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1. INTRODUCTION

Let X be a finite simplicial structure, possibly more general than a simplicial
complex. The Lefschetz number of a simplicial map f: X — X is defined as

£(f) = 3 (~1)'trace(Hi(1)), (1)
i>0
where H;(f) : H;(X) — H;(X) denotes the induced morphism in homology with
rational coefficients.

The Lefschetz number stands as a crucial invariant within Algebraic Topology.
Beyond its role as an extension of the Euler-Poincaré characteristic, x(X) = L(idx),
the Lefschetz number serves as a connecting link between Topology and Dynamics.
It ensures the fulfillment of fixed-point theorems, establishing a significant bridge
between these two mathematical domains.

In 1979 Backlawski and Bjorner proved a Lefschetz fixed point theorem for posets,
which play an important role as objects of study in Combinatorial Algebraic Topology:

Theorem 1 (Lefschetz fixed point theorem for posets [3, Theorem 1.1]). Let X be a
finite poset and f: X — X an order-preserving map. Then

L(f) = x(X7).
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Moreover, if L(f) # 0, then there exists z € X such that f(z) = z, that is to say
there exists at least one fixed point of f.

Nowadays, acyclic (or loop-free) categories are gaining much importance in Com-
binatorial Algebraic Topology (see for example [2, 5, 6, 1, 4, 7]).

The purpose of this short note is to extend Theorem 1 to finite acyclic categories.
We define two complementary notions of the Lefschetz number for a functor F': C' —
C from a finite acyclic category to itself and we prove a Lefschetz fixed-object theorem
(Theorem 3.2) and a Lefschetz fixed-morphism theorem (Theorem 4.1) for such a
functor.

2. BACKGROUND

We begin by introducing some notions regarding acyclic categories and fixing the
notation. For a detailed exposition we refer the reader to [5, 6].

A (finite) acyclic category or (finite) loop-free category is a (finite) small category
(the collection of arrows is a (finite) set) such that only the identity morphisms have
inverses and the unique morphism from an object to itself is the identity. We will
represent and denote the acyclic categories by omitting the identity arrows. The
acyclic categories along with the functors between them form a category, which we
call AC. All acyclic categories we work with will be assumed to have a finite number
of morphisms.

Posets are examples of acyclic categories. For a poset (X, <), the objects are the
elements of the poset and there is a single morphism between two objects x and y if
and only if z < y. As a consequence, we can see the category of posets and order-
preserving maps between them, which we denote Poset, as a subcategory of AC.
Moreover, for an acyclic category C, there is a partial order on the set of objects of
C given by z <y if and only if there is an arrow from x to y. The resulting poset is
denoted by R(C). Let C' and D be acyclic categories and let F': C — D be a functor.
The map, R(F): R(C) — R(D) defined by R(F')(z) = F(x) is an order-preserving
map between posets. Therefore, R: ACat — Posets is a functor.

Let C be an acyclic category. The nerve of C, denoted A(C), is a regular trisp
(polyhedral complex whose cells are simplices, also referred as generalized simplicial
complex or regular A—complex depending on the literature) defined as follows (see
[5, Definition 10.4.] and [5, Definition 2.48]):

e The set of vertices is the set of objects of C.
e For k > 1, there is one k-simplex o for each chain of k non-identity composable
morphisms zg o B .
Intuitively, regular trisps generalize simplicial complexes by allowing several differ-
ent simplices to share all its vertices. Let C and D be two acyclic categories and let
F:C — D be a functor. There is a regular trisp map A(F): A(C) — A(D) given

as follows. For a composable morphism chain zo & 1 23 ... %% 1, in A(C), A(F)

maps it to the composable morphism chain F'(zg) Flaw) F(xq) Fleg) | Flaw F(xy)

in A(D). We use RT to denote the category of regular trisps.
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We recall the face poset functor F: RT — Posets for the particular case of regular
trisps and regular trisps maps coming from acyclic categories by the functor A since
they are the only ones we will consider.

For a regular trisp A(C), F(A(C)) is the poset of simplices of A(C) ordered by
inclusion: 8 < 7 if §is a face of 7. For A(F): A(C) — A(D), F(A(F)): F(A(C)) —
F(A(D)) maps the k-simplex (seen as an element of F(A(C))) zo 2 a1 B ... % 1y,

in A(C), to F(zo) "3 F(zy) 7% .79 P(ey) in F(AD)).

We define the subdivision functor for acyclic categories sd: ACat — Posets as the
composition sd = F o A.

We summarize these functors we will use in this work in Diagram 2.

VA S
ACat e E— Posets

N

The homology of the acyclic category C, which we denote by H(C) is just the
homology H(A(C)) of its nerve. Moreover, the face poset functor (consequently the
subdivision functor) induces isomorphisms at the level of homology.

We introduce some notation. For an acyclic category C, we denote by O the set of
objects and by M the set of morphisms. For a functor F': C' — C, we consider the pair
of maps between objects and between arrows: Fp: O(C) — O(C) and Fyr: M(C) —
M(C).

e The fized-object set of F': C' — C' is the subset
OO ={z € 0(C): Fo(z) =z} C O(C).
e The fized-arrow set of F': C — C is the subset,
M(C)F ={a € M(C): Fypr(a) = a} € M(O).
e The fized subcategory of F': C — C'is the acyclic category
CF = (0(C)", M(O)").

3. THE LEFSCHETZ FIXED-OBJECT THEOREM

We introduce two novel complementary notions of Lefschetz number for a functor
F: C — C between finite acyclic categories and we prove a Lefschetz fixed-object
theorem.

Definition 3.1. Let C be a finite acyclic category and let F': C' — C be a functor.
We define its Lefschetz number as L(F) = L(A(F)) and its R-Lefschetz number as
Lr(F) = L(R(F)).

Remark 1. Observe that for a functor between acyclic categories F': C' — C, L(F) =
L(sd(F')) and that for an order-preserving map between posets F': P — P, L(F) =
Lr(F).

Theorem 3.2 (Lefschetz fixed-object theorem). Let C' be a finite acyclic category
and F: C — C be a functor. Then:
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(a) Lr(F)=x(R(C)F).

(b) L(F) = x(CT).
Moreover, if Lr(F) # 0 or L(F) # 0, then there exists at least one object x € O(C)
such that F(x) =z, i.e. O(C)F # 0.

Theorem 3.2 depends on a crucial observation. Consider Figure 1. We repre-
sent a functor F': C — C between acyclic categories and the subdivision functor
sd(F): sd(C) — sd(C). We see that if sd(F) fixes (v, ) € sd(C), then sd(F) fixes all
elements below (v, 8) in sd(C).

sdCy = C(A(Cy)) sdCy = C(A(Ch))

F1GURE 1. A functor F': C — C between acyclic categories and the
subdivision functor sd(F'): sd(C) — sd(C).

This is not particular to this concrete example but a general fact. Let us state this
as a lemma.

Lemma 3.3. Let C be a finite acyclic category and let F': C — C be a functor. If
sd(F): sd(C) — sd(C) fizes an object o € sd(C) (sd(F)(o) = o), then sd(F)(1) =T
forallT<o.

Proof. Consider ¢ € sd(C), 0 = zo = 21 B ... % 2. If sd(F): sd(C) — sd(C)
fixes o € sd(C), then it fixes x; BB B 10 B a. .. “E 2p_q and zg 2

@j+10Q;

Ti.o..Tj_1 > Tjgl... 25 x4, for any 1 < j < k — 1. By applying this argument
iteratively a finite number of times it holds that for all 7 < o, sd(F)(7) = 7. O
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Proof of Theorem 3.2. First of all, observe that (a) is a direct consequence of Theorem
1. Let us prove (b). It is enough to check the following chain of equalities:

Y £(sd(F)) 2 x(sa(@p ) 2 y(sde) @ (e,

L(F)

Equality (1) follows from Remark 1. Equality (2) is consequence of Theorem 1.
Equality (4) follows from the homological invariance of Euler-Poincaré characteristic.

It remains to prove Equality (3). Suppose o € sd(C)*F) where 0 = 29 & 2, B
.. % 2. By Lemma 3.3, 0 € sd(CF). Conversely, assume that o € sd(C*) where
o=x0 3 z1 B3 ... % x;,. By construction,

sd(F)(zo 3 21 %3 ... % 2) = F(wo) "3 Fay) 79 .79 p(ay)

:xogmlg...%}xk.

Let us prove now the last part of the theorem. Observe that the elements of R(C')
coincide with the objects of C' while F' and R(F) fix the same objects. Therefore,
by Theorem 1, if Lr(F) # 0, then there exists at least one object z € O(C) such
that F'(z) = x. Assume now that L£(F) # 0. Then, by Theorem 1 there exists
o€ sd(CPIF) o =2 B xy B ... % 2, such that sd(F)(6) = 0. By Lemma
3.3, sd(F)(zg) = zo. Finally, F(xg) = sd(F)(z¢) by definition, which finishes the
proof. O

We show that for a functor F': C' — C between acyclic categories, L(F') and Lg(F)
provide complementary information regarding the fixed objects of F': C — C.

Example 3.4. Consider the acyclic categories C and D depicted in Figure 2: We

-

FI1GURE 2. Categories C' and D.

define functors F': C — C and G: D — D which are the identity on each category.
Therefore, they fix the respective categories (both arrows and objects). We have
La(F) = X(R(C)) =2~ 1 =1, £(F) = (C) = 2 — 2 = 0, £(G) = x(R(D)) =
4—4=0and L(G)=x(D)=4—-5=—-1.
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4. LEFSCHETZ FIXED-MORPHISM THEOREM

We begin by fixing some notation in order to state and prove the Lefschetz fixed-
morphism theorem. Let P be a poset. A morphism is indecomposable if it cannot be
represented as a composition of two nonidentity morphisms. The poset P is graded
if there is a function deg: P — Z such that whenever o < § is an indecomposable
morphism, we have deg() = deg(«)+1. Moreover, the degree of «r, denoted, deg(a) =
1, coincides with the maximum of the lengths of the chains oy < a1 < - -+ < a where
o is a minimal element of P.

Let P be a graded poset. We say that the element o belongs to its i-th layer,
denoted a € P;, if deg(a) = i. We define P ? as the deletion of the i-th layer from the
poset, that is, the subposet whose elements are P\ P;. Analogously, we define P <
as the deletion of all the j-th layers with j <4 from the poset P.

Let F': P — P be an order-preserving map. Then F' induces order-preserving maps

F':PI\FY(P)— P \FYP)
and
FS:PSN\F (| JP | »PS\F P
J<i j<i

given by F ?(a) = F(a) and F SAi(oz) = F(«), respectively. Finally, let us denote

sdf' = sd(C) =\ (sd() )7t | U sd(C),)
Jj<i
so there is an induced order-preserving map
(sdF) = sd, = — sd 5
Theorem 4.1 (Lefschetz fixed-morphism theorem). Let C be a finite acyclic category

and let F: C — C be a functor. If L((sdF) SAl) # 0, then for all 1 < k < i+ 1 there

exists at least one chain of composable morphims xo =% x1 3 ... % x, in C such that
Flaj) =aj for1 < j<kand Flzo 3 21 3 ... B xp) =20 B z; 3 ... 3% 1.
Particularly, if L((sdF) 6) # 0, then there exists at least one non-identity morphism
a in C such that F(a) = a, i.e, M(C)F # ().

Proof. Consider the order-preserving map (sdF’) <itgd ng — sd ng. By Theorem 1,
(sdF) <% has fixed elements.

The elements of deSi are of the form xg o B rp with k& > i+1 where each
x; is an object of C and each «;: x;_1 — x; is a morphism or arrow in C. Therefore,
since (sdF') <% fixes an element 2o 3 21 3 ... 2 T in deSi, then F' fixes at least one
chain of morphisms of length k in C. By Lemma 3.3, (sdF) =* fixes #1 3 x5 ... 55 xy,
T0o 3 zy... “E zp_1 and zg 3 z; . ST AR Tjg1--- 2% 2p in Sngi for any
1 < j < k—1. Applying Lemma 3.3 repeatedly, it follows that for all 1 < k < i+1 there
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exists at least one chain of composable morphims zo =5 21 =3 ... 5 2}, in C such that
Flaj)=ajfor1<j<kand Flzog 3o 3. B o) =203 B ... B2 O

Example 4.2. Let us consider the category and functor presented in Figure 3. Com-
puting £((sdF)") = 4 — 3 = 1 we determine that F has fixed arrows (for example 3
and vy o 3).

(v ) (7.5) (=), 8)

ESdF)ﬁ("«' o ) (sdF)0(8) (gdppﬁ(q)

(sdC)0\ F-1(Cy)

(sdC)0\ F-1(Cy)

F1GURrE 3. Example of Theorem 4.1.
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