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Abstract. In this paper, we introduce a-nonexpansive multi-valued mappings in Hilbert spaces,
and prove some properties and the existence of fixed points of these mappings. Further, we apply
the Fan-KKM theorem to prove the existence of solutions to split equilibrium problems. Then we
study iterative schemes for solving split equilibrium problems and common fixed point problems of a
finite family of a-nonexpansive multi-valued mappings in Hilbert spaces. we prove that the proposed
iterative algorithms converge weakly and strongly to a common solution of the considered problems.
Our results improve and extend the previous results given in the literature.
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1. INTRODUCTION

Throughout the paper unless otherwise stated, let H; and Hs be real Hilbert spaces
with inner product (-, -) and norm ||-||. Notations — and — denote strong convergence
and weak convergence, respectively. Let C' and @) be nonempty closed convex subsets
of Hy and Hs, respectively. The equilibrium problem (EP) is to find z* € C such
that

F(z*,2) > 0,Vx € C,

where F': C' x C' — R is a bifunction. The solution set of EP is denoted by EP(F).
Since its inception by Blum and Oettli [4] in 1994 , the EP has attracted wide attention
due to its applications in a large variety of problems arising in numerous problems in
physics, optimizations, and economics. Some methods have been rapidly established
for solving this problem (see [9, 17]).
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Later, the so-called split equilibrium problem (SEP) was introduced : let Fj :
CxC —=Rand F5: @Q xQ — R be two nonlinear bifunctions and A : H; — Hs be a
bounded linear operator. The SEP is to find x* € C such that

Fy(z*,2) > 0,Vx € C, (1.1)
and such that
y* = Az € Q solves Fr(y*,y) > 0,Vy € Q. (1.2)

The solution set of SEP is denoted by SEP(Fy, F3).

In 2012, He [12] constructed some iterative algorithms to solve such problem and
obtained some weak and strong convergence theorems. In 2013, Kazmi and Rizvi [14]
introduced an iterative scheme of finding the common approximate solution of a split
equilibrium problem, a variational inequality problem and a fixed point problem for a
nonexpansive mapping under the assumption that the intersection of the solution sets
is nonempty. Later on, many iterative algorithms were considered to find a common
solution of SEP and other nonlinear problems (see [5, 6, 10, 19, 22, 24]).

We denote by CB(C) and K(C) the collection of all nonempty closed bounded
subsets and nonempty compact subsets of C, respectively. The Hausdorff metric H
on CB(C) is defined by

H(A, B) = max{sup d(z, B),sup d(z, A)},VA, B € CB(C),
€A z€B

where d(z, A) = inf{d(z,y) : y € A} is the distance from a point = to a subset A.

Let T : C — CB(C) be a multi-valued mapping. An element 2 € C is called a fixed

point of T if € Tx. The set of all fixed points of T is denoted by F(T), that is,

F(T)={x€C:xeTx}.

The study of fixed points for multi-valued mappings using Hausdorff metric was
introduced by Markin [16]. Then many fixed point problems of single value mappings
were extended to multi-valued cases due to the wide applications in control theory,
convex optimization, differential inclusions, game theory and economics. Recently,
the existence of fixed points and the convergence theorems of multi-valued mappings
have been studied by many authors (see [19, 22, 16, 8, 7, 13, 1, 25]).

Recall that a multi-valued mapping T : C — CB(C) is called

(i) nonexpansive if

H(Tz,Ty) < ||l — y||,Vx,y € C;
(ii) quasi-nonexpansive if F(T) # () and
H(Tz,Tp) < ||z — pl,Vz € C,p € F(T);
(iii) k-nonspreading [22] if there exists k& > 0 such that
H(Tz,Ty)? < kd(z,Ty)* + kd(Tz,y)? Va,y € C;
(iv) hybrid [8] if
3H(Tx, Ty)? < |l& — y|* + d(z, Ty)* + d(Tx,y)*,Vz,y € C;
(v) A-hybrid [23] if
(1+NH(Tx, Ty)* < (1 =Nz —y[* + Ad(z, Ty)* + Ad(Tz,y)*, Yz, y € C.
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The mapping T : C — CB(C) is said to be

(i) demiclosed at 0 if {z,,} C C such that x, — z and lim, . d(2,, Tx,) = 0
imply z € Tx.

(ii) sequentially completely continuous if for every bounded sequence {z,} C C,
there is a subsequence {x,, } such that {Tx,, } is convergent;

(iii) hemicompact if for a sequence {z,} in C' with lim,_, d(zy, Tz,) = 0, there
exists a subsequence {x,, } of {z,} such that z,, —p € C;

In this paper, we introduce the class of a-nonexpansive multi-valued mappings.
We say that a mapping 7' : C' — CB(C) is an a-nonexpansive multi-valued mapping
if there exists a € R with o < 1 such that

H(Tz,Ty)? < (1 -2a)||z — y|> + ad(Tz,y)* + ad(z, Ty)*,Vo,y € C.  (1.3)

We note that T is c-nonexpansive in the case of single valued mappings proposed
by Aoyama and Kohsaka [2] in 2011. The notion of a-nonexpansive mapping was
further partially extended to a generalized a-nonexpansive mapping by Pant and
Shukla [20] in 2017. A mapping T : C — C is said to be generalized a-nonexpansive
if there exists an «a € [0,1) such that for each z,y € C,

1
llz =Tzl < flz -yl
=Tz —Tyll < (1 = 20)||z —y| + allTz — yl| + aflz — Tyl|.

Obviously, unlike our definition, this class of nonlinear mapping does not properly con-
tain c-nonexpansive mappings. Very recently, Igbal et al. [13] considered the multi-
valued version. T : C' — CB(C) is called a multi-valued generalized o-nonexpansive
mapping if there exists an a € [0,1) such that for each z,y € C,

1
S, 7o) < o~y
S H(T2,Ty) < (1-20) [z — || + ad(Tw, ) + ad(z, Ty)

For more discussion on a-nonexpansive mappings, we refer to [1, 3] and the references
therein.

Remark 1.1. Taking o =0, % and %, the mapping 7' is reduced to the so-called non-
expansive multi-valued mapping, %—nonspreading multi-valued mapping and hybrid
multi-valued mapping, respectively. The class of a-nonexpansive mappings and the
class of A\-hybrid mappings are equivalent in a Hilbert space when A > —1. Moreover,
if T is a-nonexpansive with o € [0,1) and F(T) # @, then T is quasi-nonexpansive.
Indeed, for all z € C and p € F(T), we have

H(Tz,Tp)* < (1 -2«
<(1-2«

)z — p||2 + ad(Tx, p)* + ad(z, Tp)?
)z = pl* + «H (T, Tp)* + oz — p||*.
It follows that
H(Tz,Tp) < ||z — pl|. (1.4)

We now give an example of an a-nonexpansive multi-valued mapping which is
neither %—nonspeading nor nonexpansive.
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Example 1.2. Consider C' = {0, 1—90, 1} with the usual norm. Define T': C' — CB(C)
by

{0}, =0
Tr = {0,1%,1}, x = 19—0
{07 1}7 z=1
Now, we show that T is (—%)—nonexpansive. In fact, we have the following cases:
Case 1: If z =y =0, 1—90, 1, then H(Tz,Ty) = d(z,y) = d(Tx,y) = d(z, Ty) = 0.
Case 2: If z = 0,y = 19—0, then H(Txz,Ty) = 1, d(z,y) = %, d(Tz,y) = 1—90 and
d(xz,Ty) = 0. This implies that
3 9., 1 9., 1 5 81 9
2 ) i) T e

Case 3: If z = 0,y = 1, then H(Tz,Ty) = 1, d(z,y) = 1, d(Tz,y) = 1 and
d(xz,Ty) = 0. This implies that

3 2 1 2 1 2 9 2
2><1 4><1 4><0f4>1.
Case 4: If x = %,y = 1, then H(Tz,Ty) = 1—10, d(z,y) = %07 d(Tz,y) = 0 and
d(z,Ty) = 4. This implies that
3 1 Lo L 2 11,

LAY B Lty b 232
2 G 10 () T 5> ()
On the other hand, T is not %-nonspreading since for x = 0 and y = 1 , we have
Tz = {0} and Ty = {0,1}. This shows that

2H(Tx,Ty)? =2 > 12 + 0% = d(Tx,y)* + d(x, Ty)>.

Since H(T(0),T(35)) =1 > d(x,y), this also implies that 7" is not nonexpansive.
In 2016, Suantai et al. [22] proposed the iterative algorithm to solve the problems
for finding a common solution of the split equilibrium problem and the fixed point

problem of an %—nonspreading multi-valued mapping in Hilbert space, given sequence

{zn} by
e = TPL — 7 A% (I — T2) Az,
Tnt1 € @nZpn + (1 — ap)Sup,

where T)F#, (i = 1,2) is resolvent operator. The authors proved that {z,} converges
weakly to an element of F'(S)( SEP(F1, Fy) under some conditions.

In 2019, Li [20] introduce the concept of split Nash equilibrium problems and
prove an existence theorem. Motivated and inspired by the above results and related
literature, we further study the existence of solutions to split equilibrium problems
and the existence of fixed points of a-nonexpansive multi-valued mappings. Then we
propose some iterative algorithms for finding a common element of the set of solutions
of split equilibrium problems and the set of common fixed points of a finite family of
a-nonexpansive multi-valued mappings in real Hilbert spaces. Finally we prove some
weak and strong convergence theorems which extend and improve the corresponding
results of Suantai et al. [22] and Cholamjiak et al. [8] and many others.
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2. PRELIMINARIES

We now recall some concepts and results which are needed in sequel.

Definition 2.1. Let T': C' — H be a nonlinear mapping. Then T is called a-inverse
strongly monotone, if there exists a constant a > 0 such that

(Tx — Ty, —y) > o||Tz — Ty|?*,Vz,y € C.

Particularly, T is called firmly nonexpansive when o = 1.
A mapping P¢ is said to be metric projection of H onto C' if for every point € H,
there exists a unique nearest point in C' denoted by Pcx such that

| — Poz|| < ||lz - yl|,Vy € C.

It is well known that Pg is firmly nonexpansive mapping. Moreover, every nonexpan-
sive mapping T : H — H satisfies the inequality

(@ — Ta) — (y — Ty), T(y) - T(2)) < = |(T(x) — 2) — (T() — 9|2, Yz, y € H.
Therefore, we get
(z — Tz,y — T(z)) < %HT(Q;) 2|, Ve € H,y € F(T). (2.1)

A multi-valued mapping T : C' — CB(C) is said to satisfy the endpoint condition
if Tp = {p} for all p € F(T). It is well known that the best approximation operator
Pr, which is defined by Prz = {y € Tz : [[y—z| = d(z, Tx)}, satisfies F(T') = F(Pr)
and the endpoint condition.

Lemma 2.2. In a real Hilbert space H, the following well known results hold:

(1) |lz =y = ||$|\22 - Hy||22— 2z —y,y), Va,y € H; ,
(2) |tz + (1 = t)y||* = tllz[]* + (1 = D)y[* =t = t)[le —y[*, vt € [0,1], 2,y € H;
(8) If {xz,} is a sequence in H which converges weakly to z € H, then

limsup|fe,, — g2 = limsuplle, — 2|2 + [} — y|%. ¥y € A.
n—o0 n— o0

Lemma 2.3. [21] Let H be a Hilbert space and {x,} be a sequence in H. Let
u,v € H be such that lim ||z, —ul| and lim ||z, —v| exist. If {xn,} and {zm,} are
n— oo n— oo

subsequences of {x,} which converge weakly to u and v, respectively, then u = v.

For solving equilibrium problems, let us give the following assumptions for the
bifunction F': C'x C = R:

(Al) F(z,z) =0,Vx € C;

(A2) F is monotone, i.e., F(z,y) + F(y,x) < 0,Vz € C;

(A3) for each z,y, z € C,limy o F(tz + (1 — t)z,y) < F(z,y);

(A4) for each z € C,y — F(x,y) is convex and lower semi-continuous.



646 YANG LI, CONGJUN ZHANG AND YUEHU WANG

Lemma 2.4. [9] Suppose that the bifunction F : C x C — R satisfies the conditions
(A1)-(A4). Forr >0 and x € H, define a mapping JI : H — C as follows:

1
fo:{ZEC:F(z,y)—i-;(y—z,z—x)EO,VyGC’}.

Then the following conclusions hold:
(i) JE is single-valued;
(ii) JE is firmly nonexpansive, i.e., for any z,y € H,

1JFe = T y|? < (x —y, JF 2 — JFy);

(iii) F(JF) = BP(F);
(iv) EP(F) is closed and convex.

Lemma 2.5. [8] Let C be a closed and convex subset of a real Hilbert space H and
T :C — CB(C) be a multivalued mapping. Suppose that there exist zy € C and
zZn € Tzp—1 for allm > 1 such that {z,} is bounded and, for all y € C, there exists
a € Ty such that

pnllzn = all® < pnllzn — yl?
for a Banach limit . Then T has a fixed point in C.

Lemma 2.6. [7] Let H be a real Hilbert space. Let m € N be fized and let {x;}", C

H. For o; € (0,1),i=1,2,--- ,m, such that Y a; = 1, the following identity holds:
i=1

m m

;5 = G || T4 — OLZ‘Olj €Ty 7l‘j .
I ciws? =Y il = | I
=1 =1

1<i<j<m

Definition 2.7. Let K be a nonempty subset of a linear space B. A set-
valued mapping 7 : K — 2B\{0} is said to be a KKM mapping if for any fi-
nite subset{y1,y2, - ,yn} of K, we have co{y1,y2, - ,yn} C Uj<icn T (¥i), where
co{y1, Y2, - ,yn} denotes the convex hull of {y1,y2, - ,yn}. o

Lemma 2.8. [11] Let K be a nonempty closed convex subset of a Hausdorff topological
vector space B and let T : K — 2B\{0} be a KKM mapping with closed values. If
there exists a point yo € K such that T'(yo) is a compact subset, then ﬂyeK T(y) # 0.

3. EXISTENCE RESULTS

We need the following concept, convexity direction preserved , for operators from
Hy to Hy. It is an important condition for the operator A for the existence of solutions
to SEP. Furthermore, we assume that AC = Q) is satisfied below.

Definition 3.1. Let C,Q be nonempty closed convex subsets of Hilbert spaces H;
and Hs, respectively. A bounded linear operator A : H; — H> is said to be convexity
direction preserved with respect to F; and F» on C? and Q? if, for any given points
(u, Au), (v, Av) € C'x Q and for their arbitrary convex combination w = Au+(1—M\)v,
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where 0 < A < 1, we have either that F}(w,u) > 0 and F>(Aw, Au) > 0 both hold or
that Fy(w,v) > 0 and F»(Aw, Av) > 0 both hold.

Remark 3.2. For any given points u,v € C and their convex combination of
w=Au+ (1— Ao,
we must have
either Fj(w,u) > 0,or Fy(w,v) >0, (3.1)
and
either Fy(Aw, Au) > 0,or Fy(Aw, Av) > 0. (3.2)

To see (3.1), we assume by contradiction that Fj(w,u) < 0 and Fj(w,v) < 0 both
hold. Then from Al and A4, we have

0=F(w,w) = Fi(w, u+ (1= XNv) < AF(w,u) + (1 — ) Fi(w,v) <O0.

This is a contradiction. Hence (3.1) must hold. Since A : H; — Hz is a bounded
linear operator and AC = @, it follows that

Aw = MAu + (1 — N\) Av.

Then we can similarly show that (3.2) holds. The convexity direction preserved
property of A insures that one of the two inequalities in (3.1) and the corresponding
inequality in (3.2) must simultaneously hold for the point « or the point v.

Theorem 3.3. Let Hy, Hs be two real Hilbert space and C C Hy, Q C Hy be
nonempty closed convex subsets. Let A : Hy — Hy be a bounded linear operator.
Assume that Fy : C x C = R and Fy : Q x Q — R are bifunctions satisfying (A1)-
(A4), and that A satisfies the following conditions:

(C1) AC = Q;

(C2) A is convexity direction preserved with respect to Fy and F.

If there is a point (t, At) € C x Q such that

{(2,A2) € C x Q : Fi(z,t) > 0, F5(Az, At) > 0}

is compact, then SEP(Fy, Fy) # 0.
Proof. Tt follows from (C1) that A|c € L(C, Q). we denote G its graph, i.e.,

G={(z,Az) .2 € C} CCxQ.

Since H; and Hs are Hilbert spaces , by the closed graph theorem in Banach spaces,
the graph of the bounded linear operator A|¢ from C' to @ is a closed subset of C' x @
with respect to the product topology. Then the convexity of C' and @) and the linearity
of A imply that G is a nonempty closed and convex subset of C' x Q.

On this underlying space G, we define a mapping T : G — 2¢\{(} by

T(x,Ax) = {(2,Az) € G : Fi(z,x) > 0, F»(Az, Az) > 0}.

From the continuity of the mappings A and (A3), we have (z, Az) € T'(z, Ax) which
yields that, for every (z, Az) € G, T(x, Az) is a nonempty closed subset of G.
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Next we show that T is a KKM mapping. For any points (u, Au), (v, Av) € G, we
arbitrarily take a convex combination of w = Au + (1 — A)v, where 0 < A < 1. Since
A € L(Hy, Hy), it follows that

Aw = Mu + (1 — X)Av.
Then
(w, Aw) = A(u, Au) + (1 — A)(v, Av).

From condition (C2), we have either

Fi(w,u) > 0 and Fy(Aw, Au) > 0,
or

Fi(w,v) > 0 and Fy(Aw, Av) > 0.
That is, either (w, Aw) € T'(u, Au), or (w, Aw) € T(v, Av). It implies that

(w, Aw) € T(u, Au) UT (v, Av).

Similarly, we can extend this to finite convex combinations. Hence, T is a KKM

mapping. For the given point (¢, At) € G from the assumptions of this theorem, we
know

{(2,Az) e C x Q: F(z,t) > 0 and G(Az, At) > 0}
is a nonempty compact subset of G.
By applying the Lemma 2.8, we obtain that (1, ,)ex T'(2, Az) # 0. Then, by
taking any (z*, Az*) € (|, azex T'(@, Az), we have

Fy(z*,z) > 0,Vx € C, (3.3)
and
Fy(Az™*, Az) > 0,Vz € C. (3.4)
From (C1) of this theorem, (3.4) is equivalent to
Fy(Az*,y) > 0,Vy € Q, (3.5)
Combining (3.3), (3.5), we have 2* € SEP(F, F»).

Corollary 3.4. Let Hy,Hy be two real Hilbert space and C C Hy, Q C Hy be
nonempty compact convex subsets. Let A : Hi — Hy be a bounded linear operator.
Assume that Fy : C x C — R and Fy : Q X Q — R are bifunctions satisfying (A1)-
(A4), and that A satisfies the following conditions:

(C1) AC = Q;

(C2) A is convexity direction preserved with respect to Fy and Fy .
Then SEP(Fl,FQ) # @

Now, we are prepared to prove the existence theorem of the fixed point of a-
nonexpansive multi-valued mappings. To this end, we first prove some crucial lemmas,
which are also used in the next section.
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Lemma 3.5. Let C be a closed convex subset of a real Hilbert space H and T : C' —
K(C) be an a-nonexpansive multivalued mapping such that o € [0,1). If z,y € C
and a € Tz, then there exists b € Ty such that

la = blf* < H(T2,Ty)* < [lz — yl* +

2c
1_a<x—a,y—b>.

Proof. Let x,y € C and a € Tx. By Nadler’s theorem (see [18]), there exists b € Ty
such that

la— b2 < H(T, Ty)2.
It follows that
H(Tz,Ty)* < (1-20)|z — y|* + ad(Tx,y)* + ad(x, Ty)®
< (1 =2a)|lz = y|I* + alla — y[|* + afz — b]?
= (1 =2a)|z —y|* + aflla — z|* + 2(a — z,2 — y) + ||z — y||”
+ ||z = all* + 2{z — a,a = b) + [la = b||*]
= (1 -z —yl> +ol2]a - 2|+ [la = b]]* + 2(a — z,2 — a — (y — b))]
= (1 =)z —yl* +aflla = b + 2(x — a,y — b)]
< (1-a)|z—y|?+ aH(Tz, Ty)? + 20{x — a,y — b).
This implies that

H(Tz,Ty)* < |lz =yl + {— (@ —a,y = b).

This completes the proof.

Lemma 3.6. Let C be a closed conver subset of a real Hilbert space H and T : C' —
K(C) be an a-nonexpansive multivalued mapping such that o € [0,1). Let {x,,} be a
sequence in C such that x,, — p and nhﬁngo |zn — ynl|| = 0 for some y, € Tx,. Then
p e Thp.
Proof. Let {z,} be a sequence in C which converges weakly to p and let y,, € T,
be such that ||z, — yn|| — 0 .

Now, we show that p € F(T). By Lemma 3.5, there exists z,, € T'p such that

2c
”yn - ZnH2 < ||:17n 7p||2 + — a<xn —Yn,P — Zn>

1
Since T'p is compact and z, € Tp, there exists {z,,} C {#,} such that z,, — z € Tp.
Since {z,} converges weakly, it is bounded. For each x € H, define a function
f:H —[0,00) by

f(@) = limsup |, — %
i—00

Then, by Lemma 2.2, we obtain

f(a) = limsup(||zn, —pl* + |p — 2[*)

71— 00
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for all w € H. Thus f(z) = f(p) + |[p — | for all z € H. It follows that

f(z)=Fp)+lp—=|*. (3.6)
We observe that

f(z) =limsup ||z, — z||* = limsup |[@n, = yn, + yn, — 2[*
1—> 00 11— 00

< limsup ||yn, — 2|2
1—+00

This implies that
f(2) < limsup [lyn, — 2|*.
1—00

= lmsup(|[yn, — 2n; + 2n; — z|[?).
11— 00

. 2c
< tmsup(||zn, = pI* + 77— (@n = Ynip = 20.))-

1—00 1

= limsup ||z, — p||?
71— 00

= f(p). (3.7)
Hence it follows from (3.6) and (3.7) that||p — z|| = 0. This completes the proof.

Lemma 3.7. Let C be a closed convex subset of a real Hilbert space H and T : C —
K(C) be an a-nonexpansive multivalued mapping such that o € [0,1). Then F(T) is
closed. Moreover, if T satisfies the endpoint condition, then F(T) is convez.

Proof. If F(T) = (), then it is closed. Assume that F(T) # @. Let {x,} be a sequence
in F(T) such that x, — x as n — co. Using (1.4), we have

d(x,Tx) < ||z — zp|| + d(zp, Tx)
<z —zy|| + HTzp, Tx)
< 2z — 2.
It follows that d(x,Tz) = 0. Hence x € F(T). We conclude that F(T) is closed.
To show that F(T') is convex. Let p = tp; + (1 — t)pa, where p1,p2 € F(T) and
t € (0,1). Let z € Tp. It follows from Lemma 2.2 that
Iz =pl* = [[t(z = p1) + (1 = 1) (= = pa2)|I?
=tz =pll> + (1 =)z = pol* = t(1 = 1) Ipr — pol|®
=td(z,Tp1)* + (1 — t)d(z,p2)® — t(1 —t)||p1 — p2|?
< tH(Tp,Tp1)? + (1 — t)H(Tp, Tp2)* — t(1 —t)|[p1 — pal|?
<tlp—pil? + (1 = t)|lp = pal® = t(1 = t)lIp1 — pa?
= tp —p1) + (1 = t)(p — p2)|®
= 0.

and hence p = z. Therefore, p € F(T). This completes the proof.
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Theorem 3.8. Let C' be a closed convex subset of a real Hilbert space H and T : C' —
K(C) be an a-nonexpansive multivalued mapping with « € [0,1). Then, F(T) # 0 if
and only if there exist zo € C and z, € Tz,_1 for alln > 1 such that {z,} is bounded.
Proof. The proof of necessity is obvious. To prove sufficiency, assume that there exist
zo € C and z, € Tz, for all n > 1 such that {z,} is bounded. Let y € C. From
Lemma 3.5, there exists b € T'y such that
2a
1_
= llzm =yl + 77— (llzn = bl + ll20+1 =yl
l-«a

= llzn = ylI* = llzns1 = bI®),

241 — b2 < lzn — ylI® +

n_n»_b
(e = na,y — )

therefore

(0% (0% (6%
(14 122 ) Bt 2l < (1= 22 ) ool

=yl
11—« -« 1— oty
Let o be a Banach limit on {*°. For any n € N, we have

1 -2«

1 o o
7Nn”2n+l_b”Z_il‘n”Zn_b”Q < .“n”Zn_y||2+7l‘n”zn+l_y”2-
11—« 11—«

l-«
This implies that

11—«

pnllzn = Ol* < pnllzn =yl
By Lemma 2.5, T has a fixed point in C. This completes the proof.

4. CONVERGENCE RESULTS

Theorem 4.1. Let Hi, Hs be two real Hilbert space and C C Hy, Q C Hy be
nonempty closed convexr subsets. Let A : Hy — Hy be a bounded linear operator.
Assume that Fy : C x C — R and Fy : Q x Q — R are bifunctions satisfying (A1)-
(A4), and Fy is upper semicontinuous in the first argument. Fori=1,2,--- 'm, let
T, : C — K(C) be a family of a-nonexpansive multi-valued mappings with o € [0,1)
such that

© = (F(Ti)( | SEP(Fy, Fy) # 0.

i=1

Define a sequence {x,} by 1 € C arbitrary and

U = JE (I —yA* (I — JE2) Ay, (41)

Tn+1 € AonTn + Z:il ai,nT’iuna .
where a; n, € (0,1) for alli=0,1,2,--- ,m,

Zaiv" =1foralln>1,r,>0
i=0
and v € (0, %) such that L is the spectral radius of A*A and A* is the adjoint of A.
Assume that the following conditions hold:
(C1) T; satisfies satisfies the endpoint condition for alli =1,2,--- ,m;
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(C2) liminf ag o, > 0 foralli=1,2,--- ,m;
n—oo
(C3) liminfr, > 0.
n—oo
Then
(i) The sequence {x,} generated by (4.1) converges weakly to p € © .
(ii) If one of the T; is sequentially completely continuous, then {x,} converges
strongly to p € ©.
(#ii) If one of the T; is hemicompact, then {x,} converges strongly top € © .
Proof. Now we prove conclusion (i).
We first show that A*(I—Jf*)Ais a 1 -inverse strongly monotone mapping. Since
Jf:f is firmly nonexpansive and I — Jf;z is firmly nonexpansive, we see that

|A*(I — J?) Az — A*(I — JF?) Ay|)?
= (A = J72)(Az — Ay), A*(I — J2)(Ax — Ay))
={(I - ijf)(Aa: — Ay), AA (I — JTFf)(Ax — Ay))
< L((I = J72)(Azx = Ay), (I = J2)(Ax — Ay))
= L|[(I - J72)(Az — Ay)||?
< L{Ax — Ay, (I — JS?)(Am — Ay))
= L{z —y, A*(I — J[?)Ax — A*(I — JF>) Ay))
for all z,y € Hy. This implies that A*(I — J/2)A is a + -inverse strongly monotone
mapping. Since v € (0, %), it follows that I —vyA*(I — JTI“;?)A is nonexpansive.
Now, we divide the proof into five steps as follows:

Step 1. Show that {x,} is bounded.
Let p € ©. Then p = JFp and (I — yA*(I — J}2)A)p = p. Thus we have

[un = pll = T2 (I =y A*(I = T2 A)y — T =y A*(I = J[2) A)p|
<N =y AL = JF2) A)ay — (I =y AT = J2) A)p
< llan —pl- (4.2)
Let

m
Tni1 = 00nTn + D Cintlh, Yby € Titt.
i=1
From (C1), we have

1y;, = pll = d(yy,, Tip) < H(Tyun, Tip) < |lup — pl| < llzn — . (4.3)
foralli=1,2,--- ,m. It follows that

m
lns1 = pll = llaon(@n =) + Y ainlys —»)l
i=1

vy, —pll

m
<aonlen —pl+> din
i=1
< llen —pl-
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Hence lim ||z, — p|| exists. This implies that {z,} is bounded.
n—oo
Step 2. Show that

n— oo
for all i =1,2,...,m. From the lemma 2.6 and (4.3), we have

n
|21 = plI* = llaon(zn —p) + Y ainlys —»)II”
i=1

n n
— onllrn —pl2 + 3 0anllgh — pl2 = 3" 00 nai el — g
i=1 i=1
n )
< lzn = pl* - Zao,nai,onn —unll*.
i=1

It follows that

n
Y a0ntinlen = yull* < len = pl* = lzns —pll*.
i=1

From (C2) and the existence of lim ||z, — pl||, we obtain
n—oo

Tim [z — g1l = 0 (1.4
foralli=1,2,...,m.
Step 3. Show that lim, o ||un — z,|| = 0 and lim, . ||y8, — us| = 0 for all
i=1,2,....m.

For p € © and by using (2.1), we estimate
[un = plI2 = [T (I = yA* (I = J52)A)ay — I pl|

< fen — 7 A (T — T Ay — p?
< o = DI + 2 IA*(T = TE) Az + 2(p — 0, A™( = JF2) Ay
= ||z — plI* + v (A, — > Ay, AA* (I — J)?) Axy,)
+ 29(A(p — xn), Az, — JF> Axy,)
< |lwn — pl* + Ly*(Ax,, — J2 Ay, (I — J?) Axy,)
+2v(A(p — xn), Az, — J,%Azw
< ”xn - p||2 + L’VQ”Axn - Jf:?AanQ
+2v((Ap — J}2 Awyy, Axy, — JF2 Awy) — || Az — T2 Ay |1?)
< llzn = plI? + Ly?|| Ay — J;72 Ay |?

1
+ 27(§||Axn - JrFfoﬁ — [|Az,, — JfQAanQ)
= llen = pI* +v(Ly = | Azn — 2 Az, ||
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It follows from (4.3) that, for all i € Tyu,,

m
|2ni1 = plI* = llaon(@n —p) + > cinlys, —p)II?
=1
m
< agnllen —plI* + D cinllyh, — pll?
1=1
m
< aonllzn —pI* + > cinlun —pl®
=1
m
<l = plI” + Y i y(Ly = 1)||Azy — JF2 Az |1? (4.5)

i=1
Therefore, we have

= ainy(Ly = DAz, — I Az |® < Jln —pl* = [@ns1 — >
i=1
Since y(Lvy — 1) < 0, it follows by (C2) and the existence of lim,,_, ||z, — p|| that
lim [| Az, — JF> Az, | = 0. (4.6)
Since Jf: ! is firmly nonexpansive and I —yA*(I — Jf:f)A is nonexpansive, we have
lun = plI? = 5L = yA* (I = J72) A)zn — J7pl?
< (IE I =y A (1 = TP2) ), — T, (I =AM (I = JE) Ay, — )
= (up —p, (I =yA (I = J2) Az —p)

1 *
= 5 (llun = plI* + 17 = yA* (I = J2) A) — pl?

—Nlun = 2 + AT = J2) Ay %)

IN

1 *
5 Uln =l + llwn = pl* = [[un — 2+ yA™ (I = J72) Az |?)

IN

%{Ilun = l* + llzn =2l = (lun = zal® + 92 A* (1 = J72) Az ||
+ 29(up — xp, AY(I — Jf:f)Axn»},
which implies that
lun = plI* < llzn = plI? = llun — @nl® = 2v{(up — 20, A*(I = J72)Azy)
< lawn = pl* = llun = 20 |? = 2yl|lun — 2o |[[|A*( = J72) Azl (47)
This implies by (4.5) that

m
lzn+1 = pI? < @oullen = plI* + ) ainllun —pll?
i=1

<l = pl* + Y @in(@yllun — 2al | AT = J52) Azpl = llun — zal).

Tn
i=1
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Therefore, we have

m m
Y aiallun = all? < e = pI? = lanrs = plI* + D ain2yM AT = J7) Awn|,

i=1 i=1
where M = sup{||u, — z,|| : n € N}. This implies by (C2),(4.6) and the existence of
lim,, o ||z — p|| that

nh_}n(lo |un, — z,| = 0. (4.8)
From (4.4) and (4.8), we have
tn =yl < Nt — @l + [lzn =y = 0 (4.9)

forallt=1,2,...,m.
Step 4. Show that wy(z,) C O, where wy(z,) = {x € Hy : xp, = z,{xn,} T {Tn}}.
Since {z,} is bounded and H; is reflexive, wy, (2, )is nonempty. Let q € wy,(zy)
be an arbitrary element. Then there exists a subsequence {z,,} C {z,} converging
weakly to g. From (4.8), it implies that u,, — ¢ as i — co. By (4.9) and Lemma 3.7,
we have g € /-, F(T;).
Next, we show that ¢ € EP(Fy). Since u, = JF (I — yA*(I — J}2)A)zy,, we have
Fl(un7y) + i<y — Un,Unp — Tn +7A*(I - JSLZ)Azn> >0,Vy € C,

which implies that
1 1
Fl(un7y) + T7<y — Un, Up — $n> + 7<y - u’m'YA*(I - JE?)A:I"TL> > 07Vy eC.

n n

From (A2), we have

1 1
7<y_uni’uni _x’ﬂi> + —(y—uni,’yA*(I— JTF,?)Axm> > Fl(y7uni)7vy eC.

Tni Uz
This implies by u,, — ¢, (C3), (4.6), (4.8) and (A4) that

Fort e (0,1 and y € C, let y, =ty + (1 —t)q. Since y € C and g € C, we get y; € C
and hence F(y:,q) < 0. So, by (Al) and (A4), we have

0= F1(ye,ye) < tFi(ye,y) + (1 — ) F1(ye, q) < tFi(ye,y),Vy € C.
Letting ¢t — 0, by (A3), we have
Fi(gq,y) > 0,Vy € C.

This implies that ¢ € EP(F}). Since A is a bounded linear operator, we have Az, —
Agq. Then it follows from (4.6) that

J2 Awy, — Ag, (4.10)

as i — co. By the definition of J2 Az, , we have

1
Fy(JF? Ay, y) + —(y — J[2 Awy,,, )2 Az, — Axy,) > 0,Vy € Q. (4.11)

Tn;



656 YANG LI, CONGJUN ZHANG AND YUEHU WANG

Since F5 is upper semicontinuous in the first argument, it implies by (4.11) that
F3(Aq,y) 2 0,Vy € Q. (4.12)

This shows that Aqg € EP(F3). Therefore, ¢ € SEP(Fy, F3) and hence g € 0.
Step 5. Show that {x,} converges weakly to an element of ©. It is sufficient to
show that wy,(z,) is a singleton set. Let p,q € wy(zy,) and {z,, }, {2n,, } be two
subsequences of {z,} such that z,,, — p and z,, — ¢. From (4.8), we also have
Up, — p and u,,, — ¢. By (4.9) and Lemma 3.7, we see that p,q € M., F(T3).
Applying Lemma 2.3, we obtain p = ¢q. The proof of conclusion (i) is completed.
Next we prove conclusion (ii).
From Lemma 3.5, for y!, € Tyu,, there exists b%, € T;z,, such that

2 X .
H (Tt Tin)? < [t = 0l + 7= (= g — b)
2 X .
< llun = all? + T llun = g lllen = Bl
It follows from (4.8) and (4.9) that
lim H(Tiun, Tizy) =0 (4.13)

n—oo
for all ¢ € {1,2,--- ,m}. This implies that
lim d(z,, Tiz,) < lim (d(xn, Tiuy) + H(Tiuy,, Tiz,))
n—oo

n—oo
< 1im (s — vl + H(Tiug, Ti,)) = 0 (4.14)
for all i € {1,2,--- ,m}. Suppose that T;, is sequentially completely continuous for
some ig € {1,2,--- ,m}. Since {z,} is bounded, {z,} has a subsequence {z,, } such

that
lim d(T;,xn,,p) =0,
k—o0
for some p € C. It follows from (4.14) that
||-73nk _p” S d(xnkaTioxnk) + d(noxnmp) - 07 (415)

as k — oo. From Lemma 3.5, for y;k € Tixy,, there exists c;k € T;p such that

@ . )
H(El‘nk,ﬂp)Q < ||unk _p||2 + 1— a<unk - y;wp - C;k>

2x

< Jun, —plI* + tn, = Y, e = e, |

11—«

2
< (”u"k - Ink” + ||13nk *p”)z +

T e =y Mllp = cf, Il

It follows from (4.8) (4.9) and (4.15) that

lim H(Tyun,,Tip) = 0 (4.16)
k—o0
for all i € {1,2,--- ,m}. For each i € {1,2,--- ,m}, we have

d(p, Tlp) < Hp = Ly, H + d(xanixnk) + H(Tlxanlunk) + H(Tiunk’Tip)'
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From (4.13), (4.14) and (4.16), we obtain d(p, T;p) = 0 for all i € {1,2,--- ;m}. Since
Tip is closed, so p € (i~, F(T;) and hence p € ©. This implies by the existence of
lim;, o0 ||2n — p|| that lim,,_, « ||z, — p|| = 0. This completes the proof of conclusion
(ii).

Finally, we prove conclusion (iii).

Suppose that T;, is hemicompact for some ig € {1,2,---,m}. From (4.14), we
have lim,,_, oo d(@y, Tj,xn) = 0. Then, there exists a subsequence {z,, } of {x,} such
that @,, — p € C. From Lemma 3.5, for y}, € Tjun,, there exists ¢}, € T;p such
that

H(Titn,,, Tip)* < |Jun, —pl* +

o . .

1— a<unk —y;k»p—02k>~
2
<, — 2l +

=, — gl = €l I

It follows from (4.9) that

lim H(Tyun,,Tip) = 0. (4.17)
k—oc0
for all i € {1,2,--- ,m}. For each i € {1,2,--- ,m}, we have

Since x,, — p € C, by (4.14), (4.15) and (4.17), we obtain d(p, T;p) = 0 for all
i € {1,2,---,m}. Since Tjp is closed, so p € (-, F(T;). This implies by the

existence of lim,_, ||z, — p|| that lim,_ o |[|zn — p|| = 0. This completes the proof
of conclusion (iii).
Since Pr, satisfies the endpoint condition for all ¢ € {1,2,--- ;m}, we then obtain

the following result.

Corollary 4.2. Let Hy, Hy be two real Hilbert space and C C Hy, Q C Hs be
nonempty closed convexr subsets. Let A : Hy — Hy be a bounded linear operator.
Assume that Fy : C x C = R and Fy : Q x Q@ — R are bifunctions satisfying (A1)-
(A4), and F5 is upper semicontinuous in the first argument. Fori=1,2,--- 'm, let
T, : C — K(C) be a family of nonexpansive multi-valued mappings with o € [0,1)
such that © = N, F(T;) SEP(Fy,F>) # 0. Define a sequence {z,} by 1 € C
arbitrary and
{un = JF(I - A = T A, (118)
Tn+1 S OéO,nxn + Z'L:l ai,TLPTiUTM

where o, € (0,1) for alli = 0,1,2,--+ ,m, > " qain =1 foralln>1,r, >0
and v € (0, %) such that L is the spectral radius of A*A and A* is the adjoint of A.
Assume that the following conditions hold:

(C1) lirlrgi@gfa()’naiﬁn >0 forallt=1,2,---,m;

(C2) linrggfrn > 0.
Then

(i) The sequence {x,} generated by (4.18) converges weakly top € O .

(i) If one of the Pr, is sequentially completely continuous, then {x,} converges
strongly to p € ©.
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(iii) If one of the Pr, is hemicompact, then {x,} converges strongly to p € © .
Proof. By the same proof as that of Theorem 4.1, we have u, — v’ € Pr,u,. This
implies that
asn — oo for all ¢ = 0,1,2,...,m. Since I —7T; is demiclosed at 0, we obtain this
results.

Remark 4.3. (i) Theorem 4.1 and Corollary 4.2 extend the corresponding one of

Suantai et al. [17] to a-nonexpansive multi-valued mapping and to a common fixed

point problem of a family of multi-valued mappings. In fact, if a = % and m = 1,

then we get the Theorems 3.3 and 3.5 in [17]. In addition, we have obtained strong
convergence results.

(ii) It is well known that the class of a-nonexpansive multi-valued mappings con-
tains the classes of nonexpansive multi-valued mappings, nonspreading multi-valued
mappings and hybrid multi-valued mappings. Thus, Theorem 4.1 and Corollary 4.2
can be applied to these classes of mappings.
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