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1. INTRODUCTION

Let C' be a nonempty closed convex subset of a real Hilbert space H with inner
product (-,-) and induced norm || - ||, respectively. Let Pc be the metric projection
from H onto C. Assume that T : C — H is a mapping on C and that F(T) is the
set of fixed points of T, i.e., F(T) = {x € C' : x = Tx}. We denote by R the set of all
real numbers.

The mapping T : C — H is called:

(i) monotone if (Tx — Ty,x —y) > 0 Va,y € C;
(ii) a-strongly monotone if there exists o > 0 such that

(Tz — Ty, —y) > allz —y||* Va,y € C;
(iii) S-inverse-strongly monotone if there exists § > 0 such that
<T$—Ty,l‘—y> ZB||T$—Ty||27 Vl’7y€C. (11)

It is clear that each inverse-strongly monotone mapping is monotone and Lipschitz
continuous and that each strongly monotone and Lipschitz continuous mapping is
inverse-strongly monotone but the converse is not true.

Variational inequality theory has emerged as an important tool in the study of
a wide class of obstacle, unilateral, free, moving, equilibrium problems arising in
several branches of pure and applied sciences in a unified and general framework.
The literature on the variational inequalities is vast. Various efficient methods were
developed by many authors and new iterative algorithms for solving other relevant
problems were proposed, see e.g., [13], [11], [18], [22], [30], [29], [33], [34]. and the
references therein. However, iterative algorithms for solving variational inequalities
is still an important and interesting topic.

Let B1,By : C — H be two nonlinear mappings. Recently, Ceng et al. [13],
considered and studied the problem of finding (z*,y*) € C' x C such that

Biy*+z2* —y*,x—2*) >0, VreCl,
{<p 1y y ) (1.2)

(nBax* +y* —x*,x —y*) >0, Vaxel,

which is called a general system of variational inequalities (GSVI), where p and 7
are two positive constants. In [13], problem (1.2) is transformed into a fixed point
problem in the following way.

Lemma 1.1. (See [13]). For given z*,y* € C, (z*,y*) is a solution of problem (1.2)
if and only if x* € GSVI(C, By, Ba), where GSVI(C, By, Bs) is the fized point set of
the mapping

G := Po(I — pB1)Po(I — nBs),

and y* = Po(I —nBag)z*.

Utilizing the equivalence between the problem (1.2) and the fixed-point problem,
Ceng et al. [13] proposed a relaxed extragradient method for solving problem (1.2)
and proved the strong convergence of the proposed method to a solution of problem
(1.2).
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On the other hand, let E' be a real Banach space whose dual space is denoted by
E*. The normalized duality mapping J : E — 25" is defined by

J(x) ={p € B : (z,9) = |lalI” = |¢l*}, VzeE,

where (-, ) denotes the generalized duality pairing between E and E*. Recall that if
E is smooth then J is single-valued. In the sequel, we denote by j the single-valued
normalized duality mapping.

Let E be a smooth Banach space. Let By, By : C' — E be two nonlinear mappings.
The general system of variational inequalities (GSVI) is to find (z*,y*) € C' x C such
that

Biy* +x* —y*, jlx —x*)) >0, Vrel,
{(ply v, i( ) (1.3)

(nBax* +y* —a*, j(x —y*)) >0, VeeCl,
where p and n are two positive constants. In particular, if E = H a Hilbert space, it
is easy to see that the GSVI (1.3) reduces to the GSVI (1.2).

In 2005, Verma [30] proved strong convergence of a two-step projection method
for solving GSVI (1.2). This method proposed in [30] contains several known as
well as new projection schemes as special cases, while some have been applied to
the problems arising, especially from complementarity problems, convex quadratic
programming and other variational problems, see [8, 12, 14, 29, 35, 36, 37] and the
references therein. Many authors have studied the problems of finding a common
element of the set of fixed points of nonlinear mappings and of the set of solutions to
variational inequalities by iterative methods.

Furthermore, within the period of past 30 years, a great deal of effort has gone
into the existence of zeros of accretive mappings or fixed points of pseudocontractive
mappings (including nonexpansive mappings) and iterative construction of zeros of
accretive mappings and of fixed points of pseudocontractive mappings, see, e.g., [4,
11, 14, 16, 17, 19, 26, 32]. In 2011, Ceng et al. [11] introduced an implicit viscosity
approximation method for computing approximate fixed points of a pseudocontractive
mapping 7', deriving strong convergence theorems to a fixed point of T'.

Motivated and inspired by the above researches, we introduce an implicit compos-
ite extragradient-like method for solving the general system of variational inequalities
(GSVI) (1.3) with a hierarchical variational inequality (HVI) constraint for count-
ably many uniformly Lipschitzian pseudocontractive self-mappings and an accretive
operator. Under quite mild assumptions, we prove some convergence results for the
proposed iteration method in a real Banach space. Our results improve, extend and
develop the corresponding ones in the literature, see, [9, 11, 13, 14, 30].

2. PRELIMINARIES

Let E be a real Banach space with the dual E*. Throughout this paper we write
x, — x (respectively, z, — x) to indicate that the sequence {z,} converges weakly
(respectively, strongly) to x. Let C' be a nonempty closed convex subset of E. Recall
that a mapping T : C' — F is said to be:

(a) accretive if, for each z,y € C, there exists j(z — y) € J(z — y) such that

(Tw =Ty, j(x —y)) 20,
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where J is the normalized duality mapping;
(b) a-strongly accretive if, for each z,y € C, there exists j(z —y) € J(z — y) such
that
(Tx — Ty, j(z —y)) > afz —y||* for some a € (0,1);
(c) A-strictly pseudocontractive if, for each z,y € C, there exists j(z—y) € J(z—vy)
such that

(Tz =Ty, j(x —y)) <[l —y|* = N|(I = T)z — (I = T)y|*, for some A € (0,1).
(d) pseudocontractive if, for each x,y € C, there exists j(x — y) € J(z — y) such
that
(Tz — Ty, j(z —y)) < |z —y|*
Next, we introduce a concept, which will be used in the proof of our main results.

Definition 2.1. Let C be a nonempty closed convex subset of a real Banach space F.
Let {T},}22, be a sequence of continuous pseudocontractive self-mappings on C. Then
{T,}52 is said to be a countable family of -uniformly Lipschitzian pseudocontractive
self-mappings on C' if there exists a constant £ > 0 such that each T,, is ¢-Lipschitz
continuous.

Example 2.1. Let {T,}52, be a sequence of A-strictly pseudocontractive self-
mappings on C. Then {T,}52, is a countable family of f-uniformly Lipschitzian
pseudocontractive self-mappings on C' with £ =1 + %

Some necessary notions and results are presented now.

Proposition 2.1. (See [4]). Let C be a nonempty closed convex subset of a Banach
space E. Let Ty, Ty, ... be a sequence of mappings of C into itself. Suppose that

> sup{||Tpz — Tporz| 1 2 € C} < oo
n=0

Then, for each y € C, {T,y} converges strongly to some point of C. Moreover, let
T be a mapping of C into itself defined by Ty = lim T,y for ally € C. Then
n—oo

le sup{||Tx — Tpz| : x € C} = 0.

Let D be a subset of C' and let II be a mapping of C' into D. Then II is said to
be sunny if I[II(z) + t(z — II(z))] = II(z), whenever II(z) + t(x — II(z)) € C for
z € C and t > 0. A mapping IT of C into itself is called a retraction if 112 = II. If a
mapping 7 of C into itself is a retraction, then IT(z) = z for each z € R(II), where
R(II) is the range of II. A subset D of C is called a sunny nonexpansive retract of
C' if there exists a sunny nonexpansive retraction from C onto D.

Proposition 2.2. (See [26]). Let C' be a nonempty closed convex subset of a smooth
Banach space E, D be a nonempty subset of C and II be a retraction of C' onto D.
Then the following are equivalent:

(i) II is sunny and nonexpansive;

(i6) |11(z) — T (3) |2 < (& — y, j(T(x) — (), ¥,y € C;

(iii) (x — I (x),jly — I(x))) <0,Vz € C,y € D.
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It is well known that if E is a Hilbert space, then a sunny nonexpansive retraction
IIc of F onto C coincides with the metric projection of E onto C. Let C be a
nonempty closed convex subset of a uniformly convex and uniformly smooth Banach
space E and let T be a nonexpansive mapping of C' into itself with the fixed point set
F(T) # 0. Then the set F(T) is a sunny nonexpansive retract of C.

Recall that a (possibly multivalued) operator A C E x E with domain D(A) and
range R(A) in a real Banach space E is accretive if, for each z; € D(A) and y; €
Ax; (i = 1,2), there exists j(x1 —x2) € J(x1 — z2) such that (y1 —y2, j(z1 —x2)) > 0.
An accretive operator A is said to satisfy the range condition if D(A) C R(I +rA)
for all » > 0. An accretive operator A is m-accretive if R(I +rA) = E for each r > 0.
If A is an accretive operator which satisfies the range condition, then we can define,
for each r > 0 a mapping J,. : R(I +1A) — D(A) by J, = (I +rA)~!, which is called
the resolvent of A. It is well known that J,. is nonexpansive and F(J,.) = A~10 for
all » > 0. Hence,

F(J,)=A"'0={z € D(A):0 € Ax}.
If A=10 # (), then the inclusion 0 € Az is solvable. The following resolvent identity
is well known. More details on accretive operators can be found in [15].
Proposition 2.3. (Resolvent identity). For A\, >0 and x € E,

It =J, (%x +(1- %) ).

Proposition 2.4. (See [22]). Let E be a smooth and uniformly convexr Banach space,
and let r > 0. Then there exists a strictly increasing, continuous, and convex function
g:10,2r] = R, g(0) =0 such that

g(llz —yl) < ll=l* = 2(z, j(v)) + lyl*, Va,y € By,
where B, ={z € E: ||z|| < r}.

Proposition 2.5. (See [31]). Given a number r > 0. A real Banach space E is
uniformly convex if and only if there exists a continuous strictly increasing function
g :1]0,00) = [0,00), g(0) =0 such that

Az + (1= Nyll* < All® + (1 = My [* = A1 = Xg(llz = y])
for all X € [0,1] and x,y € E such that ||z|| <1 and |Jy|| <.

In order to prove our main results, we need to use some lemmas in the sequel. The
following lemma is an immediate consequence of the subdifferential inequality of the
function 1| - ||.

Lemma 2.6. Let E be a real Banach space and J be the normalized duality mapping
on E. Then for any given x,y € E, the following inequality holds:

o+ yll* < lzl* + 2{y. iz +y)), Vile+y) e J(z+y).

Lemma 2.7. (See [14], Lemma 3.2). Let C' be a nonempty closed convex subset of
a smooth Banach space E. Let IIc be a sunny nonexpansive retraction from E onto
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C, and let the mapping B; : C — E be \;-strictly pseudocontractive and (;-strongly
accretive with \; + ¢; > 1 fori € {1,2}. Let G : C — C be the mapping defined by

G :=Ic(I — pB1)lc(I —nBa).

A1 1-G A2 1-¢
1- 1- <p<landl— 1- <n<1
1+)\1< A )p " 1+/\2< Az )" ’

then G : C'— C' is nonexpansive.

If

Lemma 2.8. (See [5], Lemma 3). Let C be a nonempty closed convex subset of a
strictly convex Banach space E. Let {T,,}22 be a sequence of nonerpansive mappings
o]

on C. Suppose that ﬂ F(T,) is nonempty. Let {\,} be a sequence of positive

n=0

numbers with Z An = 1. Then a mapping S on C defined by Sx = Z Tz for

n=0 n=0

x € C is defined well, nonexpansive and F(S) = ﬂ F(T,) holds.
n=0

Lemma 2.9. (See [32]). Let E be a uniformly smooth Banach space, C be a nonempty
closed convex subset of E, T : C — C be a nonexpansive mapping with F(T) # 0,
and f € E¢ (the collection of all contractive self-mappings on C). Then the net {x;}
defined by xy = tf(xy)+ (1 —t)Txy, YVt € (0,1), converges strongly to a point in F(T).
If we define a mapping Q : Ec — F(T) by

Q(f) = S_thjg(l)xtavf € =c,

then Q(f) solves the VI: (I — /YQ(f),j(Q(f) —z)) <0, Vze F(T).

Recall that a gauge is a continuous strictly increasing function ¢ : [0,00) — [0, 00)
such that ¢(0) = 0 and ¢(t) — oo as t — oo. Associated to the gauge ¢ is the duality
map J, : B — 2E" defined by

Jo(z) ={& € B : (2,6) = [[zlle(llz]), lEl = ez}, Vo e E.

We say that a Banach space F has a weakly continuous duality map if there exists a
gauge ¢ for which the duality map J, is single-valued and weak-to-weak™ sequentially
continuous. It is known that [P has a weakly continuous duality map with gauge
p(t)=tP~ 1 forall 1 < p < co. Set

P(t) = /Ot p(s)ds, Vt>0.

Then J,(x) = 09(||z||) for all € E, where 0 denotes the subdifferential in the sense
of convex analysis; see [28] for more details.

The first part of the following lemma is an immediate consequence of the subdif-
ferential inequality, and the proof of the second part can be found in [23]. In what
follows, we denote by j, the single-valued duality map J,.
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Proposition 2.10. Assume that E has a weakly continuous duality map j, with

gauge .
(i) For all z,y € E, the following inequality holds:

O(|lz +yll) < (llz]) + (Y, jo (x + y))-

(ii) Assume that a sequence {z,} in E is weakly convergent to a point x. Then the
following identity holds:

limsup &(||z, — y||) = limsup @(||x, — z||) + &(||ly — z|]), Vy € E.
n—oo

n— oo

Lemma 2.11. (See [17], Theorem 3.1). Let E be a reflexive Banach space and have
a weakly continuous duality map j, with gauge ¢, let C' be a nonempty closed convex
subset of E, let T : C — C be a nonexpansive mapping with F(T) # 0, and let
f € Ec. Then the net {z:} defined by xy = tf(xs) + (1 —t)Txy, ¥t € (0,1), converges
strongly to a point in F(T) as t — 0. Define Q : Sc — F(T) by

QU) =5 lim .
Then Q(f) solves the VI
(I =HR)ie(Qf) =) <0, Vee F(T).

Lemma 2.12. (See [32], Lemma 2.1). Let {a,} be a sequence of nonnegative real
numbers satisfying the condition

ant1 < (1= pn)an + pinln, Yn >0,

where {pn} and {v,} are sequences of real numbers such that
o0

(i) {un} C [0,1] and Z Un = 00, or equivalently,

n=0
[T =)= Jim [1G =) =o;
n=0 1=0

o0
(i) limsup v,, <0, or Zun|1/n| < 0.
n— 00 77,:0

Then lim a, = 0.
n— o0

Lemma 2.13. (See [27], Lemma 2). Let {x,} and {z,} be bounded sequences in

a Banach space E, and let {B,} be a sequence of nonnegative numbers in [0, 1] with

0 < liminf 3, <limsup B, < 1. Suppose that Xn 11 = Bpntn+(1—LFr)zy, for all integers
n—oo

n—oQ
n >0 and limsup(||zn+1 — 2n|| — |Znt1 — znll) < 0. Then lim ||z, — 2z,|| = 0.
n—00 n—00

Lemma 2.14. (See [7]). Let C' be a nonempty closed convex subset of a real smooth
Banach space E, and let F : C — E be a mapping.

(i) If F : C — E is é-strongly accretive and (-strictly pseudocontractive with
0+ (¢ >1, then I — F is nonexpansive, and F is Lipschitz continuous with constant
1+ %;
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(i) If FF: C — E is d-strongly accretive and (-strictly pseudocontractive with
0+ ¢ > 1, then for any fixzed o € (0,1), I — aF is a contraction with coefficient

1—a(1— 1%5)

Throughout the paper, unless otherwise specified, C' is assumed to be a nonempty
closed convex of a uniformly convex Banach space E. In addition, we assume that
E is either uniformly smooth or has a weakly continuous duality map j, (with ¢ a
gauge function) and Il is assumed to be a sunny nonexpansive retraction from E
onto C. Let By,Bs : C — H be two nonlinear mappings. The general system of
variational inequalities (GSVI) means to find (z*,y*) € C' x C such that

(pBry* +a* —y*,j(x —2*)) >0, VzeC,
(nB2x™ +y* —a*,j(x —y*)) 20, VxeCl,

3. FORMULATIONS AND MAIN RESULTS

where p and 7 are positive constants. We denote the solution set of this problem by
S(C, By, By). If GSVI(C, By, Bs) is the fixed point set of the mapping
G :=Ilc(I — pB1)llc(I — nBo),
then we have that (z*,y*) € S(C, By, B) if and only if z* € GSVI(C, By, By) and
y* = 1Ilc(I —nBg)z".
Let A C E x E be an accretive operator such that D(A) C C. The problem of
finding the zeros of the accretive operator A means to find 2* € D(A) such that

a* € A7Y(0).

Let {T,,}2°, be a countable family of f-uniformly Lipschitzian pseudocontractive
self-mappings on C'. Then the problem of finding a common fixed point for this family
means to find z* € C such that

x* e ﬁ F(T,).
n=0

In this paper, we consider the problem of finding a common solution of above men-
tioned three problems, that is, to find 2* € C such that

v € (| F(Tw) N A7 (0) N GSVI(C; By; By).
n=0

We are now in a position to state and prove the main results in this paper.

Theorem 3.1. Let C be a nonempty closed convex subset of a uniformly convex
Banach space E. Assume, in addition, that E either is uniformly smooth or has a
weakly continuous duality map j, with gauge . Let Ilc be a sunny nonexpansive
retraction from E onto C. Let A C E x E be an accretive operator in E such that

D(A) c C c [\ R(I +rA).
>0
Let the mapping B; : C — E be (;-strictly pseudocontractive and v;-strongly accretive
with ¢;+v; > 1 fori € {1,2}. Let f € E¢ with a contractive coefficient k € (0,1), and
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let F': C — FE be §-strongly accretive and (-strictly pseudocontractive with 6 + ¢ > 1.

Let {T,,}52 o be a countable family of £-uniformly Lipschitzian pseudocontractive self-
mappings on C' such that

2 := () F(T,) NGSVI(C, By, By) N A7'0 # 0
n=0

where GSVI(C, By, Bs) is the fized point set of the mapping

G := IIc(I — pBy) (I — nBy)

. 1— 1—we
Wthl_1ilgl (1—,/C—l”l)Spglandl—lfCZ (1_’/67;2)§77S1'

For an arbitrary xo € C, let {x,} be generated by

Zn = OpTn + (1 - Jn)Tnznv
Yn = Bnf(@n) + (1 = Bp)[pd + (1 = p)llc(I — anF)|lc(I — pB1)llc(I — nBs2)zy,
Tn+l = TnTn + (1 - ’Yn)[)\yn + (1 - /\)Jrn,yn}v vn > 07

(3.1)

where A\, p € (0,1), {an},{Bn}, {7} and {o,} are the sequences in (0,1) and {r,} is
a sequence in (0,00). Suppose that the following conditions hold:
o

(i) lim f, =0 and ) _ B, = oco;

n=0
(i) lim |op41 —0op] =0 and lim a,, /B, = 0;
n— 00 n—00
(#i) 0 < liminf v, <limsup~y, <1 and 0 < liminf o, <limsupo, < 1;
n—00 n—o00 n—oo n—00
(iv) lim |rp41 — 7] =0 and r, >e>0Vn > 0.
n—oo
Assume that >0~ sup,cp | Tnx — Th—1z|| < oo for any bounded subset D of C, and
let T be a mapping of C into itself defined by Tx = lim Tpx for all x € C, and
n—oo

suppose that F(T) = ("o F(Ty,). Then the following statements hold:

(a) if E is uniformly smooth, then {x,} converges strongly to x* € 2, which solves
the VI: (I — f)z*,j(z* —x)) <0, Vx € £2;

(b) if E has a weakly continuous duality map j, with gauge ¢, then {x,} converges
strongly to x* € 2, provided ||z, — yn|| = 0(Br), which solves the VI:

(I = flz", jo(z* —x)) <0, Yz € L.

Proof. First of all, taking into account 0 < liminfeo,, < limsupo, < 1, we may
n—oo n— o0

assume, without loss of generality, that {o,,} C [a,b] C (0,1) for some a,b € (0,1).
Note that the mapping G : C — C is defined as G := (I — pB1)Ilc(I — nBs),

where 1 — 1&1 (1—./%) <p<land1-— 1_%‘(2 (1—,/%) <n < 1. So, by

Lemma 2.7, we obtain that G is nonexpansive. It is easy to see that for each n > 0
there exists a unique element z,, € C such that

Zn = 0pZn + (1 — 0p)Thzn. (3.2)
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So, it can be readily seen that the implicit composite iterative scheme (3.1) can be
rewritten as

Zn = OpnTy + (1 - Un)Tnzn7
Yn = Bnf(zn) + (1 = B)[0Gzn + (1 — ) e (I — an F)Gzy), (3.3)
Tntl = YnTn + (1 - ’Yn)[)\yn + (1 - )\)Jrnyn]7 Vn > 0,

Next, we divide the rest of the proof into several steps.

Step 1. We claim that {z,},{yn}, {2n}, {G2n}, {F(Gzn)},{Jr, yn} and {1}, 2,} are
bounded. Indeed, take an element p € 2 = m F(T;,) N GSVI(C, By, By) N A™10

n=0
arbitrarily. Then we have T,,p = p, Gp = p and J, p = p. Since each T}, : C' = C'is
a pseudocontraction mapping, it follows that

Iz = plI? < onllzn = pllll20 = pll + (1 = a0) |20 — 2%,
which hence yields
2n = pll < [l —pll, Vn =0 (3.4)
Because nlgréo oy, /Brn = 0, we may assume without loss of generality that «,, < 3, for

all n > 0. Noting that F' : C — F is d-strongly accretive and (-strictly pseudocon-
tractive with 6 + ¢ > 1, we deduce from (3.3), (3.4) and Lemma 2.14 that

lyn —pll < Ba(llf(zn) — fFWI + 1 £(p) — D)
+(1 = Bu){ullGzn — pll + (1 = W[ — anF)Gzn — (I — anF)pl| + an | F(p)[]}
< Bukllzn — pll + Bull f(p) — 1l
+(1 = B ){ullGzn = pll + (1 = W[(1 — an7)||Gzn — pll + an || F ()]}

< (1= (1= &) m — bl + (1 — k), L@ =Pl + IF ]

1—-k
- F
< max { o — pl. If(p) — pll + 1 F @) ’ (3.5)
1—k
where 7 := 1 — 1—2‘5 € [0,1). Since J,., is nonexpansive, from (3.3) and (3.5) it
follows that
[Znt1 = pll < ynllen —pll + (1 =) lyn — pll
- F
I (NS EALLET) G
By induction, we conclude that
—pl +IIF
ol < e o =, O >0 (o)

It then follows that {z,} is bounded, and so are the sequences {y,}, {zn}, {Gzn},
{F(Gz,)} and {J,, yn} (due to (3.4), (3.5) and the Lipschitz continuity of G, J,, and
F). Since {T},} is f-uniformly Lipschitzian on C, we know that {7},z,} is bounded.



SYSTEMS OF VARIATIONAL INEQUALITIES 123

Step 2. We claim that ||zp4+1 — @,|| = 0 as n — oo. Indeed, writing
T4l = YnZn + (1 — )20,
where £, := Ayn, + (1 = N)J,, yn, ¥n > 0, we get
Znt1 = Zn = AMYnt1 = Yn) + (L= N)(Jr iy Unt1 — Jr, Un)- (3.7)
From (3.3) we have
Yn = Bnf(zn) + (1 = Br)Wazn,
where
W, =pG+ 1 —pwlc(I—a,F)G, ¥V n>D0.
Simple calculations show that
Yn = Yn—1 = Bn(f(@n) = f(xn-1)) + (Bn — Ba—1)(f(2n—1) = Wn—12n-1)
+(1 = Bn)(Whzn — Wh_12n-1).

Also, simple calculations show that

(3.8)

Zn—2n-1 = Opn(Tpn—Tpn-1)+(1—00)(Tnzn—Thn-12n-1)+(0n—0n-1)(@n-1—Thn-12n-1),

which hence yields

20 = za-1ll® < onllzn = zn—1llllzn = 2a-1ll + (1 = o) I Tnzn — Tu-1zallllzn — 2zn-a]
+ |l2n — Zn71||2} +lon — on—1lllTn-1 — To—12n-1|l[l2n — 2n—1]-

So it follows that

1 L1 — Loy 120
0 = 2l < i — @aa |+ [Tz~ Tocazall + o — oy 122 = Tnmt ]

(3.9)
Putting D = {2, : n > 0}, we know that D is a bounded subset of C. Then by the
assumption we get

oo
Z sup [|Thx — Th—12|| < oo.
n=1 zeD

Noting that |15, 2, — Tr—12n|| < sup,ep ||Tne — Th-1z||, ¥n > 1, we have
oo
> N Tnzn = Toe12n|| < o (3.10)
n=1

Furthermore, if 7,1 < 1y, using

Th— T
JrpYn = Jr,_, <1yn +(1— - )Jrnyn)
r T

n n

(due to Proposition 2.3), we get

1
||Jrnyn - Jrn,lynfln S ||yn - yn71|| + g|rn - rn71|||=]7‘nyn - yn71||~

If r, <rp_1, we similarly get

1
| Trn¥n = Ty Yn—1ll < Nyn—1 — ynll + g|7"n71 =l r Yn—1 — Ynll-
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Thus, combining the above cases, we obtain
HJrnyn - Jrn,lynflu S ||yn - ynfln + M()‘Tn - 'rn71|7 n Z ]-7 (311)
where

1
sSup {(”Jrnyn = Yn—1ll + 1 Yn—1 — ynll)} < My
n>1 (€

for some My > 0. Utilizing Lemma 2.14, we deduce from (3.8) and (3.9) that for all
n>1

yn = Yn—1ll < Bullf(zn) = f(@n-1)l + [Bn = Br-1lllf (@n-1) = Wn—12—1]|
(1= B[l Gzn — Gonal| + (1 = w) | T (I — anF)Gan — Mo(I — a1 F)Gzn_1]]
< Bukllzn — zn-1|l +8n = Bo-alllf(@n—1) = Wn_1zn—1l + (1 = Bo)[[|Tn — Zn—1]|

HLL‘n,1 - Tnflznflll
‘ |+ lan — an1|[|F(Gzn-1)]|

1
+E||Tnzn - Tnflzn” + |Jn —On-—1

a
< Hxn - xn—ln + M(|an - O‘n—1| + |ﬁn - /Bn—1|
+|0n - Un—1| + ”Tnzn - Tn—lan), (312)
where 7 =1 — % and

|20 — Toznll
a

1
s {||f<xn>||+|Gzn||+Hc<I 0 F)Ga+ 4 n ||F<Gzn>||} <M

for some M > 0. Thus, from (3.7), (3.11) and (3.12) we deduce that
241 = Znll < |01 — 20l + M(Jant1 — anl + [Bag1 — Bl + |ont1 — 0w
+ ||Tn+12n+1 - TnZnJrl”) + M0|rn+1 - rnlv
which implies that
||2n+1 - énH - ||xn+1 - mn” < M(‘O‘er - an| + |ﬁn+1 - Bnl + |Un+1 - Un|

+HTn+lzn+1 *Tnzn+1H) +M0"f'n+1 77"n|. (313)

From (3.10) and conditions (i), (ii), (iv) we get lim sup(||Zn+1—2n||— | Tn+1—2n]]) < 0.
n—oo
It follows from Lemma 2.13 and condition (iii) that li_>m |2, — x| = 0.
n oo
Hence we get
nh_{go [#ns1 — 2 = nlggo(l = )llZn — @all = 0. (3.14)
Step 3. We claim that ||z, — Gz,| = 0, ||Jr, 2n —2n| = 0 and || Tz, — 2,|| — 0 as
n — oo. Indeed, we put u, := (I — anF)Gz,. According to Proposition 2.2 (iii)
we have
(I — anF)Gz, — Ho(I — anF)Gzp, j(p — uy)) <0,
which hence leads to
”un _p||2 = <HC(I - anF)GZn - (I - Oan)GZn,](’LLn _p)>
+ <(I - anF)Gzn - pa](un - p)>
<

1 1
Gz = plI* + S llun = pl* + an[F @) [[lp — -
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It immediately follows that
lun = plI* < G2 = plI* + 200 |F (p)[[lp — unl. (3.15)
Utilizing Proposition 2.5, from (3.3) and (3.4) we get
[yn = pII* < Bukllzn — plI* + (1 = Ba)[ullGzn — plI* + (1 = p)lJun — ]
+26,(f(p) = p: 3 (yn — p))
< [~ (1= KBl — I + 200l — el + 28,0 2) — .30 — )
< e = 9 + 200 [F@p — wall + 28,1 5®) ~ plllyn — ol (3.16)
which together with Proposition 2.5, implies that
[Znt1 = plI* < vallen = pl* + @ =) Alyn — 2l + Q1 = N r, 40 — ]
=AML= Ngi(llyn = Jr,ynl)]
< llzn = ol + (1 =v) 120 = plI* + 200 |F (D) |l — ua|
+26u1£ () = pllllyn — pll = A1 = Vg1 (llyn = Jr, )]
< |l = plI* + 200 |F@)|lp = unll + 28411 f () = 2l llyn — 2]
— (L =)A= Ng1(lyn = Jr,ynll)-
So it follows that
(1 =)A1 = Ngi(llyn = Jr,ynll) < (lzn = pll + 201 — P llzn — 2ol
+ 200 [[F(p)llllp — unll + 28all.f (P) — pllllyn — plI-
Since A € (0,1), hmmf(l — ) > 0, hm Bn =0 and hm ay, = 0, from (3.14) and
the boundedness of onn} {yn}, {un} we conclude that hm g1(lyn — Jr unll) =
Utilizing the properties of g1, we get
lim |y, — Jr, ynl = 0. (3.17)

n—oo

Note that zp41— 2 = (1=70) (Wn —2n) + (1 —=70) (L= A)(Jr, Yn —Yn). It immediately
follows that

(L= v)llyn — 2l < llwng1 — znll + (1 =) (1 = N, yn — Ynll
<Nzns1 — 2ol + 1195, Yn — all-
Thus, from (3.14), (3.17) and hHi)iIlf(l —Yn) > 0, we have
nhﬁrr;O lyn — zn] = 0. (3.18)

Also, according to (3.2) we have

120 = plI* = onlen = p, (20 =) + (1 = 00)(Tnzn — 0, (20 — p))

< Un(-rn _p7j(zn _p)> + (1 - Un)llzn _p||2>

which together with Proposition 2.4, yields

, 1
lzn = pII* < (20 = .3 (20 =) < Sllwn = pI* + 20 = pI* = g2(llzn = 2n)]-
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This immediately implies that ||z, —p||? < [lzn — p||* — g2(|2n — 2x|), Which together
with (3.16), yields

[yn = pII* < Bukllzn = plI* + (1 = Ba)ll2n = plI* + 205 | F () [lp — nll]

+2B0(f(p) = P 3 (Yn — p))
< lwn = plI* = (1 = Ba)ga (20 = 2nll) + 2an[|[F(0) [P — unll
+ 2611 () = pllllyn — 2l

which hence yields

(1= Bn)g2(lzn = znll) < (lzn =PIl + [lyn — P20 — ynll + 200 | F(@)][P — uall
+2Bl1f(P) = pllllyn — pI-
Since nlggo B, =0 and nhﬁrr;c) ap = 0, from (3.18) and the boundedness of {x,}, {yn},

{un} we conclude that le 92(||xn — 2zn||) = 0. Utilizing the properties of ga, we get
nhﬁn;o l€n — 25| = 0. (3.19)
Also, observe that
Yn — Tn = Bn(f(zn) —xn) + (1 = Bu)(Gzp — x0) + (1 — Bn) (1 — ) (uy, — Gzy). (3.20)
It immediately follows that
(1 =BGz — zall < Ny — @l + Bull f(@0) — znll + (1 = Bu)(1 — p)|lun — G2y
< lyn — znll + Ball f(2n) — zull + an | F(Gzn)]|-

Since ILm Bn = 0 and le a, = 0, from (3.18) and the boundedness of {x,},
{f(xn)}, {F(Gz,)} we conclude that li_)m |Gz, — x| = 0. Meantime, it is clear that
n oo

[n = Gzpll < |lzn — Gznll + (20 — 2 |-
From (3.19) we have
nl;rr;o |xn — Gz, = 0. (3.21)
Further, since
[0 = Jrnll < 20 = ynll + llyn = Jr,znll < 20@n = yull + llyn — Jr,ynll,
from (3.17) and (3.18) we have
lim ||, — Jp, .|| = 0. (3.22)

n— oo
In addition, combining (3.2) with (3.19), implies that

On

| Tnzn — 2zl = |2 — 2zn|l < |zn — 2]l = 0 (n — 00). (3.23)

b
1-0, 1-0
Since {T},}7%, is ¢-uniformly Lipschitzian on C, we deduce from (3.19) and (3.23)
that
[Than — @nll < NTazn — Tuznll + [ Thzn — zall + |20 — 24|

(3.24)
= U+ D|zn — znll + |Tnzn — 2]l = 0 (n — 00).



SYSTEMS OF VARIATIONAL INEQUALITIES 127

Step 4. We claim that ||z, — Tx,| — 0 and ||z, — J,z,| — 0 as n — oo where T :=
(2I—T) ' and r € (0,¢). Indeed, it is clear that T : C' — C is pseudocontractive and
¢-Lipschitzian. Utilizing the boundedness of {z,} and putting D = conv{x, : n > 0}
(the closed convex hull of the set {x,, : n > 0}), from the assumption we have

o0
Z sup [|Thx — Th—12|| < oo.
D

n=1"
Hence, by Proposition 2.1 we get nhﬁngo sup,ep | Tne — Tz|| = 0, which immediately
yields
nh_)rrgo | Tnxn — Txy| = 0. (3.25)
Thus, combining (3.24) with (3.25) we have
len — Txnl| < |2n — Tnznll + | Tnen — Tzn]| = 0 (n — 00). (3.26)
Next, let us show that if we define T := (21 —T')~!, then T : C' — C' is nonexpansive,
F(T)=F(T) = DOF(Tn) and lim ||z, — Ty || = 0.

Indeed, put T := (2 —T)~1, where I is the identity mapping of E. Then it is known
that 7' is nonexpansive and the fixed point set

n=0

as a consequence of Theorem 6 of [25]. From (3.26) it follows that

lew = Teall = ITT a0 = Taall < IT ' — ol (327
=2 = T)zp — x|l = || — Tan| = 0 (n— oo0). '
In addition, let us show that lim |J.z, — x,| = 0 for any given r € (0,¢). In fact,
n—oo

by Proposition 2.3, we get

J, (razn + (1 — r) Jrnxn) — Jrxy,
Tn Tn

which together with (3.22), implies that

[#n — Jran|| < |2n = Jr,2nll + 1,20 — Jranll < 220 = Jr2n] = 0 (0 — 00).
(3.28)
Step 5. We claim that {z,} converges strongly to z* € (2. Indeed, we define a

mapping

Vo — Jynl] = \ < llew = Jrall

Wax =0Tz + 0:Gx + (1 — 0, — 03)J,x, ¥ x € C,
where 01,65 € (0,1) are two constants with 6; + 62 < 1. Then from Lemma 2.8 it is
easy to see that W is nonexpansive and

FW)=F{T)NF(G)NF(J,) = ﬁ F(T,) NGSVI(C, By, Bo) N A~10(=: 2) # 0.

(3.29)



128 LU-CHUAN CENG, ADRIAN PETRUSEL, JEN-CHIH YAO AND YONGHONG YAO

Since
20 = Wanl| < 01]|Tzn — 2p|| + 02| Gy — 2l + (1= 01 — )| Jrzn — @4,
from (3.21), (3.27) and (3.28), we get lim ||z, — Wz,| = 0.
n—oo
In the following, we discuss two cases.

(i) First, suppose that E is uniformly smooth. Let x; be the unique fixed point of
the contraction mapping 7} given by

Tz =tf(x)+ (1 —¢)Wa, Yte(0,1).
By Lemma 2.9, we can define z* := s — li%1+ x¢, and x* € F(W) = 2 solves the VI:
t—

(2" = f(2").j(a" —2)) <0, Ve Q.

Let us show that
limsup{f(z*) — z*, j(x, — 2%)) <0. (3.30)

n—oo
Note that x; — x, = t(f(x:) — 2pn) + (1 — t)(Waxy — z,,). Applying Lemma 2.6, we
derive

lze = @nl® < (1= 1)2(|Wae = Way || + [Way — z,]))?
+2t(f(20) — e, j(w — xn)) + 2|2y — 2 12
< (1= 02|z — zn|* + an(t)
+ 26(f(2e) =y, (e — wn)) + 21w — 2%,
where
an(t) = [Wan — znl|2llze — 20l + Wy — 24]]) = 0
as n — o0o. The last inequality implies

(w0 = Fa), @ = 2a)) < gllee =l + 5an(?).

It follows that .

limsup(z: — f(2¢), (2 — @) < M1§, (3.31)

n—oo
where M; > 0 is a constant such that My > ||z; — 2, ||? for all n > 0 and small enough
t € (0,1). Taking the limsup as ¢ — 07 in (3.31) and noticing the fact that the two
limits are interchangeable due to the fact that the duality map j(-) is norm-to-norm
uniformly continuous on any bounded subset of E, we get (3.30).
Now, let us show that x,, — z* as n — oo. Indeed, from (3.18) we get

I(yn = 2%) = (2n = 2)|| = 0 (n = o0).

Since j(-) is norm-to-norm uniformly continuous on any bounded subset of E, we
deduce from (3.30) that

limsup(f(a*) — %, (g — 7)) = limsup(f(a*) — #*, j(w —a*)) <0.  (3.32)

Since
Tpy1 = YT + (1 =) [Ayn + (1 = N)Jr Ynl,
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putting p = * € 2 we get from (3.16)
lyn = 2*|* < Bukllan —2*1? + (1= Ba)llen — (12 + 20, | F (@) |2 — wnll]
+2Bn(f(27) — 27, j(yn — 7))
<1 =@ =k)Balllzn — 21 + 200 | F (@) |2 — uy |

+2Bn(f(27) — 27, j(yn — 27)), (3.33)
which hence implies that
lznt1 = 2| < Anllen — (1P + (1 = ) lyn — ™12

< Yallen — 212+ (1= 3){[L = (1 = k)Ba]llzn — 2|2

200 || F (@)% = unll + 28n(f (") — 2", j(yn — 7))}
=1 = (1= k)Ba(l = ya)lllzn — ™ * + (L = k)Ba(l = 7a)

20 | F ()|l — unl| | 2(f (") — 27, j(yn — 7))
: .34
{ C-hb. =k (3:54)
Since Z‘;,Bn = oo and hnrglgf(l —Yn) > 0, we know that
> (1= k)Ba(1 = 7,) = 0.
n=0
In addition, from (3.32) and 1i_>m an/Bn =0, we have
, 20 || F(z)[[[l2" —unl| | 2(f (") — 27, j(yn — 7))
1 <0. .
im sup < T + — <0 (3.35)

Consequently, applying Lemma 2.12 to (3.34), we obtain that x,, — z* as n — oo.
(ii) Second, suppose that E has a weakly continuous duality map j, with gauge .
Let x; be the unique fixed point of the contraction T; given by

Tz =tf(x)+ (1 —¢t)Wa, YVt e (0,1).

By Lemma 2.11, we can define
¥ =5 — lim x4,
t—0+

and z* € F(W) = (2 solves the VI:

(x* — f(z"),jpo(z" —2)) <0, Vxe (3.36)
Let us show that
limsup(f(z*) — 2", jy(xn —2¥)) <O0. (3.37)
We take a subsequence {;:0}0 of {z,} such that
i sup(£ (%) — 2, o n — ) = Jim (FG*) s alen, — 2D (339

Since F is reflexive and {z,} is bounded, we may further assume that z,, — Z for
some = € C. Since j,(-) is weakly continuous, utilizing Proposition 2.10 (ii), we have

limsup @(||zn, — z|) = limsup &(||zn, — Z|) + &(||lz — Z[)), Vz € E.

11— 00 11— 00
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Put I'(z) = limsup &(||z,, — z|)), V « € E. It follows that

1—> 00
I'(@) = (@) + oo - al), Vo e .
From ||z, — Wx,| = 0 (n — o0), we have

I(Wz) = limsup ¢(||z,, — Wz||) = limsup &(||Wz,, — Wzl|)

11— 00 1— 00

< limsup &(||zn, — 7[|) = I'(7). (3.39)

71— 00
Furthermore, observing that I'(Wz) = I'(Z) + &(|WZ — Z||), which together with
(3.39), yields (|Wz — z||) < 0. Hence Wz = & and z € F(W) = 2. Thus, from
(3.36) and (3.38), it is easy to see that
lim sup(f(a*) — & p(on — 2°)) = (f(&") — 2", Gp(@ —2)) 0. (3.40)
n—oo

Therefore, we deduce that (3.37) holds.
Next, let us show that z, — x* as n — oco. Indeed, putting p = z* and utilizing
Lemma 2.14 we obtain from (3.3) and (3.4) that ||z, — *|| < ||z, — 2*|| and
”xn - x*H@(HIn - 5'3*”) = <xn - ymjw(xn - x*)> + <yn - x*vjcp(xn - 5'3*»
= (@0 = Yn, Jo(Tn — 7)) + Bn(f(zn) — f(27), jo(zn — 27))
+(1—Bn)((Gzp — )+ 1 — p)TIc(I — an F)Gzy — (I — an F)x™), jo(xn, —
(1= Bn) (A = w)lo(I — anF)x™ — x%, jo(n — 27)) + Bu(f(27) — 2%, jo(n —
<lan = ynllo(zn —2™[) + [1 = (1 = k) Bulllzn — 2™ [[o([lzn —27])
o |[F (@) [le(lzn — 27[)) + Bn(f(2") — 27, o (20 — 27)). (3.40)
This immediately leads to
* Tn — Yn ® Ty —* Qo F(x* 2 Ty — "
H)S” [ - D, an  [EE] (_|| )
B 1—k B 1—k

@) = ), Goln = 0),

Since hm Bn =0, hm %= =0and hm Hm"ﬁ vsll — 0, from (3.37) and the bounded-

ness of {gp(||xn -z ||)} we get hmbup Hxn —z*||¢(||zn —2*|]) = 0, which hence implies

"))

)

[2n = 2" [le([en — =

that ||z, —2*|| = 0 (n — 00), i.e. xn — * (n — 00). This completes the proof. O

By a similar approach we can also prove the following result.

Theorem 3.2. Let C be a nonempty closed convex subset of a Hilbert space H. Let
A C H x H be a monotone operator in H such that

D(A)c Cc [)RU+rA).
r>0

Let the mappings By, By : C — H be a-inverse strongly monotone and -inverse
strongly monotone, respectively. Let f € E¢ with a contraction coefficient k € (0, 1),
and let F : C — H be §-strongly monotone and (-strictly pseudocontractive with
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d+(¢>1. Let {T,,}22 be a countable family of £-uniformly Lipschitzian pseudocon-
tractive self-mappings on C such that

0= ﬁ F(T,) NGSVI(C, By, Bo) NAT'0 # 0
n=0
where GSVI(C, By, Bs) is the fized point set of the mapping
G = Pc(I — pB1)Pc(I — nBs)
with 0 < p < 2a and 0 < n < 2B. For an arbitrary xg € C, let {x,} be generated by
2n = 0nZn + (1 —0p)Thzn,
Yn = B f(zn) + (1 = Bn)ul + (1 — p)Pe(I — anF)|Pc(I — pB1)Pc(I — nBs)zn,

Tnt+1 = YnTn + (1 - Vn)P\yn + (1 - /\)Jrnyn]a Yn >0,
(3.41)
where A\, € (0,1), {ant, {Bn}, {7} and {o,} are the sequences in (0,1) and {r,} is
a sequence in (0,00). Suppose that the following conditions hold:

(i) Z(an+ﬂn) <ooandry, >e>0Vn>0;

n=0
73) 0 < liminf ~,, < limsup~y, < 1;
i i
n— oo

n—oo

(#i) 0 < liminf 0, < limsupo,, < 1.
n—00 n—00
o0
Assume that Z sug | Thx — Tho1z|] < oo for any bounded subset D of C, and let T
n=1%¢

be a mapping of C into itself defined by Tx = lim T,z for all x € C, and suppose
n—oo

that F(T) = ﬂ F(T,). Then the sequence {x,} defined by (3.41) converges weakly
n=0

to a point in {2.

The following example (which follows by Goebel-Kirk fixed point theorem in [21]
and Lemma 2.7) shows that the non-emptiness assumption of the fixed point set
GSVI(C, By, Bs) of the mapping G := IIc(I — pB1y)Ilc(I — nBs) is verified.

Example 3.1. Let C be a nonempty closed convex subset of a smooth and uniformly
convex Banach space E. Let By,By : C' — E be two mappings. Let p and n be
two constants. Assume that (a) the mapping By is Aj-strictly pseudocontractive and
(1-strongly accretive with Ay + ¢; > 1, (b) the mapping By is Ag-strictly pseudocon-
tractive and (o-strongly accretive with Ao+(s > 1, and (c) the constants p and 7 satisfy

the conditions 1 24 (1—/59) <p<tand1- 2% (1-/52) <n <1
Let the mapping G : C — C be defined as G := [Io(I — pB1)IIc(I — nBs). If the set
C' is bounded, then the solution set of the GSVI (1.3) is nonempty.




132

[1]
2]
3]

[4]

[9]
(10]

(11]

(12]

13]

14]

(15]

[16]

(17]
(18]

(19]
20]

21]
(22]

23]

LU-CHUAN CENG, ADRIAN PETRUSEL, JEN-CHIH YAO AND YONGHONG YAO

REFERENCES

Q.H. Ansari, A. Rehan, C.-F. Wen, Split hierarchical variational inequality problems and fixed
point problems, J. Ineq. Appl., 2015 (2015), Article ID 793.

Q.H. Ansari, J.-C. Yao, A fized point theorem and its applications to the system of variational
inequalities, Bull. Austral. Math. Soc., 59(1999), 433-442.

Q.H. Ansari, J.-C. Yao, Systems of generalized variational inequalities and their applications,
Applicable Anal., 76(2000), 203-217.

K. Aoyama, Y. Kimura, W. Takahashi, M. Toyoda, Approzimation of common fized points of
a countable family of nonexpansive mappings in a Banach space, Nonlinear Anal., 67(2007),
2350-2360.

R.E. Bruck Jr., Properties of fized-point sets of nonexpansive mappings in Banach spaces, Trans.
Amer. Math. Soc., 179(1973), 251-262.

L.-C. Ceng, S. Al-Mezel, Q.H. Ansari, Implicit and explicit iterative methods for systems of
variational inequalities and zeros of accretive operators, Appl. Abstract Anal., 2013 (2013),
Article ID 631382, 19 pages.

L.C. Ceng, Q.H. Ansari, J.C. Yao, Mann-type steepest-descent and modified hybrid steepest-
descent methods for wvariational inequalities in Banach spaces, Numer. Funct. Anal. Optim.,
29(2008), 987-1033.

L.C. Ceng, H. Gupta, Q.H. Ansari, Implicit and explicit algorithms for a system of nonlinear
variational inequalities in Banach spaces, J. Nonlinear Convex Anal., 16(2015), 965-984.

L.C. Ceng, A. Latif, J.C. Yao, On solutions of a system of variational inequalities and fized
point problems in Banach spaces, Fixed Point Theory Appl., 2013, 2013:176, 34 pp.

L.C. Ceng, Y.C. Liou, C.F. Wen, Systems of variational inequalities with hierarchical variational
inequality constraints in Banach spaces, J. Nonlinear Sci. Appl., 10(2017), 3136-3154.

L.C. Ceng, A. Petrusel, M.M. Wong, S.J. Yu, Strong convergence of implicit viscosity approz-
imation methods for pseudocontractive mappings in Banach spaces, Optimization, 60(2011),
659-670.

L.C. Ceng, S. Plubtieng, M.M. Wong, J.C. Yao, System of variational inequalities with con-
straints of mized equilibria, variational inequalities, and convex minimization and fized point
problems, J. Nonlinear Convex Anal., 16(2015) 385-421.

L.C. Ceng, C.Y. Wang, J.C. Yao, Strong convergence theorems by a relazed extragradient method
for a general system of variational inequalities, Math. Methods Oper. Res., 67(2008), 375-390.
L.C. Ceng, C.F. Wen, Three-step Mann iterations for a general system of variational inequal-
ities and an infinite family of nonerpansive mappings in Banach spaces, J. Ineq. Appl. 2013,
2013:539, 27 pp.

L.C. Ceng, C.F. Wen, System of variational inequalities and an accretive operator in Banach
spaces, Fixed Point Theory Appl., 2013, 2013:249, 37 pp.

L.C. Ceng, H.K. Xu, Strong convergence of a hybrid viscosity approzximation method with per-
turbed mappings for nonerpansive and accretive operators, Taiwanese J. Math., 11(2007), 661-
682.

R.D. Chen, Z.C. Zhu, Viscosity approzimation of fized points for nonexpansive and m-accretive
operators, Fixed Point Theory Appl., 2006, Article ID 81325, 10 pp.

S.Y. Cho, X. Qin, J.C. Yao, Y. Yao, Viscosity approximation splitting methods for monotone
and nonezxpansive operators in Hilbert spaces, J. Nonlinear Convex Anal., 19(2018), 251-264.
K. Deimling, Zeros of accretive operators, Manuscripta Math., 13(1974), 365-374.

F. Facchinei, J.S. Pang, Finite-Dimensional Variational Inequalities and Complementarity
Problems I, Springer-Verlag, New York, 2003.

K. Goebel, W.A. Kirk, A fized point theorem for asymptotically nonexpansive mappings, Proc.
Amer. Math. Soc., 35(1972) 171-174.

S. Kamimura, W. Takahashi, Strong convergence of a prozimal-type algorithm in a Banach
space, STAM J. Optim., 13(2002) 938-945.

T.C. Lim, H.K. Xu, Fized point theorems for asymptotically nonexpansive mappings, Nonlinear
Anal., 22(1994), 1345-1355.



[24]
[25]
[26]
27]

28]
29]

(30]

(31]
(32]

[33]
[34]
[35]
[36]

37)

SYSTEMS OF VARIATIONAL INEQUALITIES 133

L.-J. Lin, Q.H. Ansari, Collective fixed points and maximal elements with applications to ab-
stract economies, J. Math. Anal. Appl., 296(2004), 455-472.

R.H. Martin Jr., Differential equations on closed subsets of a Banach space, Trans. Amer. Math.
Soc., 179(1973), 399-414.

S. Reich, Weak convergence theorems for monexpansive mappings in Banach spaces, J. Math.
Anal. Appl., 67(1979), 274-276.

T. Suzuki, Strong convergence of Krasnoselskii and Mann’s type sequences for one-parameter
nonezxpansive semigroups without Bochner integrals, J. Math. Anal. Appl., 305(2005), 227-239.
W. Takahashi, Nonlinear Functional Analysis, Yokohama Publisher, Yokohama, 2000.

W. Takahashi, C.F. Wen, J.C. Yao, Split common fized point problems and hierarchical varia-
tional inequality problems in Hilbert spaces, J. Nonlinear Convex Anal., 18(2017), 925-935.
R.U. Verma, General convergence analysis for two-step projection methods and applications to
variational problems, Appl. Math. Lett., 18(2005), 1286-1292.

H.K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal., 16(1991), 1127-1138.
H.K. Xu, Viscosity approzimation methods for nonexpansive mappings, J. Math. Anal. Appl.,
298(2004), 279-291.

Y. Yao, Y.C. Liou, J.C. Yao, Iterative algorithms for the split variational inequality and fized
point problems under nonlinear transformations, J. Nonlinear Sci. Appl., 10(2017), 843-854.
Y. Yao, A. Petrusel, X. Qin, An improved algorithm based on Korpelevich’s method for varia-
tional inequalities in Banach spaces, J. Nonlinear Convex Anal., 19(2018), 397-405.

Y. Yao, M. Postolache, Y.C. Liou, Z. Yao, Construction algorithms for a class of monotone
variational inequalities, Optim. Lett., 10(2016), 1519-1528.

Y. Yao, X. Qin, J.-C. Yao, Projection methods for firmly type nonexpansive operators, J. Non-
linear Convex Anal., 19(2018), 407-415.

H. Zegeye, N. Shahzad, Y. Yao, Minimum-norm solution of variational inequality and fized
point problem in Banach spaces, Optimization, 64(2015), 453-471.

Received: December 17, 2017; Accepted: February 9, 2018.



134 LU-CHUAN CENG, ADRIAN PETRUSEL, JEN-CHIH YAO AND YONGHONG YAO



