [0,1) such that d(Tz,Ty) < ad(x,y) for all x,y € A with
(z,y) € E(G).
Then T has a best prozimity point in X. Furthermore, if (u,v) € E(G) for any two
best proximity point u,v € A, then T has a unique best proximity point in X .

Corollary 2.16. Let (X,d) be a complete metric space endowed with a graph G.
Also, let T : A — B be a G-continuous mapping such that following conditions hold:
(1) T is a G-proximal such that T(Ag) C By and (A, B) satisfies the P-property;
(ii) there exist elements xg and x1 in Ay such that (zo,z1) € E(G) and
d(.’tl, TIL’()) = d(A, B),
(iii) there exists K € [0, %) such that
d(Tz,Ty) < K|d(z,Tz) + d(y, Ty)] — 2Kd(A, B)

for all x,y € A with (x,y) € E(G).
Then T has a best prozimity point in X. Furthermore, if (u,v) € E(G) for any two
best proximity point u,v € A, then T has a unique best proximity point in X .
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