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Abstract. In this paper, we prove a general fixed point theorem for ultrametric n-Banach spaces.

We also show its applications in proving the hyperstability, in the sense of Găvruţă, of the following

monomial functional equation

s∑
k=0

(−1)s−kCs
kf(kx + y) = s!f(x),

where Cs
k = s!

(s−k)!k!
and k, s ∈ N such that s ≥ k.
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1. Introduction

The famous talk of S. M. Ulam in 1940 [44] seems to be the starting point for
studying the stability of functional equations, in which he discussed a number of
important unsolved problems. Among these was the question of the stability of group
homomorphisms.
Ulam problem:[44] Given a group G1, a metric group G2 with metric d(· , ·) and a
positive number ε, does there exist a δ > 0 such that if f : G1 → G2 satisfies

d
(
f(xy) , f(x)f(y)

)
≤ ε

for all x, y ∈ G1, then a homomorphism φ : G1 → G2 exists with

d
(
f(x) , φ(x)

)
≤ δ

for all x ∈ G1?
These kinds of questions serve as the foundation for the theory of stability. Under the
assumption that G1 and G2 are Banach spaces, the case of approximately additive
mappings was solved by D. H. Hyers in 1941 [31].
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Hyers’ [31] and Ulam [44] referred to this property as the stability of the functional
equation f(x+y) = f(x)+f(y). Hyers work has initiated much of the current research
in the theory of the stability of functional equations. In 1978, the theorem of Hyers
was significantly generalized by Th. Rassias [41], taking into account cases where the
relevant inequality is not bound. This property was called the Hyers-Ulam-Rassias
stability of the additive Cauchy functional equation f(x+ y) = f(x) + f(y).
This terminology also applies to other functional equations. The result of Rassias
[41] has been further generalized by Rassias [42], Th. Rassias and P. Šemrl [43],
P. Găvruţă [28], and S. -M. Jung [33]. Simultaneously, a special kind of stability
has emerged, which is called the hyperstability of functional equations. This kind
states that if f satisfies a stability inequality related to the given equation, then it
is also a solution to this equation. It seems that the first hyperstability result was
published in [11] and concerned ring homomorphisms. The term ”hyperstability”,
on the other hand, appeared for the first time in [36]. Hyperstability is frequently
mistaken for superstability, which also admits bounded functions. Further, J. Brzdȩk
and K. Ciepliński [15] introduced the following definition which describes the main
ideas of such a hyperstability notion for equations in several variables (R+ stands for
the set of all nonnegative reals and CD denotes the family of all functions mapping a
set D 6= φ into a set C 6= φ).
Definition 1.1. [15] Let S be a nonempty set, (Y, d) be a metric space, ε ∈ RSn

+ and

F1, F2 be two operators mapping a nonempty set D ⊂ Y S into Y Sn

. We say that
the operator equation

F1ϕ(x1, · · · , xn) = F2ϕ(x1, · · · , xn), x1, · · · , xn ∈ S, (1.1)

is ε-hyperstable provided every ϕ0 ∈ D that satisfies the inequality

d
(
F1ϕ0(x1, · · · , xn) , F2ϕ0(x1, · · · , xn)

)
≤ ε(x1, · · · , xn), x1, · · · , xn ∈ S, (1.2)

fulfils the equation (1.1).
Brzdȩk et al. [15] proved the fixed point theorem for a nonlinear operator in metric
spaces and used this result to study the Hyers-Ulam stability of some functional
equations in non-Archimedean metric spaces. In this work, they also obtained the
fixed point result in arbitrary metric spaces as follows:
Theorem 1.2. [15] Let X be a nonempty set, (Y, d) be a complete metric space, and
Λ : Y X → Y X be a non-decreasing operator satisfying the hypothesis

lim
n→∞

Λδn = 0

for every sequence
{
δn
}
n∈N in Y X with

lim
n→∞

δn = 0

Suppose that T : Y X → Y X is an operator satisfying the inequality

d
(
T ξ(x), T µ(x)

)
≤ Λ

(
∆(ξ, µ)

)
(x), ξ, µ ∈ Y X , x ∈ X, (1.3)

where ∆ : Y X × Y X :→ RX
+ is a mapping which is defined by

∆(ξ, µ)(x) := d
(
ξ(x), µ(x)

)
, ξ, µ ∈ Y X , x ∈ X. (1.4)
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If there exist functions ε : X → R+ and ϕ : X → Y such that

d
(
(T ϕ)(x), ϕ(x)

)
≤ ε(x) (1.5)

and

ε∗(x) :=
∑
n∈N0

(
Λnε

)
(x) <∞ (1.6)

for all x ∈ X, then the limit

lim
n→∞

(
T nϕ

)
(x) (1.7)

exists for each x ∈ X. Moreover, the function ψ ∈ Y X defined by

ψ(x) := lim
n→∞

(
T nϕ

)
(x) (1.8)

is a fixed point of T with

d
(
ϕ(x) , ψ(x)

)
≤ ε∗(x) (1.9)

for all x ∈ X.
In 2013, Brzdȩk [12] gave the fixed point result by applying Theorem 1.2 as follows:
Theorem 1.3. [12] Let X be a nonempty set, (Y, d) be a complete metric space,
f1, · · · , fr : X → X and L1, . . . , Lr : X → R+ be given mappings. Suppose that
T : Y X → Y X and Λ : RX

+ → RX
+ are two operators satisfying the conditions

d
(
T ξ(x) , T µ(x)

)
≤

r∑
i=1

Li(x)d
(
ξ
(
fi(x)

)
, µ
(
fi(x)

))
, (1.10)

for all ξ, µ ∈ Y X , x ∈ X and

Λδ(x) :=

r∑
i=1

Li(x)δ
(
fi(x)

)
, δ ∈ RX

+ , x ∈ X. (1.11)

If there exist functions ε : X → R+ and ϕ : X → Y such that

d
(
T ϕ(x) , ϕ(x)

)
≤ ε(x) (1.12)

and

ε∗(x) :=

∞∑
n=0

(Λnε) (x) <∞ (1.13)

for all x ∈ X, then the limit (1.7) exists for each x ∈ X. Moreover, the function (1.8)
is a fixed point of T with (1.9) for all x ∈ X.
Brzdȩk [12] then used this theorem to improved, extended, and complemented several
earlier classical stability results concerning the additive Cauchy equation ( in partic-
ular, Theorem 1.2 ). Many papers on the stability and hyperstability of functional
equations were published thanks to this important achievement. For example, we re-
fer to [1]-[10], [18]-[20], and [40]. Another point worth noting is that there were other
versions of Theorem 1.3 in ultrametric space [3], in 2-Banach space [4], [18], and in
n-Banach space [19] that helped to discuss many results on the stability of functional
equations. For more details on the stability and hyperstability in 2-Banach spaces
and n-Banach spaces, we refer the reader to seeing the surveys [7] and [25].
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Let X and Y be two linear spaces, s ∈ N, and f : X → Y a given mapping. The
functional equation

s∑
k=0

(−1)s−kCs
kf(kx+ y) = s!f(x), x, y ∈ X, (1.14)

where Cs
k := s!

(s−k)!k! , is called an s-monomial functional equation and every solution

of the functional equation (1.14) is said to be a monomial mapping of degree s. The
function f : R → R given by f(x) := axs is a particular solution of the functional
equation (1.14) with a ∈ R. In particular, the functional equation (1.14) is called an
additive (quadratic, cubic, quartic, and quintic, respectively) functional equation for
the case n = 1(n = 2, n = 3, n = 4, and n = 5, respectively) and every solution of
the functional equation (1.14) is said to be an additive (quadratic, cubic, quartic, and
quintic, respectively) mapping for the case n = 1(n = 2, n = 3, n = 4, and n = 5,
respectively). The stability of the equation (1.14) has been investigated by many
authors, for example, [21], [22], [29], [32], [34], [35], and [37]. Moreover, the stability
and hyperstability of an equation more general than (1.14) have been investigated in
[8], [9], [39], and [45].

Throughout this paper, Q stands for the set of all rational numbers, N the set of
all positive integers, N0 = N ∪ {0},Nm0 the set of all integers greater than or equals
m0 (m0 ∈ N) ,R+ = [0,∞) and we use the notation X0 for the set X\{0}.

2. Preliminaries

The concept of n-normed space was given by A. Misiak [38] as a generalization
of the notions of classical normed space and of a 2-normed space introduced by S.
Gähler [26], [27]. We need to recall some basic facts concerning n-normed spaces and
some preliminary results.
Definition 2.1. [38] Let n ∈ N2, X be a real linear space with dimX ≥ n. An n-norm
on X is a real function

∥∥·, · · · , ·∥∥ : Xn → [0,∞) satisfies the following conditions:

(1)
∥∥x1, · · · , xn

∥∥ = 0 if and only if x1, · · · , xn are linearly dependent,

(2)
∥∥x1, · · · , xn

∥∥ =
∥∥xi1 , · · · , xin∥∥ for every permutaion (i1, · · · , in) of (1, · · · , n),

(3)
∥∥αx1, · · · , xn

∥∥ = |α|
∥∥x1, · · · , xn

∥∥,

(4)
∥∥x1 + y, x2, · · · , xn

∥∥ ≤ ∥∥x1, x2, · · · , xn
∥∥+

∥∥y, x2, · · · , xn
∥∥

for all α ∈ R, and all x, y, x1, · · · , xn ∈ X. The pair
(
X,
∥∥·, · · · , ·∥∥) is called an

n-normed space.
We note that

∥∥x1, · · · , xn
∥∥ ≥ 0 for all x1, · · · , xn ∈ X because

2
∥∥x1, · · · , xn

∥∥ ≥ ∥∥x1 − x1, · · · , xn
∥∥

=
∥∥0, · · · , xn

∥∥
= 0.
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Example 2.2. Rn equipped with the function
∥∥·, · · · , ·∥∥

E
defined by

∥∥x1, · · · , xn
∥∥
E

=
∣∣det (xij)

∣∣ = abs


∣∣∣∣∣∣∣
x11 · · · x1n

...
. . .

...
xn1 · · · xnn

∣∣∣∣∣∣∣


where xi = (xi1, · · · , xin) ∈ Rn for i ∈ {1, · · · , n}, is n-normed space.
Lemma 2.3. [20]Let

(
X,
∥∥·, · · · , ·∥∥) be an n-normed space. If

{
xk
}
k∈N is a conver-

gent sequence of elements of X, then

lim
k→∞

∥∥xk, y2, · · · , yn
∥∥ =

∥∥∥∥ lim
k→∞

xk, y2, · · · , yn
∥∥∥∥ , for every y2, · · · , yn ∈ X.

K. Hensel [30] has presented a normed space which does not have the Archimedean
property. The non-Archimedean framework is of particular relevance since the theory
of non-Archimedean spaces has piqued the interest of physicists for their research,
particularly in quantum physics difficulties, p-adic strings, and superstrings.

In the following, we present some basic concepts on the non-Archimedean normed
spces (for more details, we refer to [24]).
Definition 2.4. [24] Let K be a field. A valuation on K is a map

∣∣ · ∣∣ : K→ R such
that for some real number C ≥ 1, the following hold:

(1)
∣∣x∣∣ ≥ 0 for any x ∈ K with equality only for x = 0,

(2)
∣∣xy∣∣ =

∣∣x∣∣ · ∣∣y∣∣ for any x, y ∈ K,
(3) For any x ∈ K, if |x| ≤ 1, then |x+ 1| ≤ C.

The valuation
∣∣ · ∣∣ such that

∣∣x∣∣ = 1 for every non zero x and
∣∣0∣∣ = 0 is called the

trivial valuation.
Definition 2.5. [24] A valuation

∣∣ · ∣∣ on K satisfies the ultrametric inequality if for
any x, y ∈ K ∣∣x+ y

∣∣ ≤ max
{∣∣x∣∣ , ∣∣y∣∣}.

Such valuation is called a non-Archimedean valuation.
Proposition 2.6. [24]A valuation |.| on K satisfies the ultrametric inequality if and
only if one can take C = 1 in Definition 2.4.
Example 2.7. (Non-Archimedean valued field)

Let p be a fixed prime number. Because of the unique fraction in Z, every non-zero
rational number x can be written as

x =
a

b
pn

where n, a, and b are integers and gcd(p, ab) = 1. We can define a valuation on Q as
follows: ∣∣x∣∣

p
=

{
p−n if x 6= 0

0 if x = 0∣∣ · ∣∣
p

is called the p-adic valuation. The completion of Q with respect to
∣∣ · ∣∣

p
is called

the field of p-adic numbers and is denoted Qp.
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By the trivial valuation we mean the function | · | taking everything but 0 into 1 and∣∣0∣∣ = 0. In any non-Archimedean field, we have
∣∣1∣∣ =

∣∣ − 1
∣∣ = 1 and

∣∣n∣∣ ≤ 1 for
n ∈ N.
Definition 2.8. Let X be a vector space over a field K with a non-Archimedean
non-trivial valuation

∣∣ · ∣∣. A non-Archimedean norm on X is a map
∥∥ · ∥∥∗ : X → R+

satisfying the following conditions:

(1)
∥∥x∥∥∗ = 0 if and only if x = 0,

(2)
∥∥λx∥∥∗ =

∣∣λ∣∣ ∥∥x∥∥∗, for any x ∈ X and any λ ∈ K,

(3)
∥∥x+ y

∥∥
∗ ≤ max

{∥∥x∥∥∗ , ∥∥y∥∥∗}, for any x, y ∈ X.

Condition (3) of Definition 2.8 is referred to as the ultrametric or strong triangle
inequality. The paire

(
X,
∥∥ · ∥∥∗) is called a non-Archimedean normed space or an

ultrametric normed space. For example, the paire (Qp, | · |p) is a non-Archimedean
normed space.
Definition 2.9. [23] Let X be a vector space with dimX ≥ n over a valued field K
with a non-Archimedean valuation

∣∣ · ∣∣. A function
∥∥·, · · · , ·∥∥∗ : Xn → [0,∞) is said

to be a non-Archimedean n-norm if

(1)
∥∥x1, · · · , xn

∥∥
∗ = 0 if and only if x1, · · · , xn are linearly dependent,

(2)
∥∥x1, · · · , xn

∥∥
∗ =

∥∥xi1 , · · · , xin∥∥∗ for every permutation (i1, · · · , in)

of (1, · · · , n),
(3)

∥∥αx1, · · · , xn
∥∥
∗ =

∣∣α∣∣ ∥∥x1, · · · , xn
∥∥
∗,

(4)
∥∥x+ y, x2, · · · , xn

∥∥
∗ ≤ max

{∥∥x, x2, · · · , xn
∥∥
∗ ,
∥∥y, x2, · · · , xn

∥∥
∗

}
for all α ∈ K, and all x, y, x1, · · · , xn ∈ X. Then

(
X,
∥∥·, · · · , ·∥∥∗) is called a non-

Archimedean n-normed space or an ultrametric n-normed space.
Example 2.10. Let p be a fixed prime number. We defined an ultrametric n-norm
on Qn

p by ∥∥x1, · · · , xn
∥∥
∗ =

∣∣det (xij)
∣∣
p
,

where xi = (xi1, · · · , xin) ∈ Qn
p for i ∈ {1, · · · , n}.

If
(
X,
∥∥·, · · · , ·∥∥∗) is an ultrametric n-normed space, then∥∥∥∥∥

k∑
i=1

yi, x2, · · · , xn

∥∥∥∥∥
∗

≤ max
1≤i≤k

{∥∥yi, x2, · · · , xn
∥∥
∗

}
for any k ∈ N2, x2, · · · , xn ∈ X and all yi ∈ X for i ∈ {1, · · · , n}.
According to the conditions in Definition 2.9, the next lemma follows from Remark 1
in [20].
Lemma 2.11. Let

(
X,
∥∥·, · · · ,∥∥∗) be an ultrametric n-normed space. If z1, · · · , zn ∈

X are linearly independent, x ∈ X and∥∥x,w2, · · · , wn

∥∥
∗ = 0 for every w2, · · · , wn ∈ {z1, · · · , zn} ,

then x = 0.
Definition 2.12. A sequence

(
yk
)
k∈N of elements of an ultrametric n-normed space(

X,
∥∥·, · · · , ·∥∥∗) is called a Cauchy sequence if there are linearly independent points
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z1, · · · , zn ∈ X such that

lim
k,`→∞

∥∥yk − y`, w2, · · · , wn

∥∥
∗ = 0 for every w2, · · · , wn ∈ {z1, · · · , zn} .

Definition 2.13. A sequence
{
yk
}
k∈N is said to be convergent if there exists a y ∈ X

with

lim
k→∞

∥∥yk − y, x2, · · · , xn
∥∥
∗ = 0 for every x2, · · · , xn ∈ X.

In this case, we call that
{
yk
}
k∈N converges to y or that y is the limit of

{
yk
}
k∈N and

we write
{
yk
}
k∈N → y as k →∞.

By condition (4) in Definition 2.9, we have∥∥yk − y`, x2, · · · , xn
∥∥
∗ ≤ max

`≤j≤k−1

{∥∥yj+1 − yj , x2, · · · , xn
∥∥
∗

}
, (` < k)

for all x2, · · · , xn ∈ X. Therefore, a sequence
{
yk
}
k∈N is Cauchy in

(
X,
∥∥·, · · · , ·∥∥∗)

if and only if
{
yk+1 − yk

}
k∈N converges to zero in an ultrametric n-normed space(

X,
∥∥·, · · · , ·∥∥∗).

Definition 2.14. If every Cauchy sequence in an ultrametric n-normed space(
X,
∥∥·, · · · , ·∥∥∗) converges to some y ∈ X, then

(
X,
∥∥·, · · · , ·∥∥∗) is said to be complete.

Any complete ultrametric n-normed space is said to be an ultrametric n-Banach space.
Now we state the following results as a lemma.
Lemma 2.15. Let

(
X,
∥∥·, · · · , ·∥∥∗) be an ultrametric n-normed space. Then the

following conditions hold:

(1)
∣∣∣∥∥x, x2, · · · , xn

∥∥
∗ −

∥∥y, x2, · · · , xn
∥∥
∗

∣∣∣ ≤ ∥∥x− y, x2, · · · , xn
∥∥
∗

for all x, y, x2, · · · , xn ∈ X,
(2) if x ∈ X and

∥∥x, x2, · · · , xn
∥∥
∗ = 0 for all x2, · · · , xn ∈ X, then x = 0,

(3) if
{
xk
}
k∈N is a convergent sequence of elements of X, then

lim
k−→∞

∥∥xk, y2, · · · , yn
∥∥
∗ =

∥∥∥∥ lim
k→∞

xk, y2, · · · , yn
∥∥∥∥
∗

for all y2, · · · , yn ∈ X.

3. Fixed point theorem

In this section, we assume m ∈ N and
(
Y,
∥∥·, · · · , ·∥∥∗) is an ultrametric (m + 1)-

Banach space. Next theorem gives us an extension of the results of the fixed point
given by J. Brzdȩk and K. Ciepliński [17, Theorem 1] in ultrametric (m+ 1)-Banach
spaces.
Theorem 3.1. Supposing that:

(1) X is a nonempty set,
(
Y,
∥∥·, · · · , ·∥∥∗) is an ultrametric (m+ 1)-normed space

on a non-Archimedean field and g : X → Y is a surjective mapping,
(2) The operators T : Y X → Y X , Γ : Xm+1×R+ → R+ and mapping f : X → X

are such that Γ (x, z1, · · · , zm, ·) is nondecreasing for every x, z1, · · · , zm ∈ X
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and∥∥∥T ξ(x)− T µ(x), g(z1), · · · , g(zm)
∥∥∥
∗

≤ Γ
(
x, z1, · · · , zm,

∥∥∥ξ(f(x))− µ(f(x)), g(z1), · · · , g(zm)
∥∥∥
∗

)
,

(3.1)

for all ξ, µ ∈ Y X and all x, z1, · · · , zm ∈ X,
(3) The functions ε : Xm+1 → R+, ϕ : X → Y are such that∥∥T ϕ(x)− ϕ(x), g(z1), · · · , g(zm)

∥∥
∗ ≤ ε

(
x, z1, · · · , zm

)
, (3.2)

for all x, z1, · · · , zm ∈ X,

(4) The operator LΓ
f : RXm+1

+ → RXm+1

+ is defined by

LΓ
f (σ)(x, z1, · · · , zm) := Γ

(
x, z1, · · · , zm, σ

(
f(x), z1, · · · , zm

))
,

for all σ ∈ RXm+1

+ , and all x, z1, · · · , zm ∈ X, and satisfies the following two
conditions

lim
n→∞

(
LΓ
f

)n
(ε) (x, z1, · · · , zm) = 0 (3.3)

and, for any n ∈ N0,

Γ
(
x, z1, · · · , zm, sup

i≥n

{(
LΓ
f

)i
(ε)
(
f(x),z1, · · · , zm

)})
≤ sup

i≥n+1

{(
LΓ
f

)i
(ε)(x, z1, · · · , zm)

}
, (3.4)

for all x, z1, · · · , zm ∈ X.

Then for each x ∈ X, the limit

ψ(x) := lim
n→∞

T nϕ(x) (3.5)

exists and the function ψ : X → Y , defined in this way, is the unique fixed point of T
with ∥∥ϕ(x)− ψ(x), g(z1), · · · , g(zm)

∥∥
∗ ≤ sup

n∈N0

{(
LΓ
f

)n
(ε)(x, z1, · · · , zm)

}
:= H(x, z1, · · · , zm) (3.6)

for all x, z1, · · · , zm ∈ X.

Proof. It is easy to show by induction that, for each n ∈ N0,∥∥T n+1ϕ(x)− T nϕ(x), g(z1), · · · , g(zm)
∥∥
∗ ≤

(
LΓ
f

)n
(ε)(x, z1, · · · , zm), (3.7)

for all x, z1, · · · , zm ∈ X. Indeed, the case n = 0 is just (3.2). Moreover, assuming that
(3.7) holds for an n ∈ N0, by (3.1) and the fact that Γ(x, z1, · · · , zm, ·) is nondecreasing
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for every x, z1, · · · , zm ∈ X, we obtain∥∥T n+2ϕ(x)− T n+1ϕ(x), g(z1), · · · , g(zm)‖∗

≤ Γ
(
x, z1, · · · , zm,

∥∥T n+1ϕ
(
f(x)

)
− T nϕ

(
f(x)

)
, g(z1), · · · , g(zm)

∥∥
∗

)
≤ Γ

(
x, z1, · · · , zm,

(
LΓ
f

)n
(ε)
(
f(x), z1, · · · , zm

))
=
(
LΓ
f

)n+1

(ε)(x, z1, · · · , zm), x, z1, · · · , zm ∈ X.

Clearly, by (3.3) and (3.7), for each x, z1, · · · , zm ∈ X the sequence
{
T nϕ(x)

}
n∈N is

a Cauchy sequence, which means that the limit ψ(x) exists.
Next, (3.7) yields that, for any k ∈ N, n ∈ N0, and x, z1, · · · , zm ∈ X,∥∥∥T nϕ(x)− T n+kϕ(x), g(z1), · · · , g(zm)

∥∥∥
∗

=

∥∥∥∥∥
k∑

i=0

(
T n+iϕ(x)− T n+i+1ϕ(x)

)
, g(z1), · · · , g(zm)

∥∥∥∥∥
∗

≤ max
0≤i≤k−1

{∥∥∥T n+iϕ(x)− T n+i+1ϕ(x), g(z1), · · · , g(zm)
∥∥∥
∗

}
≤ sup

i≥n

{(
LΓ
f

)i
(ε)(x, z1, · · · , zm)

}
,

then∥∥∥∥T nϕ(x)− T n+kϕ(x), g(z1), · · · , g(zm)

∥∥∥∥
∗
≤ sup

i≥n

{(
LΓ
f

)i
(ε)(x, z1, · · · , zm)

}
, (3.8)

for all k ∈ N, n ∈ N0, and x, z1, · · · , zm ∈ X. Letting k −→∞ in (3.8), we get∥∥T nϕ(x)− ψ(x), g(z1), · · · , g(zm)
∥∥
∗ ≤ sup

i≥n

{(
LΓ
f

)i
(ε)(x, z1, · · · , zm)

}
, (3.9)

for all x, z1, · · · , zm ∈ X and all n ∈ N0. Notice that the inequality (3.9) becomes
(3.6) when n = 0. Furthermore, by (3.1), (3.4) and the fact that Γ

(
x, z1, · · · , zm, ·

)
is nondecreasing, for every x, z1, · · · , zm ∈ X, we obtain∥∥∥T n+1ϕ(x)− T ψ(x), g (z1) , · · · , g (zm)

∥∥∥
∗

≤ Γ
(
x, z1, · · · , zm,

∥∥T nϕ
(
f(x)

)
− ψ

(
f(x)

)
, g (z1) , · · · , g (zm)

∥∥
∗

)
≤ Γ

(
x, z1, · · · , zm, sup

i≥n

{(
LΓ
f

)i
(ε)
(
f(x), z1, · · · , zm

)})

≤ sup
i≥n+1

{(
LΓ
f

)i
(ε) (x, z1, · · · , zm)

}
(3.10)

for all n ∈ N0 and all x, z1, · · · , zm ∈ X. In view of (3.3), the inequality (3.10) gives

T ψ(x) = lim
k−→∞

T
(
T k(ϕ)

)
(x) = ψ(x), x ∈ X.
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To show the uniqueness of ψ, we suppose that χ ∈ Y X is also a fixed point of T with∥∥ϕ(x)− χ(x), g (z1) , · · · , g (zm)
∥∥
∗ ≤ H (x, z1, · · · , zm) , x, z1, · · · , zm ∈ X.

We prove that, for every n ∈ N0,∥∥ψ(x)− χ(x), g (z1) , · · · , g (zm)
∥∥
∗ =

∥∥T nψ(x)− T nχ(x), g (z1) , · · · , g (zm)
∥∥
∗

≤ sup
i≥n

{(
LΓ
f

)i
(ε) (x, z1, · · · , zm)

}
, (3.11)

for all x, z1, · · · , zm ∈ X. The case n = 0 is trivial. So, assume that (3.11) holds for
an n ∈ N0. Then, by (3.1), (3.4) and the fact that Γ (x, z1, · · · , zm, ·) is nondecreasing,
for every x, z1, · · · , zm ∈ X, we have∥∥T n+1ψ(x)− T n+1χ(x), g (z1) , · · · , g (zm)

∥∥
∗

≤ Γ

(
x, z1, · · · , zm,

∥∥T nψ
(
f(x)

)
− T nχ

(
f(x)

)
, g (z1) , · · · , g (zm)

∥∥
∗

)
≤ Γ

(
x, z1, · · · , zm, sup

i≥n

{(
LΓ
f

)i
(ε)
(
f(x), z1, · · · , zm

)})
≤ sup

i≥n+1

{(
LΓ
f

)i
(ε) (x, z1, · · · , zm)

}
Thus (3.11) holds for each n ∈ N0. Letting n −→∞ in (3.11) and using (3.3), we get
χ = ψ. �

Let r ∈ N. Given functions f1, · · · , fr : X → X and L1, · · · , Lr : X → R+, let’s

define the operators Γ : Xm+1 × R+and LΓ
fi

: RXm+1

+ → RXm+1

+ by

Γ
(
x, z1, · · · , zm, Li(x)

)
:= max

1≤i≤r

{
Li(x)σ

(
fi(x), z1, · · · , zm

)}
and

LΓ
fiσ (x, z1, · · · , zm) := Γ

(
x, z1, · · · , zm, Li(x)

)
for all σ ∈ Xm+1 and all x, z1, · · · , zm ∈ X. Theorem 3.1 with the above operators
yields at once the following theorem concerning an analog of the fixed point theorem
[19, Theorem 4] in ultrametric (m + 1)-Banach spaces. We will use the symbol Λ
instead of LΓ

fi
.

Theorem 3.2. Supposing that:

(1) X is a nonempty set,
(
Y, ‖·, · · · , ·‖∗

)
is an ultrametric (m+ 1)-normed space

on a non-Archimedean field and g : X → Y is a surjective mapping,
(2) The mappings f1, . . . , fr : X → X, L1, . . . , Lr : X → R+ and the operator
T : Y X → Y X are such that∥∥∥∥T ξ(x)− T µ(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

≤ max
1≤i≤r

{
Li(x)

∥∥∥∥ξ (fi(x))− µ
(
fi(x)

)
, g (z1) , · · · , g (zm)

∥∥∥∥
∗

}
(3.12)

for all ξ, µ ∈ Y X and all x, z1, · · · , zm ∈ X,
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(3) The functions ε : Xm+1 → R+ and ϕ : X → Y are such that∥∥T ϕ(x)− ϕ(x), g (z1) , · · · , g (zm)
∥∥
∗ ≤ ε (x, z1, · · · , zm) (3.13)

and

lim
n→∞

Λnε (x, z1, · · · , zm) = 0 (3.14)

for all x, z1, · · · , zm ∈ X, where Λ : RXm+1

+ → RXm+1

+ is given by

Λδ (x, z1, · · · , zm) := max
1≤i≤r

{
Li(x)δ

(
fi(x), z1, · · · , zm

)}
, (3.15)

for all δ ∈ RXm+1

+ and all x, z1, · · · , zm ∈ X.

Then we have:

(1) For each x, z1, · · · , zm ∈ X, the limit

ψ(x) := lim
n→∞

T nϕ(x) (3.16)

exists and the function ψ : X → Y , defined in this way, is the unique fixed
point of T with∥∥ϕ(x)− ψ(x), g (z1) , · · · , g (zm)

∥∥
∗ ≤ sup

n∈N0

{
Λnε (x, z1, · · · , zm)

}
, (3.17)

(2) If

Λ

(
sup
n∈N0

{
Λnε (x, z1, · · · , zm)

})
≤ sup

n∈N0

{
Λn+1ε (x, z1, · · · , zm)

}
, (3.18)

then ψ is the unique fixed point of T satisfying (3.17).

Proof. (1): We begin with proving, for each n ∈ N0, that∥∥T nϕ(x)− T n+1ϕ(x), g (z1) , · · · , g (zm)
∥∥
∗ ≤ Λnε (x, z1, · · · , zm) , (3.19)

for all x, z1, · · · , zm ∈ X. In view of the inequality (3.12), it easy to shaw that (3.19)
holds for n = 0. Now, for n ∈ N0, suppose that (3.19) holds. Then, using (3.12) and
inductive assumption, for every x, z1, · · · , zm ∈ X, we obtain that∥∥∥∥T n+1ϕ(x)− T n+2ϕ(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

≤ max
1≤i≤r

{
Li(x)

∥∥∥∥T nϕ
(
fi(x)

)
− T n+1ϕ

(
fi(x)

)
, g (z1) , · · · , g (zm)

∥∥∥∥
∗

}
≤ max

1≤i≤r

{
Li(x)Λnε

(
fi(x), z1, · · · , zm

)}
= Λn+1ε (x, z1, · · · , zm) .



444 M. ALMAHALEBI, S. AL-ALI, M.E. HRYROU AND Y. ELKETTANI

This concludes the proof of (3.19). Now, for n ∈ N0 and k ∈ N, we observe∥∥∥∥T nϕ(x)−T n+kϕ(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

≤ max
0≤i≤k−1

{∥∥∥∥T n+iϕ(x)− T n+i+1ϕ(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

}

≤ max
n≤i≤n+k−1

{
Λiε (x, z1, · · · , zm)

}
, x, z1, · · · , zm ∈ X.

Therefore,∥∥∥∥T nϕ(x)− T n+kϕ(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗
≤ sup

n∈N0

{
Λnε (x, z1, · · · , zm)

}
, (3.20)

for all x, z1, · · · , zm ∈ X. From the above estimation, we conclude that
{
T nϕ(x)

}
n∈N,

for all x ∈ X, is a Cauchy sequence and this sequence is convergence because Y is an
ultrametric (m+ 1)-Banach space. Thus, the limit

lim
n→∞

T nϕ(x)

exists for all x ∈ X and defines a function ψ : X → Y as (3.16). Letting k → ∞ in
(3.20), we get that∥∥∥∥T nϕ(x)− ψ(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗
≤ sup

i≥n

{
Λiε (x, z1, · · · , zm)

}
, (3.21)

for all n ∈ N0 and all x, z1, · · · , zm ∈ X. Letting n = 1 in (3.21), we obtain that
(3.17) holds for all x, z1, · · · , zm ∈ X. In view of (3.12) and (3.21), we conclude that∥∥∥∥T n+1ϕ(x)−T ψ(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

≤ max
1≤i≤j

{
Li(x)

∥∥∥∥ψ(fi(x)
)
− T nϕ

(
fi(x)

)
, g (z1) , · · · , g (zm)

∥∥∥∥
∗

}

≤ Λ

(∥∥∥∥T nϕ(x)− ψ(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

)

≤ Λ

(
sup
i≥n

{
Λiε (x, z1, · · · , zm)

})
, (3.22)

for all n ∈ N0 and all x, z1, · · · , zm ∈ X. Letting n → ∞ in (3.22) and using (3.14),
we get T (ψ) = ψ.
(2): To prove the uniqueness of ψ, suppose that ψ1, ψ2 ∈ Y X are two fixed points of
T such that∥∥∥∥ϕ(x)− ψi(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗
≤ sup

n∈N0

{
Λnε (x, z1, · · · , zm)

}
,
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for all x, z1, · · · , zm ∈ X with i = 1, 2. For every m ∈ N0, we show that∥∥∥∥ψ1(x)− ψ2(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

=

∥∥∥∥T mψ1(x)− T mψ2(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

≤ sup
j≥m

{
Λjε (x, z1, · · · , zm)

}
, (3.23)

for all x, z1, · · · , zm ∈ X. For the case m = 0, we have∥∥∥∥ψ1(x)− ψ2(x) , g (z1) , · · · , g (zm)

∥∥∥∥
∗

≤ max

{∥∥∥∥ψ1(x)− ϕ(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗
,

∥∥∥∥ϕ(x)− ψ2(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

}

≤ sup
n∈N0

{
Λnε (x, z1, · · · , zm)

}
, x, z1, · · · , zm ∈ X.

Next, we assume that (3.23) is valid for some m ∈ N0. Then, by using (3.12), for
every x, z1, · · · , zm ∈ X, we get that∥∥∥∥T m+1ψ1(x)− T m+1ψ2(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

=

∥∥∥∥T (T mψ1) (x)− T (T mψ2) (x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

≤ max
1≤i≤r

{
Li(x)

∥∥∥∥T mψ1

(
fi(x)

)
− T mψ2

(
fi(x)

)
, g (z1) , · · · , g (zm)

∥∥∥∥
∗

}

≤ max
1≤i≤r

{
Li(x)

(
max
j≥m

{
Λjε
(
fi(x), z1, · · · , zm

)})}

= max
j≥m

{
max

1≤i≤r

{
Li(x)Λjε

(
fi(x), z1, · · · , zm

)}}

= max
j≥m+1

{
Λjε (x, z1, · · · , zm)

}
.

Therefore, we have proved that (3.23) holds for any m ∈ N0. Letting m → ∞ and
using (3.14) and Lemma 2.11, we get that ψ1 = ψ2. So the fixed point satisfying
(3.17) of T is unique. �

4. Hyperstability results

Suppose that
(
X,+

)
is a group and

(
Y, ‖·, · · · , ·‖∗

)
is an ultrametric (m+1)-Banach

space on a non-Archimedean field K with a non-Archimedean valuation
∣∣·∣∣∗ : K→ R+.

We denote by Aut(X) the family of all automorphisms of X. Moreover, for each
u : X → X, we write ux := u(x) for all x ∈ X and define u′ by u′x := x− ux for all
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x ∈ X. Let

`(X) :=

{
u ∈ Aut(X) : u′, (ku′ + u) ∈ Aut(X),

αu :=
1∣∣s∣∣∗ max

2≤k≤s

{
λ(u), λ (u′) , λ(ku′ + u)

}
< 1

}
6= ∅, (4.1)

where k, s ∈ N and

λ(u) := inf

{
t ∈ R+ : h(ux, uy, z1, · · · , zm) ≤ t h (x, y, z1, · · · , zm) ,

for all x, y, z1, · · · , zm ∈ X0

}
(4.2)

with h : Xm+2
0 → R+. We say that U ⊂ `(X) is commutative provided

u ◦ v = v ◦ u, u, v ∈ U . (4.3)

According to Theorem 3.2 and using the type of fixed point approach proposed
for the first time in [13], we will present and prove our hyperstability results for Eq.
(1.14) on X0.
Theorem 4.1. Let h : Xm+2

0 → R+ be a function and f : X → Y be a mapping
satisfies the inequality∥∥∥∥∥

s∑
k=0

(−1)s−kCs
kf(kx+ y)− s!f(x), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ h (x, y, z1, · · · , zm) (4.4)

for all x, y, z1, · · · , zm ∈ X0 such that kx + y 6= 0 where g : X → Y is a surjective
mapping. If the following conditions hold:

(1)

inf

{
h (u′x, uy, z1, · · · , zm) : u ∈ U

}
= 0, x, y, z1, · · · , zm ∈ X0, (4.5)

(2)

sup

{
αu : u ∈ U

}
< 1, (4.6)

where αu is defined in (4.1), then f is a solution to Eq. (1.14).

Proof. According to the parity of s ∈ N, we study the following two cases:
1st case: s is even:
In this case, we can write the inequality (4.4) as follows∥∥∥∥∥f(y)− sf(x+ y)− s!f(x) +

s∑
k=2

(−1)s−kCs
kf(kx+ y), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ h (x, y, z1, · · · , zm) , (4.7)
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for all x, y, z1, · · · , zm ∈ X0 such that kx+ y 6= 0. Fix a nonempty and commutative
U ⊂ `(X). By replace x by u′x and y by ux in (4.7), we obtain that∥∥∥∥∥1

s
f(ux)− f(x)− (s− 1)!f (u′x) +

1

s

s∑
k=2

(−1)s−kCs
kf
(
(ku′ + u)x

)
, g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ 1∣∣s∣∣∗h (u′x, ux, z1, · · · , zm) , (4.8)

for all x, z1, · · · , zm ∈ X0. So, we can define, for each u ∈ U , the operators

Tu : Y X0 → Y X0 and Λu : RXm+1
0

+ → RXm+1
0

+

by

Tuξ(x) :=
1

s
ξ(ux)− (s− 1)!ξ (u′x) +

1

s

s∑
k=2

(−1)s−kCs
kξ
(
(ku′ + u)x

)
(4.9)

and

Λuδ (x, z1, · · · , zm) := max
2≤k≤s

{
1∣∣s∣∣∗ δ (ux, z1, · · · , zm) ,

1∣∣s∣∣∗ δ (u′x, z1, · · · , zm)

,
1∣∣s∣∣∗ δ

(
(ku′ + u)x, z1, · · · , zm

)}
(4.10)

for all x, z1, · · · , zm ∈ X0, ξ ∈ Y X0 , and δ ∈ RXm+1
0

+ . Note that, for every u ∈ U , the
operator Λ := Λu has the form given in (3.15) with

X := X0, r = s+ 1,

Lk(x) =
1∣∣s∣∣∗ for k = 1, · · · , s+ 1,

f1(x) = ux, f2(x) = u′x, and fk+1(x) = (ku′ + u)x for k = 2, 3, · · · , s.
Furthermore, when we put

εu (x, z1, · · · , zm) :=
1∣∣s∣∣∗h (u′x, ux, z1, · · · , zm) ,

the inequality (4.8) becomes∥∥∥∥Tuf(x)− f(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗
≤ εu (x, z1, · · · , zm) , (4.11)

for all x, z1, · · · , zm ∈ X0 and all u ∈ U . From here till the end of the paper, we
denote by f the restriction of f : X → Y to the set X0 ⊂ X unless we mention
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otherwise. Moreover, for every ξ, µ ∈ Y X0 , we have∥∥∥∥Tuξ(x)− Tuµ(x), g(z1), · · · , g(zm)

∥∥∥∥
∗

=

∥∥∥∥1

s
ξ(ux)− (s− 1)!ξ(u′x)

+
1

s

s∑
k=2

(−1)s−kCs
kξ
(
(ku′ + u)x

)
− 1

s
µ(ux) + (s− 1)!µ(u′x)

−1

s

s∑
k=2

(−1)s−kCs
kµ
(
(ku′ + u)x

)
, g(z1), · · · , g(zm)

∥∥∥∥∥
∗

≤ max
2≤k≤s

{
1∣∣s∣∣∗
∥∥∥∥ξ(ux)− µ(ux), g(z1), · · · , g(zm)

∥∥∥∥
∗

,
∣∣(s− 1)!

∣∣
∗

∥∥∥∥ξ(u′x)− µ(u′x), g(z1), · · · , g(zm)

∥∥∥∥
∗

,

∣∣∣∣Cs
k

s

∣∣∣∣
∗

∥∥∥∥ξ((ku′ + u)x
)
− µ((ku′ + u)x

)
, g(z1), · · · , g(zm)

∥∥∥∥
∗

}

≤ max
2≤k≤s

{
1∣∣s∣∣∗
∥∥∥∥ξ(ux)− µ(ux), g(z1), · · · , g(zm)

∥∥∥∥
∗

,
1∣∣s∣∣∗
∥∥∥∥ξ(u′x)− µ(u′x), g(z1), · · · , g(zm)

∥∥∥∥
∗

,
1∣∣s∣∣∗
∥∥∥∥ξ((ku′ + u)x

)
− µ((ku′ + u)x

)
, g(z1), · · · , g(zm)

∥∥∥∥
∗

}

= max
1≤i≤(s+1)

{
Li(x)

∥∥∥∥ξ(fi(x)
)
− µ

(
fi(x)

)
, g(z1), · · · , g(zm)

∥∥∥∥
∗

}
for all x, z1, · · · , zm ∈ X0 and all u ∈ U . This means that (3.12) holds for T := Tu
for any u ∈ U . Next, by the definition of λ(u), we have

h (ux, uy, z1, · · · , zm) ≤ λ(u) h (x, y, z1, · · · , zm) , (4.12)

for all x, y, z1, · · · , zm ∈ X0 and all u ∈ Aut(X). Therefore, by induction, we directly
obtain that

Λn
uεu (x, z1, · · · , zm) ≤ 1∣∣s∣∣∗αn

uh (u′x, ux, z1, · · · , zm) , (4.13)

for all x, z1, · · · , zm ∈ X0, all n ∈ N0, and all u ∈ U , where

αu =
1∣∣s∣∣∗ max

2≤k≤s

{
λ(u), λ (u′) , λ(ku′ + u)

}
, u ∈ U .

By (4.13), in view of the definition of `(X), we get that

lim
n→∞

Λn
uεu (x, z1, · · · , zm) = 0, x, z1, · · · , zm ∈ X0, u ∈ U . (4.14)
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In addition, we note that

sup
n∈N0

{
Λn
uεu (x, z1, · · · , zm)

}
= Λ0

uεu (x, z1, · · · , zm)

= εu (x, z1, · · · , zm)

implies

sup
n∈N0

{
Λn+1
u εu (x, z1, · · · , zm)

}
= Λn

uεu (x, z1, · · · , zm)

= Λu

(
sup
n∈N0

{
Λn
uεu (x, z1, · · · , zm)

})
,

for all x, z1, · · · , zm ∈ X0 and all u ∈ U . As described above, we deduce that all
assumptions of Theorem 3 hold. Therefore, there is, for every u ∈ U , a unique fixed
point Pu : X0 → Y of the operator Tu defined by

Pu(x) := lim
n→∞

T n
u f(x), x ∈ X0, u ∈ U

such that∥∥∥∥f(x)− Pu(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗
≤ sup

n∈N0

{
Λn
uεu (x, z1, · · · , zm)

}
, (4.15)

for all x, z1, · · · , zm ∈ X0 and all u ∈ U . It means that

Pu(x) =
1

s
Pu(ux)− (s− 1)!Pu (u′x)

+
1

s

s∑
k=2

(−1)s−kCs
kPu

(
(ku′ + u)x

)
, (4.16)

x ∈ X0, u ∈ U .

Now, for each u ∈ U and x, y, z1, · · · , zm ∈ X0 such that kx+ y 6= 0, we prove that∥∥∥∥∥
s∑

k=0

(−1)s−kCs
kT n

u f(kx+ y)− s!T n
u f(x),g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ αn
uh (x, y, z1, · · · , zm) , (4.17)

for any n ∈ N0. It is clear that if n = 0, then (4.17) holds by (4.4). Fix an n ∈ N0 and
assume that (4.17) holds for any u ∈ U and x, y, z1, · · · , zm ∈ X0 such that kx+y 6= 0.
Then, in view of (4.17), we get∥∥∥∥∥

s∑
k=0

(−1)s−kCs
kT n+1

u f(kx+ y)− s!T n+1
u f(x), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗
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=

∥∥∥∥∥1

s

s∑
k=0

(−1)s−kCs
kT n

u f
(
u(kx+ y)

)
− (s− 1)!

s∑
k=0

(−1)s−kCs
kT n

u f
(
u′(kx+ y)

)
+

1

s

s∑
k=0

(−1)s−kCs
k

(
s∑

k=2

(−1)s−kCs
kT n

u f
(
(ku′ + u)(kx+ y)

))

− s!

s
T n
u f(ux) + s!(s− 1)!T n

u f (u′x)

− s!

s

s∑
k=2

(−1)s−kCs
kT n

u f
(
(ku′ + u)x

)
, g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ max
2≤k≤s

{
1∣∣s∣∣∗
∥∥∥∥∥

s∑
k=0

(−1)s−kCs
kT n

u f
(
u(kx+ y)

)
− s!T n

u f(ux), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

,
∣∣(s− 1)!

∣∣
∗

∥∥∥∥∥
s∑

k=0

(−1)s−kCs
kT n

u f
(
u′(kx+ y)

)
− s!T n

u f (u′x) , g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

,

∣∣∣∣Cs
k

s

∣∣∣∣
∗

∥∥∥∥∥
s∑

k=0

(−1)s−kCs
kT n

u f
(
(ku′ + u)(kx+ y)

)
− s!T n

u f
(
(ku′ + u)x

)
, g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

}

≤ max
2≤k≤s

{
1∣∣s∣∣∗
∥∥∥∥∥

s∑
k=0

(−1)s−kCs
kT n

u f
(
u(kx+ y)

)
− s!T n

u f(ux), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

,
1∣∣s∣∣∗
∥∥∥∥∥

s∑
k=0

(−1)s−kCs
kT n

u f
(
u′(kx+ y)

)
− s!T n

u f (u′x) , g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

,
1∣∣s∣∣∗
∥∥∥∥∥

s∑
k=0

(−1)s−kCs
kT n

u f
(
(ku′ + u)(kx+ y)

)
− s!T n

u f
(
(ku′ + u)x

)
, g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

}

≤ 1∣∣s∣∣∗ max
2≤k≤s

{
αn
uh (ux, uy, z1, · · · , zm) , αn

uh (u′x, u′y, z1, · · · , zm)

, αn
uh
(
(ku′ + u)x, (ku′ + u)y, z1, · · · , zm

)}
≤ αn

u

1∣∣s∣∣∗ max
2≤k≤s

{
λ(u), λ (u′) , λ(ku′ + u)

}
h (x, y, z1, · · · , zm)

= αn+1
u h (x, y, z1, · · · , zm) , u ∈ U , x, y, z1, · · · , zm ∈ X0, kx+ y ∈ X0.

By mathematical induction, we deduce that (4.17) holds for any n ∈ N0. Letting
n −→ ∞ in (4.17) and using the surjectivity of g in view of Lemma 2.11, we obtain
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the equality
s∑

k=0

(−1)s−kCs
kPu(kx+ y) = s!Pu(x), x, y ∈ X0, kx+ y ∈ X0, u ∈ U . (4.18)

In this way, for each u ∈ U , we obtain a function Pu such that (4.18) holds for all
x, y, kx+ y ∈ X0 and∥∥∥∥f(x)− Pu(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗
≤ H (x, z1, · · · , zm)

:= sup
n∈N0

{Λn
uεu (x, z1, · · · , zm)}

≤ 1∣∣s∣∣∗αn
uh (u′x, ux, z1, · · · , zm) , (4.19)

for all x, z1, · · · , zm ∈ X0 and all u ∈ U . In view of the conditions (4.5) and (4.6),
we deduce that H (x, z1, · · · , zm) = 0 for all x, z1, · · · , zm ∈ X0, which implies that
f(x) = Pu(x) for all x ∈ X0 and u ∈ U . Thus, f is solution to Eq. (1.14).
2nd case: s is odd:
In this case, we can write the inequality (4.4) as follows:∥∥∥∥∥sf(x+ y)− f(y)− s!f(x) +

s∑
k=2

(−1)s−kCs
kf(kx+ y), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ h (x, y, z1, · · · , zm) , (4.20)

for all x, y, z1, · · · , zm ∈ X0 such that kx+ y 6= 0. Fix a nonempty and commutative
U ⊂ `(X) and replace x by u′x and y by ux in (4.20). Therefore, we get∥∥∥∥∥f(x)− 1

s
f(ux)− (s− 1)!f (u′x) +

1

s

s∑
k=2

(−1)s−kCs
kf
(
(ku′ + u)x

)
, g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ 1∣∣s∣∣∗h (u′x, ux, z1, · · · , zm) , (4.21)

for all x, z1, · · · , zm ∈ X0. So, we can define, for each u ∈ U , the operators Tu :

Y X0 → Y X0 and Λu : RXm+1
0

+ → RXm+1
0

+ by

Tuξ(x) :=
1

s
ξ(ux) + (s− 1)!ξ (u′x)− 1

s

s∑
k=2

(−1)s−kCs
kξ
(
(ku′ + u)x

)
(4.22)

and

Λuδ (x, z1, · · · , zm) := max
2≤k≤s

{
1∣∣s∣∣∗ δ (ux, z1, · · · , zm) ,

1∣∣s∣∣∗ δ (u′x, z1, · · · , zm)

,
1∣∣s∣∣∗ δ

(
(ku′ + u)x, z1, · · · , zm

)}
(4.23)

for all x, z1, · · · , zm ∈ X0, ξ ∈ Y X0 , and δ ∈ RXm+1
0

+ . Note that, for every u ∈ U , the

operator Λ := Λu has the form given in (3.15) with X := X0, r = s+ 1, Lk(x) = 1∣∣s∣∣
∗
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for k = 1, 2, . . . , s + 1, f1(x) = ux, f2(x) = u′x, and fk+1(x) = (ku′ + u)x for
k = 2, 3, . . . , s.
Moreover, when we write

εu (x, z1, · · · , zm) :=
1∣∣s∣∣∗h (u′x, ux, z1, · · · , zm) ,

the inequality (4.20) becomes∥∥∥∥Tuf(x)− f(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗
≤ εu (x, z1, · · · , zm) , (4.24)

for all x, z1, · · · , zm ∈ X0 and all u ∈ U . By the similar steps in 1st case, we obtain
the same results. �

5. Some consequences

From Theorem 4.1, we can obtain the following corollaries as natural results.
The next corollary corresponds to the results on the following inhomogeneous

monomial functional equation

s∑
k=0

(−1)s−kCs
kf(kx+ y) = s!f(x) + F (x, y), (5.1)

where F : X2 → Y .
Corollary 5.1. Let

(
X,+

)
and

(
Y,
∥∥·, · · · , ·∥∥∗) are group and ultrametric (m + 1)-

Banach space, respectively, and let h : Xm+2
0 → Y and F : X2 → Y be two mappings

such that F (x0, y0) 6= 0 for some x0, y0 ∈ X0. Suppose that

(1)∥∥∥∥F (x, y), g (z1) , · · · , g (zm)

∥∥∥∥
∗
≤ h (x, y, z1, · · · , zm) , x, y, z1, · · · , zm ∈ X0, (5.2)

where g : X → Y is a surjective mapping,
(2) There exists a nonempty set U ⊂ l(X) such that (4.3), (4.5) and (4.6) hold.

Then, for all x, y ∈ X0, the inhomogeneous equation

s∑
k=0

(−1)s−kCs
kf(kx+ y) = s!f(x) + F (x, y) (5.3)

has no solutions in the class of functions f : X → Y .
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Proof. Suppose that f : X → Y is a solution to (5.3). Then∥∥∥∥∥
s∑

k=0

(−1)s−kCs
kf(kx+ y)− s!f(x), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

=

∥∥∥∥s!f(x) + F (x, y)− s!f(x), g (z1) , · · · , g (zm)

∥∥∥∥
∗

=

∥∥∥∥F (x, y), g (z1) , · · · , g (zm)

∥∥∥∥
∗

≤ h (x, y, z1, · · · , zm) , x, y, z1, · · · , zm ∈ X0.

Consequently, by Theorem 4.1, f is solution of (1.14), whence

F (x0, y0) =

s∑
k=0

(−1)s−kCs
kf (kx0 + y0)− s!f (x0) = 0

which is contradiction. �

In the rest of this section, E is a normed space, X is a subgroup of the commutative
group

(
E,+

)
and

(
Y,
∥∥·, · · · , ·∥∥∗) is an ultrametric (m+ 1)-Banach space.

Corollary 5.2. Let p, q ∈ R such that p < 0 and q < 0, g : X → Y be a surjective
mapping, and let θ, r ≥ 0. If f : X → Y satisfies∥∥∥∥∥

s∑
k=0

(−1)s−kCs
kf(kx+ y)− s!f(x), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ θ
(∥∥x∥∥p +

∥∥y∥∥q) m∏
i=1

∥∥zi∥∥r
(5.4)

for all x, y, z1, · · · , zm ∈ X0, then f satisfies the monomial functional equation (1.14)
on X0.

Proof. The proof follows from Theorem 4.1 by taking

h (x, y, z1, · · · , zm) := θ

(∥∥x∥∥p +
∥∥y∥∥q) m∏

i=1

∥∥zi∥∥r, x, y, z1, · · · , zm ∈ X0,

with some real numbers θ, r ≥ 0, p < 0 and q < 0. For each ` ∈ N, we define
u` : X → X by u`x := −`x and u′` : X → X by u′`x := (1 + `)x. Then

h (u`x, u`y, z1, · · · , zm) = h (−`x,−`y, z1, · · · , zm)

= θ

(∥∥− `x∥∥p +
∥∥− `y∥∥q) m∏

i=1

∥∥zi∥∥r
= θ

(
`p
∥∥x∥∥p + `q

∥∥y∥∥q) m∏
i=1

∥∥zi∥∥r
≤
(
`p + `q

)
h (x, y, z1, · · · , zm) ,
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h (u′`x, u
′
`y, z1, · · · , zm) = h

(
(1 + `)x, (1 + `)y, z1, · · · , zm

)
= θ

(∥∥(1 + `)x
∥∥p +

∥∥(1 + `)y
∥∥q) m∏

i=1

∥∥zi∥∥r
= θ

(
(1 + `)p

∥∥x∥∥p + (1 + `)q
∥∥y∥∥q) m∏

i=1

∥∥zi∥∥r
≤
(

(1 + `)p + (1 + `)q
)
h (x, y, z1, · · · , zm) ,

and

h

(
(ku′` + u`)x, (ku

′
` + u`)y, z1, · · · , zm

)
= h

((
k + k`− `

)
x,
(
k + k`− `

)
y, z1, · · · , zm

)
= θ

(∥∥(k + k`− `
)
x
∥∥p +

∥∥(k + k`− `
)
y
∥∥q) m∏

i=1

∥∥zi∥∥r
= θ

(∣∣k + k`− `
∣∣p∥∥x∥∥p +

∣∣k + k`− `
∣∣q∥∥y∥∥q) m∏

i=1

∥∥zi∥∥r
≤
(∣∣k + k`− `

∣∣p +
∣∣k + k`− `

∣∣q)h (x, y, z1, · · · , zm) ,

for all x, y, z1, · · · , zm ∈ X0 and all ` ∈ N. Therefore, we deduce that λ (u`) = `p + `q,

λ (u′`) = (1 + `)p + (1 + `)q, and λ
(
(ku′` +u`)

)
=
∣∣k+k`− `

∣∣p +
∣∣k+k`− `

∣∣q for ` ∈ N,
and there exists n0 ∈ N such that ` ≥ n0 and

αu`
=

1∣∣s∣∣∗ max
2≤k≤s

{
(`p + `q) ,

(
(1+`)p+(1+`)q

)
,

(∣∣k+k`−`
∣∣p+

∣∣k+k`−`
∣∣q)} < 1.

So, it’s easily seen that (4.1) is fulfilled with

U :=

{
u` ∈ Aut(X) : ` ∈ Nn0

}
6= φ.

In addition, we have

lim
`→∞

h (u′`x, u`y, z1, · · · , zm) ≤ lim
`→∞

(
(1 + `)p + `q

)
h (x, y, z1, · · · , zm)

= 0,

for all x, y, z1, · · · , zm ∈ X0 which means that (4.5) and (4.6) are valid. Therefore, by
Theorem 4.1, every f : X → Y satisfying (5.4) is a solution of the functional equation
(1.14) on X0. �
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Corollary 5.3. Let θ, r ≥ 0, and p < 0. Assume that f : X → Y satisfies∥∥∥∥∥
s∑

k=0

(−1)s−kCs
kf(kx+ y)− s!f(x), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ θ
(∥∥x∥∥p +

∥∥y∥∥p) m∏
i=1

∥∥zi∥∥r,
(5.5)

for all x, y, z1, · · · , zm ∈ X0. Then f satisfies the monomial functional equation (1.14)
on X0.

Proof. By similar method in the proof of Corollary 5.2, it is easily seen that the
function h defined by

h (x, y, z1, · · · , zm) := θ

(∥∥x∥∥p +
∥∥y∥∥p) m∏

i=1

∥∥zi∥∥r, x, y, z1, · · · , zm ∈ X0,

satisfies (4.5) and (4.6) because

h (u`x, u`y, z1, · · · , zm) = h (`x, `y, z1, · · · , zm)

= θ

(∥∥`x∥∥p +
∥∥`y∥∥p) m∏

i=1

∥∥zi∥∥r
= θ`p

(∥∥x∥∥p +
∥∥y∥∥p) m∏

i=1

∥∥zi∥∥r
= `ph (x, y, z1, · · · , zm) ,

h (u′`x, u
′
`y, z1, · · · , zm) = (1 + `)ph (x, y, z1, · · · , zm) ,

and

h

(
(ku′` + u`)x, (ku

′
` + u`)y, z1, · · · , zm

)
=
∣∣k + k`− `

∣∣ph (x, y, z1, · · · , zm)

for all x, y, z1, · · · , zm ∈ X0 and all ` ∈ N. The remainder of the proof is similar to
the proof of Corollary 5.2. �

If f : X → Y satisfies (5.5) for x, y, z1, · · · , zm ∈ X0 with p < 0, then by Theorem
4 we know that f satisfies the monomial equation on X0. It is not hard to show that
if f(0) = 0, then f satisfies the monomial equation on the whole X. So we have the
following corollary.
Corollary 5.4. Let θ, r ≥ 0, and p < 0. Assume that f : X → Y satisfies f(0) = 0
and fulfills the inequality∥∥∥∥∥

s∑
k=0

(−1)s−kCs
kf(kx+ y)− s!f(x), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ θ
(∥∥x∥∥p +

∥∥y∥∥p) m∏
i=1

∥∥zi∥∥r,
(5.6)

for all x, y, z1, · · · , zm ∈ X0. Then f satisfies the monomial functional equation (1.14)
on the whole X.
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Corollary 5.5. Let p, q ∈ R such that p + q < 0 and let θ, r ≥ 0. If f : X → Y
satisfies∥∥∥∥∥

s∑
k=0

(−1)s−kCs
kf(kx+ y)− s!f(x), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ θ
∥∥x∥∥p ∥∥y∥∥q m∏

i=1

∥∥zi∥∥r,
(5.7)

for all x, y, z1, · · · , zm ∈ X0. Then f satisfies the monomial functional equation (1.14)
on X0.

Proof. It is easily seen that the function h given by

h (x, y, z1, · · · , zm) := θ
∥∥x∥∥p ∥∥y∥∥q m∏

i=1

∥∥zi∥∥r, x, y, z1, · · · , zm ∈ X0

satisfies (4.5) and (4.6) because

h (u`x, u`y, z1, · · · , zm) = h (`x, `y, z1, · · · , zm)

= θ
∥∥`x∥∥p ∥∥`y∥∥q m∏

i=1

∥∥zi∥∥r
= θ`p+q

∥∥x∥∥p∥∥y∥∥q m∏
i=1

∥∥zi∥∥r
= `p+qh (x, y, z1, · · · , zm) ,

h (u′`x, u
′
`y, z1, · · · , zm) =

(
1 + `

)p+q
h (x, y, z1, · · · , zm) ,

and

h

(
(ku′` + u`)x, (ku

′
` + u`)y, z1, · · · , zm

)
=
∣∣k + k`− `

∣∣p+q
h (x, y, z1, · · · , zm)

for all x, y, z1, · · · , zm ∈ X0 and all ` ∈ N. The rest of the proof is similar to the proof
of Corollary 5.2. �

By an analogous conclusion, the function h given by

h (x, y, z1, · · · , zm) := θ

(∥∥x∥∥p +
∥∥y∥∥q +

∥∥x∥∥p∥∥y∥∥q) m∏
i=1

∥∥zi∥∥r, x, y, z1, · · · , zm ∈ X0,

where p < 0 and q < 0, satisfies (4.5) and (4.6) because

h (u`x, u`y, z1, · · · , zm) = h (`x, `y, z1, · · · , zm)

= θ

(∥∥`x∥∥p +
∥∥`y∥∥q +

∥∥`x∥∥p∥∥`y∥∥q) m∏
i=1

∥∥zi∥∥r
= θ

(
`p
∥∥x∥∥p + `q

∥∥y∥∥p + `p+q
∥∥x∥∥p∥∥y∥∥q) m∏

i=1

∥∥zi∥∥r
≤
(
`p + `q + `p+q

)
h (x, y, z1, · · · , zm) ,
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for all x, y, z1, · · · , zm ∈ X0 and all ` ∈ N. So we have the following corollary.
Corollary 5.6. Let p < 0, q < 0 and θ, r ≥ 0. If f : X → Y satisfies∥∥∥∥∥

s∑
k=0

(−1)s−kCs
kf(kx+ y)− s!f(x), g (z1) , · · · , g (zm)

∥∥∥∥∥
∗

≤ θ
(∥∥x∥∥p +

∥∥y∥∥q +
∥∥x∥∥p∥∥y∥∥q) m∏

i=1

∥∥zi∥∥r, (5.8)

for all x, y, z1, · · · , zm ∈ X0. Then f satisfies the monomial functional equation (1.14)
on X0.
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