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1. INTRODUCTION

In the field of topology, the initial theorems concerning fixed points were established
by Brouwer and Schauder. This naturally led to the question: ’Is it possible to obtain
a fixed point without relying on compactness, as in the famous Schauder fixed point
theorem?’ A positive answer to this question was provided by Darbo [10] in 1955. He
used the measure of noncompactness and extended Schauder’s fixed point theorem to
the framework of noncompact operators by introducing the concept of k-contracting
operators. After that, many works have been based on this fixed point theorem and
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the measure of noncompactness method in general (refer to [2, 3, 4, 5, 6, 7, 8], as well
as the references cited therein).

In [11, 13, 14], the authors highlighted that, in certain cases, fixed point theorems
based on measures of noncompactness, such as Darbo’s theorem, are not applica-
ble. To address this limitation, they introduced a new approach by defining fixed
points using the concept of the degree of nondensifiability based on a-dense curves.
More recently, several researchers have developed fixed point theorems leveraging this
concept, yielding significant results on the existence of solutions to various specific
problems (see [12, 13, 14, 18], and the sources given therein).

On the other hand, it is well known that, in certain function spaces, the "natural”
norm does not satisfy the triangle inequality. In light of this observation, researchers
have proposed generalizations of metric spaces by relaxing the triangle inequality, thus
allowing the extension of fixed point theory to these problematic function spaces.
There are, however, certain generalized metric spaces, such as quasi-metric spaces
(generally referred to as b-metric spaces in the context of fixed point theory). The
resulting notion of b-metric spaces has opened a new direction for the development
of fixed point theory, and It seems that the first fixed point theorem in a quasimetric
space was established in 1981 by Vulpe et al. [21], who adapted the Picard-Banach
contraction mapping principle from metric spaces to the context of quasimetric spaces
(b-metric space). Since then, many authors have contributed to this development.
Recently, the authors of [20] explore fixed-point theory in b-metric spaces and they
removed the condition ks < 1 from Banach’s fixed point theorem in b-metrics, and
this condition has been imposed in works where authors propose versions of Banach’s
fixed point theorem in b-metrics. Today, this field holds a significant position in fixed
point theory. However, regarding the origin of these spaces, we recommend reading
work [9], as there is some confusion among certain individuals about the date of their
emergence. Indeed, many research papers mistakenly attribute the initial work to
someone other than its true author.

So a natural question arises: ”Can we generalize Schauder’s fixed point theorem
in b-metric spaces?” In other words, "Can we apply Darbo’s fixed point theorem
in b-metric spaces?” Although the notion of MNC (measure of non-compactness) in
b-metric spaces has not yet found a clear connection. We will try to weaken the
compactness condition in Schauder’s theorem in b-metric spaces by introducing a
more general condition. Specifically, the operator should be contracting with respect
to the degree of nondensifiability, and we aim to establish versions of other theorems
in this context.

The structure of this work is outlined as follows. In Section 2, we focus solely on
presenting the essential definitions related to b-metric spaces, b-Banach spaces, and
conformable calculus, which serve as the foundational concepts for the subsequent dis-
cussions in this work. Section 3 introduces the notion of the degree of nondensifiability
within b-metric spaces and explores its properties in b-Banach spaces. Additionally,
we develop variations of specific fixed-point theorems, incorporating the degree of non-
densifiability for noncompact operators in b-Banach spaces. These include Darbo’s,
Krasnoselskii’s and Dhage fixed-point theorems, along with their generalizations. In
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Section 4, we apply these concepts to establish a theorem on the existence of solu-
tions for a class of perturbed conformable differential equations in b-Banach spaces.
Finally, we provide an illustrative example that highlights the practical applications
of the results obtained in this work.

2. PRELIMINARIES

Definition 2.1 ([9]). A function d : £ x & — R is called a b-metric on & if it satisfies
the following three conditions:

(mq) d(z,y) >0 and d(x,y) = 0 if and only if © = y;
(ma2) d(z,y) = d(y,x), for all z,y € &;
(mg3) there exist a constant s > 1 such that

d(z,z) < sld(z,y) + d(y, 2)], for all z,y,z € £.
If d is a b-metric on & then (€,d, s) is called a b-metric space (quasi-metric space).

In the specific case when s = 1, a b-metric d corresponds to the standard definition
of a metric (distance). However, when s # 1, a b-metric is not considered a metric.

Definition 2.2 ([9]). Let £ be a real or complex linear space. A map ||| : £ — [0, 00)
is a b-norm (quasi-norm) if it satisfies the following conditions:

(m4) ||lz|| = 0 implies z = Og;
(ms) llz+yll < s(||z|| + ||yl]), for all z,y € &€, where s > 1 does not depend on z, y;
(mg) [[Az|| = |\l [z], for all z € € and A € K (either C or R).

(&, ]l - |I,s) is called a b-normed space (quasi-normed space), and a complete b-
normed space is called a b-Banach space (quasi-Banach space).

Remark 2.3. If the mapping d, satisfies the conditions (m;) and (m2) and
d(z,z) < min{d(z,y) + sd(y, z); sd(z,y) + d(y, z)}, for all z,y,z € £.
then, (€,d, s) is called a strong b-metric space, (Similarly for strong b-norm spaces).
From [1, 15], We recall two definitions from conformable calculus:

Definition 2.4. Let f : [0,400) — R be a given function, the conformable derivative
of f of order (3 is defined by

DA (f)(t) = tim T HET) 2 )

e—0 £

, fort>0and g€ (0,1].

Definition 2.5. The conformable integral starting from a of the function f :
[a,+00) — R of order 3 € (0,1] is defined as

If(t) = / (7 — a)' B f(r)dr.
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3. MAIN RESULTS

3.1. Degree of nondensifiability in b-metric space. In this section, we consider
(€,d) to be a b-metric space as previously defined, and P,(€) denotes the collection of
all non-empty, bounded subsets of £. For any M € Py(€), M represents the closure
of M, and Diam (M) refers to its diameter. Furthermore, when £ is a b-Banach space,
Co(M) denotes the convex hull of M, Fr is the set of fixed points of the operator T,
and jl = [O, 1]

From [17], we present the following concepts associated with densifiable sets in a
b-metric space:

Definition 3.1. Let M € Py(€) and a > 0. A continuous mapping v : J1 — & is
said to be an a-dense curve in M if the following conditions hold:

(i) »(J) € M.
(ii) For each x € M there is z € y(J1) such that d(z, z) < a.

If for each v > 0 there exists an a-dense curve in M, then M is said to be densifiable.

Now, we introduce the concept of the degree of nondensifiability in b-Banach spaces
& (abbreviated as DND?), building upon a framework similar to that outlined in [13].

Definition 3.2. Let M € P,(€), o > 0 and I'ps the class of a-dense curves in M.
A map
D, : 'Pb(g) — [074—00)7
defined by
D (M) :=inf{a>0:Tp # 0},

is called a degree of nondensifiability defined on £.

Taking the above considerations into account, we obtain

0 <P, (M) < Diam(M),

for all M € Py(E). Therefore, @ is well defined.

Proposition 3.3. The DND" ®, satisfies:

(p1) Regularity on the subfamily Marc(E) C Py(E) of arc-connected subsets of
Po(&) : (M) = 0 if, and only if, M is totally bounded, for each M €
Marc(g)'

) ®,(M) = &, (M), for each M € Py(E).

) Ds(cM) = |c|®s(M), for each ¢ € R and M € Py(E).
pa) Ps(xo+ M) = Ds(M), for each xg € E and M € Py(E).

) If (C),,>; is a decreasing sequence of non-empty, closed and convex subsets
of £ with lim,, ®, (C,) = 0, then the intersection of all C,, is non-empty,
convex and compact.

(ps) For each M € Py(E), m € N*, we have

D, (Co(M)) < 5,Ds(M),
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where
m

S = Zsj)\j + Ams™ (1 — 5), Z/\j =1, and m > 2.
j=1 j=1
Or more generally, for s > 1 and m € Ny = N* — {1}
D, (Co(M)) < (s+1)Ps(M) < 8, D5(M),
sm—1

where sy = *—.

(p7) For each My, My € Py(E), we have
Py (My + Mz) < 5(Ps (M) + 05 (M2)) -
(ps) For each My, My € Pyp(E), m € N*, and \j € RT;j =1:m, we have
@, (Co (M1 U Ms)) <3y max {®, (Co (M), P, (Co (M)},

where
S = Zsj”q)\j + (1 =9)(s"\+ 8" A\n), and Zx\j =1, 1<r<m.
j=1 j=1

Or more generally, for s >1 and m € Ny
O, (Co(MyUM)) < (s+1)max{®;(Co(My)),Ps(Co(Ms))}
< spymax {®, (Co (M), Ps (Co (M2))}
(po) For each M; € Py(E);i=1,2 and M; . = maxyenr, {||yl|}, we have
O, (M1 Ms) < sg = min(6y,0s,03),
or more generally,
Oy (M1 M) < 8% (Mo ®s (My) + My @y (M) + &5 (My) 4 (Ms)),
where
01 = sMs @, (My) + s> My, @, (Ms) + s>, (M) @4 (Ma),
O = 82 Mo &y (M) + 8 M, @, (M) + s®, (M) O, (Ms),
03 = s> Mo @y (M) + sM; @, (Ms) + s>, (M) @4 (Mo),

and (E,]| - ||) is a b-Banach algebra satisfying the condition |Juv| < ||ul|||v|
for all u,v € £.

Proof. For the proof of properties (p1) to (ps), Since in the proof found in [11, 14, 13],
the triangular inequality has no effect, the proof remains valid in b-metric space.
Now, about:
(ps) : Let us denote o, := &, (M), then for a given e > 0 there exist a curve v, in
M, such that
M C 7 (J1) + (ax +€) Be.

Now, consider any point 2 € Co (M), This point can be expressed as

m m
:U::Z)\jxj, for )\ij,Zx\j:L
j=1

j=1
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where {z;}7";. By the property of ~., there exist {¢;}7", € Ji such that
lz; — v &) < ax+e foralj=1,...,m.
Define
z = Z Ay (E5) -
j=1

Clearly z € Co (74(J1)) C Co(M) and there exists ¢ € J; such that ~.(¢) = z. Then,
we have

m
lz =zl = || > A (w5 = 7 ()
j=1
m—1 .
o D e T (20 | W e A (]|
j=1
m—1
< (o +€) Z sIN; 4+ 8™,
j=1
Thus,
[z — 2[| < Sm (ax +€),
where
m—1
é\m — Z Sj)\j + Sm—l)\m7
j=1

which proves that ~, is a 5, (a. + €)-dense curve in Co (M). Then, since € is arbitrary,
Vs 18 & Spas-dense curve in Co (M). Therefore, &, (Co (M)) < Spta.
Thus

D, (Co(M)) <5, Ds(M).

Or more generally, for s > 1 we have 5, < s,, for all m € Ny, then

meN;

O, (Co(M)) < ( inf sm> D (M) = 52D (M) < $,P5(M).

(p7) : The proof is simple and similar to that of Proposition 2.1 in [14]. One just
needs to use the inequality in condition (ms).
(ps) : Based on [13], let us define o; := @4 (Co (M;));i = 1,2, according to the
definition for a given e > 0 there exist a curves v; in Co (M;), such that
Co (M;) C 71(Jh) + (@i +€) Be.
Then,
Co (11(J1) Una(d1)) € Co (My U Ms),

and there exists a continuous map 7y : J; — £ such that

Y(J1) = Co (1 (J1) Une(J)) -
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Now, let « be a point of Co (M7 U My), then

m::i)\jxj, )\jZQi)\j:la
j=1 j=1

with {z;}7_, € My and {z;}72, ., € My for some 1 < r < m. then, there exist
{t;}) € J1, such that
lz; — v ()| <ar+eforallj=1:r.
and
lz; —v2 (t)]| <as+eforall j=r+1:m.
Now by defining
z = Z )‘j'YI (tj> + Z )\j’)/Q (tj) .
j=1 j=r+1

Consequently z belongs to the convex hull of (y1(J1) U v2(J1)) and there exists t € J;
such that v(t) = z. Therefore, we have

|z — 2| <s Z)‘j (@i =y )|+ D A —12(ty))

Jj=r+1
r—1
<s | 5N Nz = @)+ 5" Az =7 ()]
j=1
m—1
+s D0 SN =2 )]+ 5 A [em — 32 (tn)l
j=r+1
r—1 m—1
< (g +e€) Z‘S]H)‘j + 5" A | + (ag+€) Z sTTIN + 8™ A
j=1 j=r+1
< (max {ai,az} +¢) Z Sj+1)\j +(s" = 87'“))\,, +(s™— sm+1))\m
j=1
Thus
||J? - Z” < gm (maX {ala 0¢2} + 6) R
where

S =) 8T+ (1= 8)(8" A + 5™ ),
j=1
This establishes that v is a §,, (max{ay, a2} + €)-dense curve in Co(B; U Ms). Since
€ can be made arbitrarily small, it follows that « is a §,,, max{a1, as}-dense curve in
Co(M; U My). Consequently, we have @, (Co(M; U Ms)) < 5, max{ai, az}.
Thus

D, (Co (M UMs)) < 8 max {®; (Co (M), P, (Co(Ma))}.
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Or more generally, for s > 1 we have s, < s,, for all m € Ny, then

O, (Co(MyUM,y)) < < inf sm> max {®; (Co (My)), P, (Co(Ma))}

meN;

= symax{®; (Co (M;)), P, (Co(Ms))}
< $pmax {®; (Co(My)), P, (Co(Ma))}.

(po) : Let & := x129 € My My with z; € M;,i = 1,2, from Definition 3.1, we have
M; C ~vi(J1) + a;Bg, for i = 1,2, then it follow that = (21 + aqu1) (22 + @ous)
for some z; € v;(J1) and u; € Be,i = 1,2. then we get

|z — 2122 < 9: = min(é\l,ﬁg,é;,), (3.1)
where N
01 = s||z2|l + 2| 21]|az + sy,
0y = 52||22Ha1 + 52||zl||a2 + saqa,
03 = 5°||z2||1 + s||21]| a2 + s%a .
Define w : J1 — & by w(t) := 7 (r1(t))y2(r2(t)) for t € Ji. w is continuous and
w(J1) C M1 M. By choosing t; € jl such that 7, (r;(¢;)) = z; for i = 1,2, we can con-

clude from (3.1) that w forms a 0,-dense curve in My M,, where 0, = mln(@l, 92, 93)
where B

01 = sMy a1 + 52M1,*042 + s2aqag,

0y = $2Ms ay + s> M) .a + sayag,

9~3 = S2M2,*Oé1 + sMy . + s*ajas.

Therefore, ®4(MyMs) < 9~S Finally, observing the arbitrariness of a; > ®,(M;), for
i = 1,2, we obtain
q)s (MlMQ) S Sg. U

Remark 3.4. In a strong b-Banach space, (p1) to (ps) remain valid, and moreover,
we have

(p§) Ps(Co(M)) < s®4(M), for each M € Py(E).
(p%) For each My, My € Pyp(E), we have

O, (M1 4+ M) <min{s®s (M) + @g (M), P (M) + sPs (M)}
(p§) For each M;, My € Pyp(E), we have
®, (Co (M; U My)) < s max {®, (Co (M;)),®, (Co (My))}.
(p§) For each My, My € Pyp(E), we have

D, (MlMQ) < 89 = n(9 )7

where
01 = Mo @y (My) + sMy . @, (Mo) + *®4 (My) @ (Mo)
0o = My, @y (My) + s My D (My) + s® (M) O (M),
O3 = sMs s (My) + My @, (My) + °®, (M) D, (Ma)
04 = sM . @y (My) + > My @ (M) + @4 (My) D (My)
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05 = $2M2,*‘I’s (My) + M1+ @5 (M) + 5O, (M) O (M),
O = 82 Mo &y (M) + sM; O3 (My) + O, (My) Oy (Mo).
Or more generally,
By (M1 My) < 8% (Mo @ (M1) + My @5 (Ma) + ®4 (M) 5 (Mo)) .
Now, we consider

V1 = {K:R* - R", continuous nondecreasing functions with K(0) =0},
Vo = {IC :RT — RT, such that lim K"(t) =0,Vt € [O,—i—oo)},
n—oo
Vs ={K e Y, with £(t) =kt, ke€[0,1)}.
Definition 3.5. Let £ be a strong b-Banach space and a mapping T : £ — Pp(€)
that satisfies
sO(T(M)) < K(Ds(M)), for all M € Py(E).
Then T is called
(1) K-Lipschitz®s if K € Y.
(2) k-contraction®s on &, if K € ).
(3) A nonlinear K-contraction®s on &, if K € Y and K(v) < v for v > 0 ( which
implies that K € )»).

Subsequently, we will present several versions of the fixed point theorem based on
the degree of nondensifiability in a strong b-Banach space (&, || - ||, s) for s > 1.

Theorem 3.6. Let F' be a bounded closed convex subset of a strong b-Banach space
Eand T : F — F be a k-contraction®s continuous operator. Then, T has at least one
fized point.

Proof. Consider a sequence of sets {M,, }, .y in € defined as follows
My=F, My4y1 =CoT (M,),n=0,1,...

It is clear that M, C M,, for n = 0,1,..., thereby creating a decreasing sequence
of closed convex and bounded subsets of F'.
Since T is a k-contraction®s, it follows that

O, (Myyr) = ®, (coT (Mn)) < 5B, (T (M) < k (05 (M,)) . (3.2)

By continuing this process, we obtain
b (Mp41) <Ek"®(F) —— 0.

n—-+oo

According to property (ps) in Proposition 3.3, M* = (), .y M, # 0, and this set
is both convex and compact. Additionally, due to the convexity of the sequence
{Mp, }nen and the fact that T(My) C My, it follows that T(M,,) C M, for all n € N.
Therefore,

T(M*) = ﬁ T(M,) C ﬁ M, = M*.
n=0 n=0

Therefore, by applying a Schauder-type fixed point theorem (in strong b-Banach
space), the operator T': M* — M* has at least one fixed point. (]
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Now, we present the first generalization of Theorem 3.6.

Theorem 3.7. Let F be a closed, bounded and convex subset of a strong b-Banach
space £, and let T : F' — F be a continuous operator. For any subset Q of F', set

T'Q = TQ, T”Q:T(m), n=23,... (3.3)
Suppose there exists a positive integer py, such that TP be a k-contraction®s operator.
Then, §r # 0.
Proof. The proof is analogous, we simply need to use the sequence
Wo =F, Wypy1=CoTmn (W,),n=0,1,...
and the fact that T?° is k-contraction®s to ensure that ®,(W,) — 0, asn — +oo. O

Lemma 3.8. Let T : £ — & be a k-contraction®s operator, then for every j > 0,
T7 is kJ-contraction®s operator. (where T is the j-th composition of the operator T
verify expression (3.3)).

Proof. Put ®4(T) = k, then for a given € > 0, we have T is (k + ¢)-contraction®s.
Therefore, we have

sP(T(M)) < (k+¢e)Ps(M), forall M € Py(E).

Then, we get
5@, (T (CoTIT(MD))) < (k+e)@, (CoTTT (M)
< (k+e)s®, (7771 (M))
< (k+2o) @, (CoTi2(M))
< (k+e) dy(M).
Since ¢ is arbitrary, then 77 is k7-contraction®s operator. O

Remark 3.9. If T is k-contraction®s operator, then by Lemma 3.8 for every j > 0,
T7 is ki-contraction®s operator. Given that k € [0,1), then for all j € N*, we have
k7 < 1. Thus by Theorem 3.7, T has at least one fixed point.

The next theorem provides another generalization of Theorem 3.6, utilizing the
concept of K-contraction®s.

Theorem 3.10. Let F' be a non-empty, closed, convex and bounded subset of a strong
b-Banach space £ and let T : F — F be a continuous nonlinear K-contraction®s. Then

Sr # 0.

Proof. The proof follows a similar approach to that of Theorem 3.6, with the difference
lying in inequality (3.2). Here, for all n = 0,1,2,..., we obtain

O, (Mp41) < K" (P4 (F)) = 0, as n — +o0.

Consequently, we reach the same result by applying the same reasoning. O
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Remark 3.11.

- If pp = 1 in Theorem 3.7, or in Theorem 3.10 if the operator T is linear
K-contraction®s on £, then then we recover Theorem 3.10 (Darbo-type fixed
point theorem) in strong b-Banach space.

- If Schauder’s fixed theorem in strong b-Banach spaces is applicable, then the
Theorem 3.10 is applicable.

- In the case when s = 1, the theorems 3.6, 3.7 and 3.10 remain applicable,
which corresponds to the case of Banach spaces.

- From Remark 3.9 Theorem 3.6 implies Theorem 3.7.

- In Theorem 3.10, we can take the following examples of functions K : RT —

R*:
r

r+1
- In Theorem 3.10 since K(v) < v for v > 0, then we get
O (T(F)) < D (F),

in this case, we say that T is ®s-condensing operator, and we recover
Sadovskii’s theorem in strong b-Banach spaces. However, we will not pro-
vide the proof, as it is similar to the usual case (see, [11]).

K(r) = arctan(r), K(r) =In(r + 1), K(r) =

We will now introduce a version of Krasnoselskii’s type fixed point theorem on
strong b-Banach space based on DND?.

Theorem 3.12. Let F be a closed, bounded and convex subset of a strong b-Banach
space €, and for i = 1,2 lets T; : F — £ be two operators such that

(K1) T, is continuous operator and an k-contraction®s operator, with ks < 1.
(K3) T» is continuous and compact operator.
(K3) Thu+ Tou C F for allu € F.

Then the operator Ty + Ty has a fixed point F.

Proof. Let T : F — £ be a mapping defined by
T =Tix+ Th.

According to assumption (K3), we have Thu+Tou C F for every u € F. Consequently,
T(F) is bounded and T(F) C F. Given that T; are continuous, this leads to the
conclusion that T is continuous.
Based on assumption (K1), there exists k € [0,1) such that for every non-empty
subset M of F, we have

s@(Ty (M) < ke, (M),
It follows from conditions (p;) and (p%) in Proposition 3.3 that

sOs(T(M)) < k®s(M).

This shows that T is an k-contraction® operator on F, mapping into itself. As a
result, T satisfies all the conditions of Theorem 3.6, implying that T has a fixed point.
Therefore, the equation x = Tix + Tox has a solution. O

Remark 3.13. In the previous theorem:
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- We can generalize the condition (K7) by:
(K3) Ty is continuous operator and nonlinear K-contraction®s.
- We can weaken the condition (K3) by:
(K3) Ty is continuous and k*-contraction®* operator, with
min {sk + k", k + sk™} < 1.
Theorem 3.14. Let F' € Py(E) be a closed and convez set and T, T; : F — &;i =
1,2,3 continuous operators. Assume the conditions:
(K4) T(x) =Ti(x)Te(x) + T3(x) € F, for each x € F.
(K5) T; are kr,-contraction®s operators for i =1,3.
(Ks) To is compact.
Additionally, assume that
o, = min {Sle ||T2H + kry, kb, HTQH + SkTg} < 1. (34)
Then the operator T has a fized point.
Proof. By condition (K4), T belongs to C(F,F), and according to condition (Kjs),
|72 is well defined. Now, based on property (p%) and (p§) of Proposition 3.3, for any
non-empty, convex subset M C F' with ®4(M) > 0, we obtain
@, (T(M)) < min {skr, ||| + . o [T + sk, } @4 (00)
Given that o, < 1, it follows that T is an «a,-contraction®s operator. As a result, by
Theorem 3.10, T has a fixed point. O
Remark 3.15. We can generalize condition (K5) of Theorem 3.14 by:
(K%) and Ty, Ty are continuous operators and nonlinear K;-contraction®s (i = 1,3).

4. APPLICATION TO PERTURBED CONFORMABLE DIFFERENTIAL EQUATIONS

In this section, we prove the existence of solution to the following problem:

D (w(t) [u(t) — Ui(t, u(t))Va(t, u(t))])
=Wy (t,u(t)) + D2 (U3(t,u(t)), t € I :=[a,b], (4.1)
u(a) =up € X,

where a and b are strictly positive constants with a < b, the functions ¥; belong
to the space C(I x X, X) and w € C(I,R\{0}). (X,| -|,v2) is a strong b-Banach
algebra space and DPu(t) is the conformable derivative starting from the initial time
a and of order 8 € (0, 1). (the interested reader to this type of problems is referred to
[1, 15, 16, 19] and the sources given therein).

Let X, = C([a,b], X) be the space of all real continuous functions on [a, b] with

lull« = sup [Ju(t)].
t€(a,b]

Then, (X,,| - [|«,v2) is a strong b-Banach space with the structure of b-Banach
algebra.

Now, following the methodology outlined in the papers [1, 15], we derive the fol-
lowing lemma:
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Lemma 4.1. A function u € X, is a solution of problem (4.1), if and only if u
satisfies the following integral equation

u(t) = Ui (t)Wh(t) + w™(t) <ga + Ui(t) +/ (r— a)ﬁl\II4(T,u(7'))dT> , t €a,b),

where g, = w(a) [uo — Wi(a)3(a)] - Wi(a), @ (1) = =k and W (1) = (¢, u(t)).

To provide an existence result for the solution of problem (4.1), we require the
following hypotheses:

Q1) There exists a constant @w* > 0 such that:

1
, foreach t € I.

()] > p—

Q2) There exist continuous functions g; : I — (0,400), (i = 1,2,3) and g4 €
LY(I,R") such that

Wit w)ll < ga@®)llull, ¥t € IVu e X; i =1,3,4,
[Walt,u)]| < got), VteLVue,

and g = supye(q ) 9i (t)-
Q3) For any bounded set M € X and ¢ € I, we have

D (Wi(t, M)) < gi(t)2s(M); i =1,3,4.
Theorem 4.2. Assume that the conditions (Q1) — (Q3) are satisfied, with
7 = min { g W lloe V2 + & 67 [ W]l oo + EV2} < 1. (4.2)
Then, the system (4.1) has at least one solution.
Remark 4.3. 6 and ¢ are constants that will be specified later.

Now, before presenting the proof of the previous theorem, we need the following
lemma.

Lemma 4.4. Let ¥ : Ix X — X be a continuous nonlinear K-contraction® functions
and g : I x I — R be a continuous function (X is a strong b-Banach space), then for
any bounded set M C X and to, t € I with ty <t, we have

5P, (/t: g(t, 7)¥ (T, M(T))dT) < /t: s®, (g(t, 7)¥ (1, M(7))) dT
< ( 9(t.7)lr ) K (@4(00).

Or more strictly

o ([ gt M(e)dr) < mye (b= K (£,01),

to
where
mg« = sup{|g(t,7)]; a <7 <t < b}
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Proof. Let us start by define the operators T': X — X, by
t

Ta(t) = [ glt,r0(r,a(r))dr
to

Since ¥ is nonlinear K-contraction®s, then from Definition 3.5, there exist K € ),
such that for almost every 7 € [a, b], the following holds:

s ({U(r,2(7)) : 2z € M}) <K (A7),

where A, := O, ({z(r) : x € M}).

For a given € > 0 and almost every 7 € I, there exists a continuous mapping vy :
T — (B, - ), with vo(J1) C {¥(r,2(7)) :, * € M}, such that for each x € M
there is r € J; satisfying

s|(r, z(1)) —yo(r)|]| < K(A;)+ ¢, for almost every 7 € [a, b].
Now, we define the mapping vy : J1 — (X, - || x) as

t
reJi— yo(rt) = / g(t, ) ye(r)dr, for all t € [ty,b],
to

This mapping is clearly continuous, and it holds that g (71) C T(M). Moreover, for
each x € M, there exists r € J; such that

SITa(t) = Fa ) < s [ lalt7)| 1¥(ra(r) = yo(0) | dr

< [ oDl (K (a0 +2)

Let A := ®4(M), then we have A, < A for almost every 7 € [a,b]. Based on the
preceding inequality, we can deduce that

s Ta(t) = yu(r, D) S/t l9(t, T)| (K (A) +€) dr.

Now, as € — 0, we get

sz~ 7t < ( / s(t.mldr ) £ (2).

This means that, due to the arbitrariness of ¢ € [tg, b], we have

s(r0) < ( [ lo(e.7)lar ) K (@a(20).

to

Furthermore
s®4(T(M)) < mg«(b—a)K(Pg(M)) .

Remark 4.5. In the previous lemma:

(1) If W is an k*-contraction®s functions, then we will get

s®4(T(M)) < k*mg-(b—a)®q(M).
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(2) In the case when K(r) = ly(¢)r where Iy € L'(I,RT) we get
s@q(T(M)) < mg-[|ly |1 ®a(M).

Proof of Theorem 4.2. Transform the problem (4.1) into a fixed point problem and
define the operator T : Xy — A by:

t
Tu(t) = Wi ()5 (t) + =t (t) (ga + Ui(t) —i—/ (17— a)P =1y (7, u(7‘))d7> , t € [a,b].
We will prove that the operator T has at least one fixed point. So we define the
operators T; : X, — X,;i = 1,2, 3, such that
Tu(t) = Tvu(t)Tou(t) + Tsu(t),
where
Tou(t) = Uy(t, u(t)), i =1,2.
t
Tou(t) = = (Oga + =" (st ult) + =) [ (7= @) Wl (),
and the set My = {u € X, : |ul|x, < 0}, such that
= o[V Y
1—V2(gigs +w* (g5 + (b —a)’~gall 1)) ~
Step 1: T; are continuous.

It is clear that the functions Tj; (i = 1,2) are continuous operators.
Now, let {u,}, be a sequence such that u, — u* on My. For each t € I, we have

I(T3un) () = (Tsu")(O] < @ V2 Ws(t,un(t)) = Ta(t,u’(2)]

+w*\/§[ / (7 — @) Wy (7, n (7)) — W (7,0 (1)) dr |

By condition (@Q2) and Lebesgue dominated convergence theorem, we deduce that
| T5un(t) — Tsu*(t)]| = 0 asn— +oo.

Hence, T3 is also continuous.
Step 2: Ty (u)T>(u) + T3(u) € My, for each u € My.
Let u € My and t € I, we have

[EIGERE RHOVO]
V2 . g e
+ 2 (ol + VA + 2 [ (=t lar)

< V201930 + @ V2 [llgall + 936 + (b — a)°~*[lgal 1]
<4.

t

Hence, ||T'(u)||x, < 6. Consequently, T'(My) C My.
Step 3: Consider a non-empty and convex subset M C My. According to conditions
(Qi);1 =1,2,3, Proposition 3.3 and Lemma 4.4, we get

V28,4(T5(M)) < £0q(M),
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where
§ = @" min {\/59:3: +(0—a)’ gallzr, 95+ V2(b— G)B_1||94||L1} .

Therefore, T3 is &-contraction®s operator. on the other hand we know that T} is an
gi-contraction®s operator and Ty is compact. Thus, all the condition of Theorem
3.14 are satisfied, then we can conclude that the equation T (u)T5(u) 4+ T5(u) = u has
a solution, then the operator 1" has fixed point, which is a solution of the problem
(4.1). O

Remark 4.6. As special cases, we have:

(1) If ¥ or Uy is the null function, then Theorem 3.6 is applicable.

(2) If ¥y is a nonlinear K-contraction®s functions, then Theorem 3.10 is applica-
ble.

(3) If Wy is the identity function, then Theorem 3.12 is applicable.

4.1. An Example. To conclude, we will offer an example to demonstrate our find-
ings.
Let X = ¢¢ the Banach algebra space of real sequences converging to zero:
co = {x = (2n)52 | lim 2, = 0},
n—oo
with the standard norm:

[[#]lo = sup |z|.
n>1

Then, (C([m,27],¢o), || - ||+, ) is a strong b-Banach space endowed with the structure
of b-Banach algebra for all s > 1, in particular for s = v/2.
Now, consider the following problem:

{DW (@(t) [u(t) — Ui ()5 (1)]) = Ua (£, ult)) + Di/* (W5(1), t € I := [x,2n],

2
u(m)=e" ",

where

\Ill(t,u) =

(
Uy(tu) — (/7r27rsin(t—7') <WT+W) dr>n>0,

sty = [ uncos (5)]
3L, u = 677‘_(14_‘””') )
>0
“tarctan(t + 1 n
Valtu) = (e arc a211( + )lo (1+“|>) :
m m n>0
73 + | cos(t)]
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Then, it’s not difficult to see that

|w(t)] > 7°/2, for each t € [r,2n].

11t 0) o < = lullo

572
[W2(t, u)]lo < m”“”m

- 1
1%3(t,w)llo < ™75 Jullo,

and
e~ tarctan(t + 1)
4t u)llo < 3 [[ulfo-
Then
5 1 577'2
=g 2 )= ——— t) = ———
w ™ 5 gl() 7+€t+1, 92() 2(t2+1)’
Tmal e tarctan(t + 1)
go(t) = 77T gy(r) = SRS

163

Now, let M C X be a non-empty, bounded, and convex set. For a fixed t € Ji,
assume 7 is a ¢;-dense curve within the set {{(t) : ¢ € M} for some ¢; > 0. Then,

for any ¢ € M, there exists 7 € I such that

€)= (7: DI < @t

Then, we get
1
[W1(t,C(#) — Wi(t,v(7,1)lo < W‘Pta
||\II3(tv C(t)) - ‘113(t7’7(7-7 t))HO < e_t_7ﬂ+%()0t7
and
e~tarctan(t + 1
4 (1,6(0) — a7 (7)o < 2D
Thus
1
O (Ve (t, M) < Wq)S(M)a
O (Us(t, M) < TG (M),
and

e tarctan(t + 1)
3

O (Pat, M) <

D (M).
On the other hand, we have

maX{T*,\/i@Tg; + o (9§ +(b— a)5_1||g4||L1))} <1

As a result, for 1.571 x 10~ < 0, all the criteria outlined in Theorem 4.2 are fulfilled.
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