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Abstract. In this paper, we prove an existence smd uniqueness theorem for a solution of a system
of nonlinear equations in the product of b-metric spaces. We obtain generalization of the classical
results of Banach, Kannan and Reich in the product of b-metric spaces. Also, some variants of the
results of Czerwik, Bhaskar and Lakshmikantham are obtained. Finally, we give an application in
support of our result.
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1. INTRODUCTION AND PRELIMINARIES

Let n € N. We will use the notation [n] = {1,...,n}. Let (F;, d;, s;), © € [n] be complete b-metric
spaces. For e; € E;, © € [n], consider the system of equations

Ti(e1,...,en) = e1 (1.1)
Tn(el,...,en) = en,
where
Ti:ElX“'XEn—)Ei,’iE[TL]. (1.2)

In this paper, we give some conditions under which the system (1.1) has a unique solution. Also, we
give some applications of the obtained results.

Problem to solve such a system of equations (1.1) is of real interest. Some of relevant previous
results for the same problem in the case of metric spaces and b-metric spaces (e.g., coupled fixed
point results, tripled fixed point results, multiple fixed point results, and their generalizations) can
be seen in [8, 29, 30, 31, 32, 33, 34, 38, 39, 40].

Actually, Czerwik [14] proposed the terms b-metric and b-metric space. Bakhtin [4] called them
”almost metric spaces”. But this kind of spaces were earlier considered under various names (see
the Introduction to [12]). In [12] one says that Bakhtin proposed the term ”quasi-metric”, but the
exact translation from Russian is that of ”almost metric”. Also, according to the historical notes
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in the recent paper [7], it appears that the concept of b-metric space (under the name ”quasimetric
space”) was introduced before Bakhtin and Czerwik, by Vulpe et al. [41]. The theory of fixed points
in b-metric spaces has expanded in the past ten years (see [1, 2, 3, 9, 10, 12, 15, 16, 18, 21, 23, 25,
24, 27, 28, 35, 37]).

Here are the well-known definitions.

Definition 1.1. Let F be a nonempty set and s € [1,400). A mapping d : E x E — [0,+00) is
called a b-metric if:

(1) d(e1,e2) =0 if and only if e; = ea,
(2) d(e1,e2) =d(e2,e1),
(3p) d(e1,e3) < s[d(e1,e2) + d(ez,es)],

for all e, e2,e3 € E. In this case (F,d, s) is called a b-metric space.

Remark 1.2. If s = 1 then the b-metric space is a metric space. The notions of convergent sequence,
Cauchy sequence and completeness in b-metric spaces are defined as in metric spaces.

—+oo

Remark 1.3. The space I? = {{zn} CR: Y |za|P < +oo},p € (0,1), together with the function
n=1

dp 1P x [P — R, defined by

+oo %
dp(zvy) = <Z |n — yn|p> )
n=1

where ¢ = {zn},y = {yn} € IP, is not a metric space (the function d, do not satisfy the triangle

1_
inequality), but (I?,dp, s) is a b-metric space with s = 27 1, [17, 22].

Definition 1.4. Let (E,d,s) be a b-metric space, {en} a sequence in E and e € E.
(a) The sequence {en } is convergent and converges to e, if for every € > 0 there exists ne € N such

that d(en,e) < € for all n > ne. We denote this by 11111 en = €eor e, —» e as n — +oo.
n——+0o0

(b) The sequence {ey, } is called Cauchy if for every e > 0 there exists ne € N such that d(en,em) < €
for all n,m > ne.

(c) If every Cauchy sequence in E converges to some e € F then (F,d, s) is called a complete b-metric
space.

Recently, Miculescu and Mihail [23] (Lemma 2.2) and Suzuki [37] (Lemma 6) obtained a nice
result that is very useful for examining convergence in b-metric spaces.

Lemma 1.5. Let (E,d,s) be a b-metric space and sequence {en} C E. If there exists k € [0,1)
such that

d(en+1,en) < kd(en,en—1), (1.3)
for all m € N, then {en} is Cauchy.

Remark 1.6. From Lemma 1.5 we obtain that {e,} is Cauchy if there exist a € [0,4o00) and
k € [0,1) such that d(en+t1,en) < k™a for any n € N.

Lemma 1.5 is essential for the proof of our main result and can be used to obtain a simpler proof
of the result of Czerwik ([13], Theorem on page 137). We provide a single-valued mappings version
of Czerwik in b-metric spaces.

2. MAIN RESULT

Now we shall prove the main result.
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Theorem 2.1. Let (E;,d;, s;), be complete b-metric spaces, i € [n] and Ty : E1 X -+ X En — E;,i €
[n] be given mappings. Assume that the following conditions hold

di(Ti(elr' o ven)vTi(flz . '7fn)) < Zaijdj(ej’ f]) (2'1)

j=1
+Zb”d e, Tj(ers- - ren)) + cdi(fi, Ti(f1, -, fn))s
for all e;, f; € Ej,i € [n], where a;j,b;j,c € [0,1) are such that

n
¢ <min{l — max{» (ai; +bi;) : i € [n]},min{1/s; : i € [n]}}. (2.2)
j=1
Then the system (1.1) has a unique solution.

Proof. Let 20 € E; and a:f"'l = T;(z¥,...,2k) for i € [n] and k € N. Put § = max{d;(z{,z}) : i €
[n]}. From condition (2.1) we obtain

d( 2)_d( (7;17'"7x91)7Ti(x%7"~:x'}1))
< Zaijd]- +wad D+ cdi(x), 27).
j=1

From the above inequality we get
di(z},a3) < XS, (2.3)
for all i € [n], where
max{}_7;(ai; + bi;) : i € [n]}
1-c¢c '
From condition (2.2) we conclude that A € [0,1). Again, using (2.1) and (2.3) we get

d(m2 z; )—d(T(:vl,...,ml) Ti(23,...,22))

n n
< Zaij w5, 7] +Zb”d wj,a7) + edi (27, 27)
Jj=1
n
< (aij + bij)A8 + cdi (a2, z3).
j=1
So,
(@i +bij)AS
di(z7,2}) < —ijl(lzj is) =225, (2.4)
—c
for all ¢ € [n]. Using the induction we conclude that
di(xF, 2 T1) < Ak, (2.5)

for all i € [n],k € N. Now, using Lemma 1.5 we obtain that {z¥} is Cauchy for all i € [n]. Let
limy 400 ¥ = €} for all ¢ € [n]. Using inequality (3,) for b-metric space (E;,d;, s;) and condition
(2.1) we have

di(ejoi(efv"'zeafL)) < Si[di(ejrforl)+di(xf+1’Ti(e>lk7"'ve;kz))]
= sildi(e], 2T + di(Ti(at, . 2h), Tuled, s ep))]

k
sid;(ef, 1+1 +Za1] Jv J

IN

©S " by a8 ) 4 edi(e] Tl )]
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Therefore,
di(ef, Ti(el,...,ep)) < sicdi(e], Ti(el,...,e})), (2.6)
for all ¢ € [n]. Now, from condition (2.2) we conclude that
di(ei, Ti(er, -, ep)) =0,
for all i € [n]. So, (e,...,e}) is a solution of the system (1.1). Uniqueness follows directly from the

conditions (2.1) and (2.2). O

Corollary 2.2. Let (E;,d;, s;), be complete b-metric space, © € [n] and the mappings T;, i € [n] be
as given in (1.2). Assume that the following conditions hold

di(Ti(e1, s en)s Ti(f1, -, fa)) <D aijd;(ej, £))); (2.7)
j=1
for all e;, f; € Ey,i € [n], where a;; € [0,1),4,j € [n] are such that
max{z ajj 1 € [n]} <1 (2.8)
j=1

Then the system (1.1) has a unique solution.

Remark 2.3. Note that if di,...,dy, are metrics then the condition (2.2) becomes
n
max{) (aij +bi;) :i € [n]} +c< 1. (2.9)
j=1

Example 2.4. Let a,b,c and d be non-negative real numbers such that a +b < 1, c+d < 1,
2(9a® + b?) < and 8(81c* + d*) < 1 then the system
az? +bsinzg = x (2.10)
cx% +dsinzy = w9
has a unique solution on interval [—1,1].
Let (X1,d1,s1) and (X2, d2, s2) be b-metric spaces, where
X1 =Xz = [-1,1], di(w,y) = da(z,y) = (z — y)*.
Using inequality
(z+1)2 <222 +t?),z,t €R,
we can put s; = 2,89 = 2.
Put
Ti(z1,22) = ax:f + bsinxzo
and
Ta(z1,22) = cacg +dsinxy.
Then we have
|T1 (21, x2)| = |az? + bsinza| < alz3| + blaa| < a+b< 1,
we get similar |Th(z1,22)| <c+d<1. 80, T; : X1 X X2 = X;,i=1,2.

(T1(z1,22) — T1(y1,v2))° = [a(2? — y) + b(sin 2 — sinys)]?
< 2[a2(x1 - y1)2(x% +x1y1 + y%)2 + bQ(QSin 2 g Y2 cos 22 ;yQ )]2
< 2090 (21 —y1)? + b3 (w2 — y2)?),

we get similar
(Ta(w1,22) = Ta(yr,92))" < 2[9¢* (22 — y2)* + d (21 — 1)),
Now based on the Corollary 2.2 we get that the system (2.10) has a unique solution on [—1,1].
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Example 2.5. Forp € (%, 1), consider the b-metric for [P given in Remark 1.3 and let T; : IP x [P —

IP,i = 1,2 be defined by

3 — Y3
43

1 — Y1 0 T2 — Y2

4 42 ,07

Tl(l',y):( )07"‘)»
T3 — Y3
43

Tyl T2 — Y2
T2(£7y) - (07 4 707 24

where © = {zn},y = {yn} € IP. Then the system

707 707"’)7

Ti(e1,e2) = e1

Ta(e1,e2) = ea.

has a unique solution. Let k € {1, 2}, we have

(=

i=1

i — 2z — (yi — L)
4t

dp(Tr(e1,e2), T (f1, f2))

1
p>P

1
+oo »
lzi — 20 — (ys — )P
<
< (£55
1 +oo %
= 3 Dol —zi = (yi — )P
i=1
11, +oo % +oo %
< g% (Z |$i—zi|p> +<Z|yi—ti|p>
i=1 i=1

= 2 ldpler, 1) + dplea, )]

1
where e1 = {zn},e2 = {yn}, fi = {zn}, fo = {tn} €. Ifp € (%, 1) then we have that ng < 1. So
1

in this case, from Theorem 2.1 (a;; = QTP, bij =0,4,7 € {1,2},c = 0, the condition (2.2) is fulfilled),
we obtain that there exists (e, e3) € IP x IP (e =eb =(0,0,0,...)) such that
Ti(e
T>(e

) = €

) = e

, €

,€

¥ %
¥ N ¥

3. SOME RESULTS IN b-METRIC SPACES
If in Theorem 2.1 we put n = 1, we obtain a result of Reich [36] in b-metric spaces.

Theorem 3.1. Let (E,d,s) be a complete b-metric space and T : E — E a mapping. Assume that
the following condition holds

d(Te, Tf) < aid(e, f) + bi1d(e,Te) + cd(f,Tf), (3.1)
for all e, f € E, where ai1,b11,¢ € [0,1) are such that
¢ < min{l — (a11 + b11),1/s}. (3.2)
Then the mapping T has a unique fixed point.

Example 3.2. Let T : [P — [P,p € (0,1) be a mapping defined by

1 X2 T3 T4
T(331,$2,$3,174~~~)7(010:?,2*2,2*272*27~

).
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a mapping T has a unique fixed point.
For z,y € [P we have

S

21 —y1|P |we —yal|P w3 — ys|P
|1 — y1 +| Y2 +|3 ys| +)

& (T2, Ty) = ( 2p 22p 22p

=

1
< [ Gor =l o2 = P+ fos — 4]
1
idp(zvy)-

From Theorem 3.1 (a11 = %, b11 = 0,c = 0) we conclude that a mapping 7" has a unique fixed point
z* €lp (z* =(0,0,...)).

IN

Remark 3.3. From Theorem 3.1 the classical results of Banach [5] and Kannan [20] are obtained
in b-metric spaces.

The following result on coupled fixed points generalizes and improves the result of Bhaskar and
Lakshmikantham [8].

Theorem 3.4. Let (E,d,s) be a complete b-metric space and a mapping T : E x E — E. Assume
that the following condition holds

d(T'(e1,e2),T(f1, f2)) < %[d(eh f1) +d(ez2, f2)] (3.3)

2 d(er, Ter, 2)) + d(ea, Tler, e2)),
for all e1, ez, f1, fo € E, where a, 8 € [0, 1] such that o+ 8 < 1. Then the mapping T has a unique
coupled fized point (e*, f*) € EX E, i.e T(e*, f*) =e*,T(f*, e*) = f*.
Proof. Put in Theorem 2.1 n = 2, E; = Ey = E, Ti(e1,e2) = T(e1,e2), Ta(e1,e2) = T(ez,e1),
a;; = a,bjj = B,4,5=1,2and ¢ = 0. O

Remark 3.5. Note that Theorem 2.1 also includes the result of Czerwik [13] for a system of single-
valued mappings in b-metric spaces.

Remark 3.6. Some other related or particular cases, see the references [29, 30, 31, 32, 33, 34, 38,
39, 40] can be connected with Theorem 2.1.

4. AN APPLICATION IN METRIC SPACES
Finally, using Theorem 2.1, we provide sufficient conditions for the existence and uniqueness of a
solution of the following system

a112] + -+ az, +b1 = @1 (4.1)

a1 ]+ 4 anne, +bn = Tp,
where a;;,b; € R,i,j € [n], r €N, z; € [-M, M],i € [n] and M > 0.
We will use the following simple lemma.
Lemma 4.1. Letr e NN M >0 and z,y € [—M, M] then

2" —y"| < M7z —y.

Proof. Prove following from
" |z =yl Ja" " 2" Py 4y
|z =yl (el + [l |yl + -+ [yl")
|z —y|(M™ 1 4 M o ML
rM" " Ha —y).

|27 —y

ININ
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O
Theorem 4.2. If
n
rMrt max{z laij| :i € n]} <1 (4.2)
j=1
and
n
max{M" > " |ai;| + [bi| : i € [n]} < M (4.3)
j=1

then the system (4.1) has a unique solution.

Proof. Put

Ti(21,. . Tn) = @i1T1 + -+ + GinTn + b,

Xi=[=M,M], di(z,y) = |z —yl, i € [n].
First, from condition (4.3) we obtain that T; : X1 X --- X X, — X; for all ¢ € [n]. Now, the proof
follows from Corollary 2.2, Lemma 4.1 and condition (4.2). O

Remark 4.3. (Some open questions:)

1. Compare Theorem 2.1 with the main result in [16] (Theorem 4);

2. Obtain a version of Theorem 2.1 in generalized b-metric spaces (see [16]);

3. Obtain versions of the results on fixed points in the sense of Berinde ([6], Theorem 4) and Ciri¢
([11], Theorem 1) in the product of b-metric spaces;

4. Obtain a version of the result in the sense of Nadler ([26], Theorem 5) for multi-valued mappings
in the product of b-metric spaces;

5. Obtain versions of the results on common fixed points in the sense of Jungck ([19], Theorem) in
the product of b-metric spaces;

6. Can we replace in Theorem 2.1 the condition (2.1)

cdi(fi, Ti(f1,- ..y fn))
with

S eiidi (F5, Ti(f1,- -, fa))?
j=1

CONCLUSION

We have given a result on the existence of a solution of a system of nonlinear equations in the
product of b-metric spaces. We obtained a generalization of the classical results of Banach, Kannan
and Reich in the product of b-metric spaces. In the technique we present, we have used the result of
Romanian mathematicians Miculescu and Mihail. Some variants of the results of Czerwik, Bhaskar
and Lakshmikantham are obtained. Also, we have given some applications in metric spaces. Finally,
we list some possibilities for further research on this topic.
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