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Abstract. In this paper, we prove a general fixed point theorem for ultrametric n-Banach spaces.
We also show its applications in proving the hyperstability, in the sense of Gavruta, of the following
monomial functional equation
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S (1) TRCH f (ke + y) = 8! (=),
k=0
where C}} = (S%W and k,s € N such that s > k.
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1. INTRODUCTION

The famous talk of S. M. Ulam in 1940 [44] seems to be the starting point for
studying the stability of functional equations, in which he discussed a number of
important unsolved problems. Among these was the question of the stability of group
homomorphisms.

Ulam problem:[44] Given a group G1, a metric group Go with metric d(- , -) and a
positive number €, does there exist a § > 0 such that if f: G1 — G satisfies

d(f(zy), f(=)f(y) <e

for all x,y € Gy, then a homomorphism ¢ : G1 — Ga exists with

d(f(z), ¢(x)) <9
forallx € G1?
These kinds of questions serve as the foundation for the theory of stability. Under the

assumption that G; and Gs are Banach spaces, the case of approximately additive
mappings was solved by D. H. Hyers in 1941 [31].
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Hyers’ [31] and Ulam [44] referred to this property as the stability of the functional
equation f(z+y) = f(z)+ f(y). Hyers work has initiated much of the current research
in the theory of the stability of functional equations. In 1978, the theorem of Hyers
was significantly generalized by Th. Rassias [41], taking into account cases where the
relevant inequality is not bound. This property was called the Hyers-Ulam-Rassias
stability of the additive Cauchy functional equation f(x+y) = f(z) + f(y).

This terminology also applies to other functional equations. The result of Rassias
[41] has been further generalized by Rassias [42], Th. Rassias and P. Semrl [43],
P. Gavruta [28], and S. -M. Jung [33]. Simultaneously, a special kind of stability
has emerged, which is called the hyperstability of functional equations. This kind
states that if f satisfies a stability inequality related to the given equation, then it
is also a solution to this equation. It seems that the first hyperstability result was
published in [11] and concerned ring homomorphisms. The term ”hyperstability”,
on the other hand, appeared for the first time in [36]. Hyperstability is frequently
mistaken for superstability, which also admits bounded functions. Further, J. Brzdek
and K. Ciepliniski [15] introduced the following definition which describes the main
ideas of such a hyperstability notion for equations in several variables (R stands for
the set of all nonnegative reals and C” denotes the family of all functions mapping a
set D # ¢ into a set C' # ¢).

Definition 1.1. [15] Let S be a nonempty set, (Y, d) be a metric space, € € Riﬂ and
Fi1, F2 be two operators mapping a nonempty set D C Y° into Y5". We say that
the operator equation

fl@(fl,"'axn):}-?@(%,"'axn)a l’l,"',anS, (11)
is e-hyperstable provided every ¢y € D that satisfies the inequality
d(]:l(po(zla'“ 71"%)7 f2§00(x17"' 7l'n)) S@(xh'" 7$n)a Ly, 7xn€S7 (12)

fulfils the equation (1.1).

Brzdek et al. [15] proved the fixed point theorem for a nonlinear operator in metric
spaces and used this result to study the Hyers-Ulam stability of some functional
equations in non-Archimedean metric spaces. In this work, they also obtained the
fixed point result in arbitrary metric spaces as follows:

Theorem 1.2. [15] Let X be a nonempty set, (Y,d) be a complete metric space, and
A:YX =YX be a non-decreasing operator satisfying the hypothesis

lim Ad, =0

n—oo
for every sequence {5n}neN in YX with

lim 4§, =0

n—oo

Suppose that T : YX — Y X is an operator satisfying the inequality
d(Té(z), Tu(x)) < AAE ) (), &pe YX, zeX, (1.3)
where A : Y X x YX 1 Rf s a mapping which is defined by
A& ) () =d(é(x), u(@)), &EreY™, zeX. (1.4)
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If there exist functionse: X — R4 and ¢ : X =Y such that
d((Te) (), ¢(x)) < e(2) (1.5)

and

e (x) = Z (A™e)(z) < o0 (1.6)

n€eNg
for all x € X, then the limit
nlingo (T"¢)(x) (1.7)
exists for each x € X. Moreover, the function 1 € YX defined by
Y(@) = lim (T"¢)(z) (1.8)
is a fized point of T with
d(p(z) , ¥(z)) < () (1.9)

forallx € X.

In 2013, Brzdek [12] gave the fixed point result by applying Theorem 1.2 as follows:
Theorem 1.3. [12] Let X be a nonempty set, (Y,d) be a complete metric space,
fi,ofr : X =5 X and Ly,..., L. : X — Ry be given mappings. Suppose that
T:YX 5 YX and A : Rf — Rf are two operators satisfying the conditions

ATE@) . T@) <3 Li@)d(£(4@) m(5i@) ). (1.10)

forallé,p € YX x € X and

Ao(z) = zT:LZ(x)é(fl(x)), SeRY,reX. (1.11)
i=1
If there exist functions € : X — Ry and ¢ : X =Y such that
A(Te@) . p(x)) < e(@) (112)
and
e*(x) := Z (A"e) (z) < (1.13)
n=0

for allx € X, then the limit (1.7) exists for each x € X. Moreover, the function (1.8)
is a fixed point of T with (1.9) for all x € X.

Brzdek [12] then used this theorem to improved, extended, and complemented several
earlier classical stability results concerning the additive Cauchy equation ( in partic-
ular, Theorem 1.2 ). Many papers on the stability and hyperstability of functional
equations were published thanks to this important achievement. For example, we re-
fer to [1]-[10], [18]-[20], and [40]. Another point worth noting is that there were other
versions of Theorem 1.3 in ultrametric space [3], in 2-Banach space [4], [18], and in
n-Banach space [19] that helped to discuss many results on the stability of functional
equations. For more details on the stability and hyperstability in 2-Banach spaces
and n-Banach spaces, we refer the reader to seeing the surveys [7] and [25].
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Let X and Y be two linear spaces, s € N, and f : X — Y a given mapping. The
functional equation

S

> (UG f (ke +y) = slf(x), wyeX, (1.14)
k=0
where C} = (S_Sik'),k,, is called an s-monomial functional equation and every solution

of the functional equation (1.14) is said to be a monomial mapping of degree s. The
function f : R — R given by f(z) := az® is a particular solution of the functional
equation (1.14) with a € R. In particular, the functional equation (1.14) is called an
additive (quadratic, cubic, quartic, and quintic, respectively) functional equation for
the case n = 1(n = 2,n = 3,n = 4, and n = 5, respectively) and every solution of
the functional equation (1.14) is said to be an additive (quadratic, cubic, quartic, and
quintic, respectively) mapping for the case n = 1(n = 2,n = 3,n = 4, and n = 5,
respectively). The stability of the equation (1.14) has been investigated by many
authors, for example, [21], [22], [29], [32], [34], [35], and [37]. Moreover, the stability
and hyperstability of an equation more general than (1.14) have been investigated in
[8], [9], [39], and [45].

Throughout this paper, Q stands for the set of all rational numbers, N the set of
all positive integers, Ng = NU {0}, N,,,, the set of all integers greater than or equals
mo (mo € N), Ry =[0,00) and we use the notation X, for the set X\{0}.

2. PRELIMINARIES

The concept of n-normed space was given by A. Misiak [38] as a generalization
of the notions of classical normed space and of a 2-normed space introduced by S.
Gahler [26], [27]. We need to recall some basic facts concerning n-normed spaces and
some preliminary results.

Definition 2.1. [38] Let n € Ng, X be a real linear space with dim X > n. An n-norm

on X is a real function ||, e ,|| : X™ — [0, 00) satisfies the following conditions:

(1) Hxl, e ,an =0 if and only if x4y, --- , z, are linearly dependent,

(2) Hxl, e ,an = Hxil, R H for every permutaion (i1, - ,i,) of (1,-+- ,n),

(3) [lawr, -+ @] = laf [lo1, - n]],

(4) Hxl +y7$27' o aan S ||.’E1,£L’2,‘ t aan + "yva,' o aan
for all & € R, and all z,y,x1,--- ,2, € X. The pair (X, H, ,H) is called an
n-normed space.
We note that Hxl, e ,an >0 for all z1, -+ ,z, € X because

QHxla T 7an Z Hxl — X1, aan
= 0.+ ]

=0.
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Example 2.2. R" equipped with the function H, ceey HE defined by
Zrir 0 Tin
||£E1, cee ,l‘nHE = } det (xm) | = abs
Tpl 0 Tnn

where z; = (241, ,x4,) € R™ for i € {1,--- ,n}, is n-normed space.
Lemma 2.3. [20]Let (X, H, e ,||) be an n-normed space. If {xk}keN i$ a conver-
gent sequence of elements of X, then

, for every yo, - ,yn € X.

Hm ||z, g2, s yn|| = ’ lm g, Y2, 2 Yn
k—o0 k—o0
K. Hensel [30] has presented a normed space which does not have the Archimedean
property. The non-Archimedean framework is of particular relevance since the theory
of non-Archimedean spaces has piqued the interest of physicists for their research,
particularly in quantum physics difficulties, p-adic strings, and superstrings.

In the following, we present some basic concepts on the non-Archimedean normed
spces (for more details, we refer to [24]).
Definition 2.4. [24] Let K be a field. A valuation on K is a map | - | : K — R such
that for some real number C' > 1, the following hold:

(1) ‘x| > 0 for any € K with equality only for z = 0,
(2) ‘xy’ = |x‘ . ‘y| for any z,y € K,
(3) For any z € K, if |z| <1, then |z + 1| < C.

The valuation ’ . ’ such that |x’ = 1 for every non zero x and ’O‘ = 0 is called the
trivial valuation.

Definition 2.5. [24] A valuation | - | on K satisfies the ultrametric inequality if for
any z,y € K

o +y| < max{|z|, [y[}.

Such valuation is called a non-Archimedean valuation.
Proposition 2.6. [24]A valuation |.| on K satisfies the ultrametric inequality if and
only if one can take C =1 in Definition 2.4.
Example 2.7. (Non-Archimedean valued field)

Let p be a fixed prime number. Because of the unique fraction in Z, every non-zero
rational number x can be written as

x==-p"
bp

where n,a, and b are integers and ged(p, ab) = 1. We can define a valuation on Q as
follows:
p™ ifx#£0
|, = .
P 0 ifx=0

| . ‘p is called the p-adic valuation. The completion of Q with respect to | . ’p is called
the field of p-adic numbers and is denoted Q,.
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By the trivial valuation we mean the function | - | taking everything but 0 into 1 and
|0| = 0. In any non-Archimedean field, we have |1| = | — 1| =1 and |n’ < 1 for
n € N.
Definition 2.8. Let X be a vector space over a field K with a non-Archimedean
non-trivial valuation | . | A non-Archimedean norm on X is a map H . ||* X =Ry
satisfying the following conditions:

(1) HxH* =0 if and only if z =0,

(2) || Az, = |A] ||]|,, for any = € X and any X € K,

3) [lz+y, < max{[l2

Condition (3) of Definition 2.8 is referred to as the ultrametric or strong triangle

inequality. The paire (X, H . H*) is called a non-Archimedean normed space or an
ultrametric normed space. For example, the paire (Qy, |- |,) is a non-Archimedean
normed space.
Definition 2.9. [23] Let X be a vector space with dim X > n over a valued field K
with a non-Archimedean valuation | . | A function ||, e ,||* : X" — [0, 00) is said
to be a non-Archimedean n-norm if

ly||,}, for any .,y € X.

)

(1) Hxl, e ,an* =0 if and only if xy, -, x, are linearly dependent,

(2) Hx1,~- ,an* = Hxil,--- ,xinH* for every permutation (i1,--- ,i,)
of (1,---,n),

(3) |lows, -+ anll, = |o| |21, @],

@) [lz + g2, ], <max{{|z, 2o, anl, [y, w2, @]}

for all « € K, and all z,y,x1, -+ ,x, € X. Then (X,{~,~-- ,||*) is called a non-
Archimedean n-normed space or an ultrametric n-normed space.
Example 2.10. Let p be a fixed prime number. We defined an ultrametric n-norm

on Qp by
1, saall, = [ det (zi5) [,
where x; = (71, ,2in) € Qp fori € {1, ,n}.
If (X, ey H*) is an ultrametric n-normed space, then
k
Zyi7x27"'7$n ng?gxk{”ymx27vxn|*}
=1 %

for any k € Ny, 29, ,2, € X and all y; € X fori € {1,--- ,n}.

According to the conditions in Definition 2.9, the next lemma follows from Remark 1
in [20].

Lemma 2.11. Let (X7 H7 cee | *) be an ultrametric n-normed space. If z1,--+ ,zp €
X are linearly independent, x € X and

|33,w2,~-- sWel|l, =0 for every wa,--- ,wn, € {21, ,2n},
then x = 0.
Definition 2.12. A sequence (yk) . of elements of an ultrametric n-normed space
(X I | ORI ‘*) is called a Cauchy sequence if there are linearly independent points
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z1,++ ,zn € X such that
lim Hyk — Yp, Wa, - - ,wnH* =0 for every wa, - ,w, € {21, ,2n}.
k £— 00

Definition 2.13. A sequence {yk}keN is said to be convergent if there exists a y € X
with

lim ||yk — Y, Tg, ,an =0 forevery zo, -+ ,x, € X.
k—o0 *
In this case, we call that {yx}, _ converges to y or that y is the limit of {yy },  and

we write {yk}keN — y as k — o0.
By condition (4) in Definition 2.9, we have

Hyk — Yo, T2, an* =~ €<I;’l<a”§< 1{Hyj+l _yj7x2)"' aan*}7 (£ < k)

for all o, ,x, € X. Therefore, a sequence {yk}keN is Cauchy in (X, |-+ ,,)
if and only if {yk_H — yk} pen converges to zero in an ultrametric n-normed space

(X, || o[-
Definition 2.14. If every Cauchy sequence in an ultrametric n-normed space
(X ,-||,) converges to some y € X, then (X, ||-,--- ,-||,) is said to be complete.

Any complete ultrametric n-normed space is sald to be an ultmmetm’c n-Banach space.
Now we state the following results as a lemma.

Lemma 2.15. Let ( || ) be an wultrametric n-normed space. Then the
following conditions hold

V) (222, saall, = llyswze- ol Ui w2,
forall x,y,x9, - ,x, € X,
(2) ifx e X and ||x,z2,~~~ ,an*:O for all xo,--- ,x, € X, then x =0,

(3) if {Ik}keN is a convergent sequence of elements of X, then

lim ||55k»y27" ‘5 Yn . ‘ lim Tky Y2, yYn fO’I" all Y2, yYn € X.
k—> 00 k—o0 %
3. FIXED POINT THEOREM
In this section, we assume m € N and (Y, ||, S ,H*) is an ultrametric (m + 1)-

Banach space. Next theorem gives us an extension of the results of the fixed point
given by J. Brzdek and K. Ciepliniski [17, Theorem 1] in ultrametric (m + 1)-Banach
spaces.

Theorem 3.1. Supposing that:

(1) X is a nonempty set, (Y7 ||, e ,||*) is an ultrametric (m + 1)-normed space
on a non-Archimedean field and g : X =Y is a surjective mapping,

(2) The operators T : YX — YX T : Xt xR, — Ry and mapping f : X — X
are such that T (z, 21, , Zm, ) is nondecreasing for every x,z1,--+ ,zm € X
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and

HTf(m) —Tux),9(z1),- ,9(zm)

< F(Z’,Zl,"' y Zms

*

§(f(x) — (£ (@), 9(21), -+, 9(2m)

J)
(

'O.’)
—_
N

forall &, p e YX and all ¢, 21, ,2m € X,
(3) The functions e : X™™1 - R, ,p: X — Y are such that

| Te(x) — o), g(z1),- - g(zm)||, < ez, 21, 2m), (3.2)

forallz,z1, -+ ,zm € X,
4) The operator LY : RX™ 5 RX™T s defined by
fR +

E?(O’)((E7Zh"' 7Zm) Z:F<$,Zl,"' ,Zm,O'(f(.’IJ),Zh"' 7Z’m))7

for all o € Rfmﬂ, and all x,z1,- -+ ,zm € X, and satisfies the following two
conditions
1 F n .. =
nl;n;o (L}) (&) (@, 21, ,2m) =0 (3.3)

and, for any n € Ny,

F(m,zl, e ,zm,§1215{(E?)i(s)(f(x),zl, e ,zm)})

< sw {(ED) @@z, ) (34

i>n+1
forallx, z1,-+ ,2zm € X.
Then for each x € X, the limit
d(x) = lim T"p(x) (3.5)

exists and the function ¢ : X =Y, defined in this way, is the unique fixed point of T
with
HSD(:L') - 1/’(»’”),9(21), T 7g(zm)H* < S;g {(ﬁ?)n(g)(x’ 21,00 ;Zm)}

=H(z,z1, , 2m) (3.6)

forallz, z1, - ,zm € X.

Proof. Tt is easy to show by induction that, for each n € Ny,
[T o) = T (), 9(=1), -+ 1 9(zm) ||, < (£5)" () (@ 21,0+ 2m),s (3.7)

forall z, z1,-- - , z;, € X. Indeed, the case n = 0is just (3.2). Moreover, assuming that
(3.7) holds for an n € Ny, by (3.1) and the fact that I'(x, 21, - - - , z;n, -) is nondecreasing
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for every z, 21, , 2y € X, we obtain
1T (@) = T (), g(=1), -+ 9(zm) -
S F<(E721, Cty Zmy | Tn+180(f(x)) - T7L§D(f($)),g(21)7 e ’g(zm) *)

< F(:L'azla Ty Zmy (El;)n(g)(f(x),zl, e 7Zm))
n+1
:(’C§> (5)(%,21,"',27%)7 xazlv"'vzm€X~

Clearly, by (3.3) and (3.7), for each @, 21, , 2y, € X the sequence {T"¢(z)}
a Cauchy sequence, which means that the limit ¢ (z) exists.
Next, (3.7) yields that, for any kK € N, n € No, and z, 21, -+ , zm € X,

HT"SO(QC) — T (), g(21), 5 g(2m)
k

S (1t et

neN 13

*

*

IN

max LT () - T (), g(z), L g(m)

= ?SE{(ﬁ?)i<€><m’Zl"" )}

g

then

Thow) ~ T o), 9(20), ()| <sup{(£5) @@z 2w} (39)

* i>n

forall k € N, n € Ny, and , 21, - - , 2, € X. Letting k — oo in (3.8), we get

77 0(@) = wlahgter), - g, < s { (£]) @z zm)}e (39)

for all z,21, -+ ,2z,m € X and all n € Ny. Notice that the inequality (3.9) becomes
(3.6) when n = 0. Furthermore, by (3.1), (3.4) and the fact that I'(z, 21, , zm, -
is nondecreasing, for every x, zq,- - , 2y, € X, we obtain

|76 (@) = Te@) g (1) g () |
T (f(@)) =¥ (f(@)),9 (1), 19 (2m)

< I‘(x,zl,--- ,zm,sup{(ﬁ?)i(e)(f(m),zl,--- ,zm)}>

Sr(xazla"' y Zm

)

i>n
i
< sup {(ﬁ;) ) (z, 21, ,2m) } (3.10)
i>n+1
for all n € Ng and all z, 21, , 2y, € X. In view of (3.3), the inequality (3.10) gives

To() = lim T(TH(¢)(@) = b(x), =e€X.
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To show the uniqueness of 1, we suppose that x € YX is also a fixed point of 7~ with
HSD(J") —X(l’),g(zl), ,g(Zm) H* SH(I‘7Z1V" 7Zm)a T,21," " ,2m € X.
We prove that, for every n € Ng,
H’(/J(QT) - X(‘T)ag (Zl) g (zm)

. HTTLQ/}(LE) _ TnX(w)vg (21) g (Zm) «
ngg{(ﬁg)z(s) (z, 21, ,2m) } (3.11)

for all z, 21, ,2m € X. The case n = 0 is trivial. So, assume that (3.11) holds for
ann € Ny. Then, by (3.1), (3.4) and the fact that T (z, 21, - - , zm, -) is nondecreasing,
for every z, 21, -+, zm € X, we have

||7'n+11/)(517) - Tn+1X(x)ﬂg (Zl) g (Zm) ||*
< F((E,Zl, Ctty Zmy ||an(f(‘r)) - TnX(f(x))vg(Zl) y g (Zm) H*>

< r( ,zm,igg{(ﬁ?)%s)(f(x),zw ,Zm)})

< swp {(£D) '@ (2, 2m) }

i>n+1
Thus (3.11) holds for each n € Ny. Letting n — oo in (3.11) and using (3.3), we get
X =1 O
Let » € N. Given functions f1,---,f, : X — X and Ly, -+, L, : X — Ry, let’s
define the operators I' : X™*1 x R and £1; : Rfmﬂ — Ri{mﬂ by

F(x,zl,~-~ ,zm,Li(x)) ‘= max {Li(a:)a(fi(x),zl,--- ,zm)}
and
E?ig(z7zlv'” 7Zm) :_F<xa217"' 7ZTn7Ll(x))

for all c € X™*+! and all =, 21, -+, 2, € X. Theorem 3.1 with the above operators
yields at once the following theorem concerning an analog of the fixed point theorem
[19, Theorem 4] in ultrametric (m + 1)-Banach spaces. We will use the symbol A
instead of ER_.
Theorem 3.2. Supposing that:
(1) X is a nonempty set, (Y, |-,---,-|l+) is an ultrametric (m + 1)-normed space
on a non-Archimedean field and g : X — 'Y is a surjective mapping,
(2) The mappings fi,...,fr : X = X, L1,..., L, : X = Ry and the operator
T:YX =YX are such that

Hm:c) Tu),g () g (o)

*

< max {Ll(a:)
1<ilr

€(fil@) — p(fi(@),9 (1), g (2m)

forallé&,p e YX and all ¢, 21, ,2m € X,

1 e
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(3) The functions e : X™*1 - R, and ¢ : X — Y are such that

HTQD('T) - 90(1')79 (Zl) g (Zm) H* <e (:L‘, Rl 7zm) (3'13)
and
lim A" (z,21, -+ ,2m) =0 (3.14)
n—oo
forall x,z1,--+ , 2z € X, where A : Rfmﬂ — Rfmﬂ 1s given by
Ao (x, 21,y 2m) = 1122:22 {Li(x)é(fi(m), 21,0 ,zm) }, (3.15)
for all 6 € Rfmﬂ and all x, 21, ,2m € X.
Then we have:
(1) For each x,z1,-++ ,2m € X, the limit
P(z) = nh_)n;o T"o(x) (3.16)

exists and the function ¥ : X — Y, defined in this way, is the unique fized
point of T with

(e = wloha () oo g G [, < sup {4 @z o )
(2) If
A(rls;go {A”E (x, 21, , Zm) }) < :élﬁll)o {A"Hs (x, 21, , Zm) }, (3.18)

then 1 is the unique fixed point of T satisfying (3.17).

Proof. (1): We begin with proving, for each n € Ny, that
HT”(,O(%) - Tn_‘—l@(x)mg (Zl) Y (Zm) H* < A" (Z‘, Rl 7Zm) ) (319)

for all z, 21, , 2z, € X. In view of the inequality (3.12), it easy to shaw that (3.19)
holds for n = 0. Now, for n € Ny, suppose that (3.19) holds. Then, using (3.12) and
inductive assumption, for every z, z1,- - , 2, € X, we obtain that

T o(a) = T (), g (21) -+ . g (2m)

*

< max {Ll(ﬂf) TnQD(fz(x)) - Tn+1<p(fi($))7g (Zl) y g (Zm)

1<i<lr

J

< max {Li(x)A”E(fi(!E%Zh“' ,zm)}

1<i<r

= A"Tle (@, 21, s 2m) -
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This concludes the proof of (3.19). Now, for n € Ny and k € N, we observe

HTnSQ(I)Tn+ksp(I),g(zl) g (2m)

*

S X, {HTTLHSO(CC) =T (), 9 (21) - 1 9 (2m)

y

< max Ne(x,z1, y2m) ¢y X, 21, ,2m € X.
n<i<n+k—1

Therefore,

forall z, z1, -,z € X. From the above estimation, we conclude that {T"gp(x)}neN,
for all z € X, is a Cauchy sequence and this sequence is convergence because Y is an
ultrametric (m + 1)-Banach space. Thus, the limit

To(x) = T (), g (21) -+ g (2m)

< sup {A"e (21, Zm) }, (3.20)

* neNg

ILm T"p(x)

exists for all € X and defines a function ¢ : X — Y as (3.16). Letting k — oo in
(3.20), we get that

Hr”wcw-—¢mxmg<zn,-~7g<zm>

< sup {Ais (x, 21, , Zm) }, (3.21)

* i>n

for all n € Ny and all z,21,---, 2, € X. Letting n = 1 in (3.21), we obtain that
(3.17) holds for all x, 21, , 2, € X. In view of (3.12) and (3.21), we conclude that
P(fi(x)) = Tre(fi(2)), 9 (21) -+, g (2m)

y
)

< A(sup {Aie(m,zl, Ce Zm) }), (3.22)
i>n

for all n € Ny and all z,21,---, 2, € X. Letting n — oo in (3.22) and using (3.14),

we get T () = 1.
(2): To prove the uniqueness of v, suppose that 11,1, € YX are two fixed points of
T such that

'ﬂ@—%@%ﬂa%“wﬂ%ﬂ

HTnJrl‘p(l')_Tl//(l‘),g(zl)7... (o)

*

< max {Lz(x)

RS

§A<wmﬂ@¢@hﬂﬁ%“wg@m

S sup {Ans (xazla"' ,Zm) }7
* n€Ng
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for all z, 21, -+, 2, € X with ¢ = 1,2. For every m € Ny, we show that

1(x) = o), 9 (21) -+ 5 g (2m)

- H’mel(x) = T"a(x),9(21) -+, g (2m)

* *

< sup {Ajs (x,21,* , 2m) }, (3.23)
jzm
for all x,z1,---,2zm € X. For the case m = 0, we have

1/’1(517) 77/]2(56) ) g(zl)a"' 7g(zm)

<max{’

< sup {Ang(x7zl7"'azm>}7 m7217"'72m€X'
n€Ny

*

1(@) = ()9 (21)5 -5 9 (zm) || |l@(2) = ¥2(2), g (1), g (2m)

)
*

y

Next, we assume that (3.23) is valid for some m € Ny. Then, by using (3.12), for
every x,z1, -+ ,2m € X, we get that

HT“WM@—THWM@ﬂ@QW”ﬂ@W

*

{hwwmw—Tﬁwm@yw»m@@m

*

IN

max {Li(w) T (fi(w)) = T2 (fi(@)), 9 (1) - .9 (2m)

1<i<r

max {Li(x)(jzax {AjE(fi($)7 21,00 Zm) }) }

:max{ max {Li(x)AjE(fi(m)ﬂzh”' ,zm)}}

y

IN

1<i<r
= max {Ajs(at,zl, C L Zm) }

Therefore, we have proved that (3.23) holds for any m € Ny. Letting m — oo and
using (3.14) and Lemma 2.11, we get that 1)1 = 5. So the fixed point satisfying
(3.17) of T is unique. O

4. HYPERSTABILITY RESULTS

Suppose that (X, +) is a group and (Y ||, -+ , ||+ ) is an ultrametric (m+1)-Banach
space on a non-Archimedean field K with a non-Archimedean valuation | : |* K= R,
We denote by Aut(X) the family of all automorphisms of X. Moreover, for each
u: X — X, we write uz := u(x) for all z € X and define v’ by v'x := 2 — uzx for all
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z € X. Let

UX):= {u € Aut(X) : o, (ku' +u) € Aut(X),

y = T max {A(u),A(u’),A(ku’—Fu)} < 1} 0, (4.1)
where k,s € N and

AMu) = inf{t e Ry h(uz,uy,z1, -+ y2m) <th(z,y,21, ", 2m) ,
for all z, 9,21, , Zm EXO} (4.2)

with k1 X" — R,. We say that & C £(X) is commutative provided
uov=vou, u,v€EU. (4.3)

According to Theorem 3.2 and using the type of fixed point approach proposed
for the first time in [13], we will present and prove our hyperstability results for Eq.
(1.14) on X,.

Theorem 4.1. Let h : Xg)”” — Ry be a function and f : X — Y be a mapping
satisfies the inequality

S

Z(_l)‘s_kclif(kx + y) - S!f(‘T)vg (21) Y (Zm)

k=0

S h(xayazla"' 7Zm) (44>

*

for all x,y,z1,- - ,zm € Xo such that kx +y # 0 where g : X — Y is a surjective
mapping. If the following conditions hold:

(1)
inf{h(u’x,uy,zl, S Zm) iU E U} =0, 9,21, ,2%m € Xo, (4.5)
(2)
sup{au:uel/{} <1, (4.6)
where a, is defined in (4.1), then f is a solution to Eq. (1.14).

Proof. According to the parity of s € N, we study the following two cases:
1%t case: s is even:
In this case, we can write the inequality (4.4) as follows

Hf( ) —sflz+y)—slf(z Z O f (ke +y),9(21) 5,9 (2m)

Sh(xay7zl7"' 7Zm)7 (47>
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for all z,y, 21, -+, zm € Xo such that kx + y # 0. Fix a nonempty and commutative
U C 0(X). By replace z by v/ and y by uz in (4.7), we obtain that

S

1 1 s— S
Sf(ua) = f(x) = (s = DU (u'2) + - Y (=1 " CRf ((ku' + u)x)
k=2
1
7g(Z1)7"'ag(zm) Swh(uxauxazlv' 7Zm)7 (48)
for all z,21,--- , 2z, € Xo. So, we can define, for each u € U, the operators

m+1 m+1
XO XO

To: Y 5 VX0 and A, Ry —RY

by
1 1<
Tut(w) == ~6(ux) — (s — DIE W) + - S (1) Ok +u)r)  (49)
k=2
and
Aud )i o b ). b )
T, 21, , 2 = 1max — ux, 21, , 2 YT 1 UTy21, ", 2
u 1 m 9<k<s }S|* 1 m |S‘* 1 m
1
,W5((ku’+u)x,zl,--~ ,zm)} (4.10)
s
m+1
for all z, 21, ,2m € Xo, £ € YX0 and § € Rfo . Note that, for every u € U, the

operator A := A, has the form given in (3.15) with
X=Xy, r=s+1,

1

fork=1,---,s+1,
5]

Li(z) =

*

fi(x) = uz, fa(z) =v'z, and fri1(z) = (kv + w)x for k=2,3,--- ,s.
Furthermore, when we put

1
Eu (1'7251,"' 7Z7n) = Wh(ulxauxazlf" 7Zm)7
*

the inequality (4.8) becomes

for all ,21, -+ ,2;m € Xo and all u € U. From here till the end of the paper, we
denote by f the restriction of f : X — Y to the set Xy C X unless we mention

ﬁf(z)ff(x)’g(zl)v'” ,g(Zm) <eu (I721’"' 7Zm)’ (411)

*



448 M. ALMAHALEBI, S. AL-ALI, M.E. HRYROU AND Y. ELKETTANI

otherwise. Moreover, for every &, u € Y X0, we have

Tut(a) ~ Tau(w), 9(), - 9(zm)| = || ~6(ur) — (5~ Die(u's)
£ S0 RO (b + ) — () + (s — (')

k=2
_é Z(_l)s_kcliu((kul + u)x),g(z1)7 e 7g(zm)

k=2 .

G 1)!!*Hﬁ<u’x) — ('), 9(21), -+ 1 9(zm)

G E((ku' +w)z) — p((ku' +u)x), g(21), -+, g(2m)

)

*

y

1
=20, {ISLH’S(M) = u(uz), g(21), -5 g(2m)

*

g(ulx) - /.L(U/JT),g(Zl), e ’g(zm)

1
9
o
*

*

1<i<(s+1

- ){sz) (5) ~n(5@) o) ,g<zm>H*}

for all x, 21, -+, 2, € Xo and all w € Y. This means that (3.12) holds for 7 := T,

for any u € U. Next, by the definition of A\(u), we have

h(uz,uy, 21,y zm) < Au) h (2, 9,21, Zm) , (4.12)
for all z,y,21, -, 2m € Xo and all u € Aut(X). Therefore, by induction, we directly
obtain that

1
Aley (2,21, 2m) < ] allh(Wz,uz, 21,y 2m), (4.13)
s
for all z,z1,- -, zm € Xo, all n € Ny, and all u € U, where

o = - max {)\(u),)\(u/),/\(ku’ +u)}, wel.

|s|, 2<k<s
*

By (4.13), in view of the definition of ¢(X), we get that

HILH;OAZEu(xazh“'azm)_Ov I,Zl,"'72m€X07 uel.

(4.14)
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In addition, we note that

sup {AZ% (xazla"’ 7Zm) } = Agsu (1'7217"' 7Zm)
neNp
:su($3217"' azm)

implies

sup {AZ+1€u (‘razla e 7Zm) } = AZE'U, ($7 21y 7Zm)

n&eNp
=A,| sup {Aﬁsu (@, 21, ,zm)} ,
n€Np

for all x,z1, -+ ,2m € Xo and all u € U. As described above, we deduce that all
assumptions of Theorem 3 hold. Therefore, there is, for every u € U, a unique fixed
point P, : Xg — Y of the operator 7T, defined by

P,(z):= lim 7'f(z), z€Xo,ueld

n—oo
such that
@)= Puag ) oo | < s {ates sz | a9
* neNg
for all z,z1,- - ,zm € Xo and all uw € U. It means that
1 /
P,(z)=-P,(ux) — (s — 1)!P, (v'z)
s
1 S
=D (1) Res P, (k! 4.16
+$k2=2( )*FCR Pu( (k' + u)z), (4.16)
z € Xg,u €U.
Now, for each u € U and x,y, 21, -+ , 2m € Xo such that kz +y # 0, we prove that

S

Y (CTTRCRTY f (R +y) = ST f(2).9 (1) 1 g (2m)

k=0

*

Sazh(x7yazlv"' 7Zm)7 (417)

for any n € Ny. It is clear that if n = 0, then (4.17) holds by (4.4). Fix an n € Ny and
assume that (4.17) holds for any v € Y and =, y, 21, - - , 2m € Xo such that kx+y # 0.
Then, in view of (4.17), we get

S

DTG fkr +y) = ST (@), 9 (1) s 9 ()

k=0
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S S

(=) R CRT f (ulka +y)) = (s = DY (=) 5T f (! (k + )

k=0 k=0

S

2 > (-1re (Z(—l)S"“Cmf ((ku' +u)(kz + y)))

S
k=0 k=2

_ s;'ﬂnf(ux) +sl(s = DT f (u'x)

_Sg! (—1)3—k02ﬂ”f((kul+u)x),g(21),-~- .9 (zm)
k=2

< max L
{ .

*
S

Y (CTFCITE f (ulkr + y)) = ST f(uw), g (1) 5+ 1 g (2m)

k=0 *
3 (S - 1)"* Z(_l)s—kcgnnf(ul(kx + y)) - S'mf (ulx) 9 (Zl) g (zm)
k=0 *
% s

S (=) RCRTR f (k! + ) (R + )

k=0
*}
s

S (1) TFCHT f (ulka + ) — ST f(ux), g (21) -+ g (2m)

)
S

*

— SITP (kv +w)x), g (21), - 9 (2m)

< max {1
2<k<s |5|

* || k=0 .
1 S
Tl D) TECTf (W (kx4 y)) — ST S (W) g (z1) - 19 (2m)
* || k=0 .
1 S
|| BT e+ )
* || k=0
_S'Enf((kul+u)x)ag<zl)7 ag(zm) }
1 n n i /
< m Jnax {ozuh (uz,uy, 21, ,2m) ,aph (W, u'y, 21, -, 2m)
canh((ku' 4+ vz, (ku' +u)y, 21, - ,zm)}
1
< n_ - li ! ..
< ay ‘s ) 21;1]?; {)\(u)J\ (u"), AMku' + u)}h(m,y7zl, ) Zm)
:a3+1h($,y72’17-~- azm)a (% EZ/[7 TyY,21,° " yZm GXOa k$+y S XO-

By mathematical induction, we deduce that (4.17) holds for any n € Ny. Letting
n — oo in (4.17) and using the surjectivity of g in view of Lemma 2.11, we obtain
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the equality

S
Z( 1) kCiP, (kx +y) = s!'Py(2), x,y € Xo,kx+y € Xo,u €U. (4.18)
k=0
In this way, for each u € U, we obtain a function P, such that (4.18) holds for all
z,y,kx +y € Xp and

’f(w)Pu(x)ag(Zl)77g(Zm) SH(xazl7"';2m)
= sup {Aley (z,21,  ,2m)}
neNy
1
< |—a2h (W'myum, 21, 2m), (4.19)
s
for all ©,21, -+ ,2m € Xp and all w € Y. In view of the conditions (4.5) and (4.6),
we deduce that H (z,21,++ ,2zm) = 0 for all z,21,---, 2z, € Xo, which implies that

f(z) = Py(x) for all x € X and u € Y. Thus, f is solution to Eq. (1.14).
274 case: s is odd:
In this case, we can write the inequality (4.4) as follows:

sflx+y)— fly) —slf(z Z 1)k Cif(k +y),9(21) -+, 9 (2m)

Sh(zvyazlf" azm), (420)

for all x,y, 21, -, 2zm € Xg such that kx + y # 0. Fix a nonempty and commutative
U C ¢(X) and replace z by v'x and y by uz in (4.20). Therefore, we get

S

Hf(x) L fluw) — (s = DI (') + = SO(~1)FCEF (ko + u)a)

k=2
1 !/
,9(21),--~,g(2’m) Swh(ux,ux,Zb"',Zm), (421)
* *
for all z, 21, ,2z, € Xg. So, we can define, for each u € U, the operators T, :
m—+41 m—+41
YXo 5 yXo and A, : RY® SR by

S

Tubla) =€) + (5~ DI (') — - (-1 R (ka4 wa)  (422)

k=2
and
A ) =1 )b )
T, 21, ,Zm) = max < —0 (uz, 21, s Zm), 0 (u'x, 21, s Zm
1 B o
1
,Wé((ku’+u)m,zl,~-~ ,zm)} (4.23)
S
m+1
for all z, 21, , 2m € Xo, £ € Y0, and § € RY° . Note that, for every u € U, the

operator A := A, has the form given in (3.15) with X := Xy, r = s+ 1, Li(z) = ﬁ

*
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for k = 1,2,...,s+ 1, fi(z) = ux, fo(x) = vz, and fri1(z) = (ku' + u)x for
k=2,3,...,s.

Moreover, when we write

cu (@ 21,y 2m) = ——h Wz, uz, 21, 2m),

the inequality (4.20) becomes

7o)~ @bt o) | Stz @)
forall x,21, - ,2m € Xo and all u € Y. By the similar steps in 1% case, we obtain
the same results. O

5. SOME CONSEQUENCES

From Theorem 4.1, we can obtain the following corollaries as natural results.
The next corollary corresponds to the results on the following inhomogeneous
monomial functional equation

S

ST (1) f(ka + y) = (@) + Fla,y), (5.1)

k=0

where F: X2 =Y.
Corollary 5.1. Let (X, —i—) and (Y,|

Banach space, respectively, and let h : X6”+2 =Y and F: X?> =Y be two mappings
such that F (x0,y0) # 0 for some xqg,y0 € Xo. Suppose that

(1)

e ,||*) are group and ultrametric (m + 1)-

HF(xay)ag(zl)a?g(zﬂT> §h<337y721,"'a2m)7 x7yazl7"'7zm€X07 (52>

*

where g : X — Y is a surjective mapping,
(2) There exists a nonempty set U C 1(X) such that (4.3), (4.5) and (4.6) hold.

Then, for all x,y € Xg, the inhomogeneous equation

S

ST EC f(ka + y) = slf(2) + F(x,y) (5.3)

k=0

has no solutions in the class of functions f : X — Y.
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Proof. Suppose that f: X — Y is a solution to (5.3). Then

S

S (=) R Cif(ka + y) = s f(2),9(21) 5+ 19 (2m)

k=0

*

S'f((E) + F(:L'vy) - S!f(x)ag(zl) 'y g (zm)

— HF(x,y),g(zl),~-- :9 (2m)

*

Sh(xay7zl7"'7zm)a xay7zl7"';zm€X0-

Consequently, by Theorem 4.1, f is solution of (1.14), whence

S

F (z0,90) = Y (=1)*"*C} f (ko + o) — s!f (w9) = 0
k=0

which is contradiction. O

In the rest of this section, F is a normed space, X is a subgroup of the commutative
group (E, +) and (Y, ||, e ,~H*) is an ultrametric (m + 1)-Banach space.
Corollary 5.2. Let p,q € R such that p < 0 and ¢ <0, g : X = Y be a surjective
mapping, and let 0,r > 0. If f: X — Y satisfies

S

S (D) FC (kx4 y) — 81 f(2), 9 (1) -+ 19 (2m)

m
<ol + ") TL 0"
i=1

k=0 *
(5.4)
forallz,y,z1, -+, zm € Xo, then [ satisfies the monomial functional equation (1.14)
on Xg.

Proof. The proof follows from Theorem 4.1 by taking

o) =0l + o) TT s
i=1

with some real numbers 6, » > 0, p < 0 and ¢ < 0. For each ¢ € N, we define
up: X = X by wer :== —fz and uj, : X — X by upx := (14 £)z. Then

r

) $7y7z15"'azmeX07

h(uzx,wy,zl, e 7Z7n) = h(ing 7£y7217 e 72771)

(1= el + 11~ ) TT =il
(

=1
S (EI) +£q>h(xay7zla U 7Zm)’

0

0

ol -+ exy]”) TT sl
i=1
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li li
h (ufx7ufy7 21yt 7Zm) = h((l + f){[;7 (1 + £)y7217 T >Zm)

=o(lla-+ ol + -+ 001") Tl

9((1 + 0P|+ (1 + £)q|\y|\q) 1:[ =

S ((1+£)p+(1+€)q>h(xay7zlv azm)7
and
h<(ku2 + U[).T, (ku2 + IU’E)ya 21yt ,Zm>

:h((k+k£—€)m, (k+ Kkl —0)y, 21, ,zm>

o+ ke =)o + (s + ke = ) TT =

= 0( Ikt ke = "+ e ke = ) TT
i=1
< (|k+ k=" + |+ k=€) h(z,y, 21, 2m)

for all x,y, 21, ,2m € Xo and all £ € N. Therefore, we deduce that A (ug) = P + ¢4,
Aup) = (1+0P+(1+0)7, and A((kuj+ug)) = [k+kl— " + |k + Kkt —¢|* for ¢ € N,
and there exists ng € N such that £ > ng and

1

vy, = —— max {(€p+€q), ((1+£)p+(1+£)Q), (|k+k€—£|p+]k+k£—€|q>} <1

s| 2<k<s
ER

So, it’s easily seen that (4.1) is fulfilled with

U:= {W € Aut(X): e Nno} # ¢.
In addition, we have

th h(uéxuuéyazlf" 7Zm) S hm ((1+€)p+£q)h(‘r7y7zla 7Zm)
—00

{— 00

:O7

for all x,y, 21, -+ , 2m € Xo which means that (4.5) and (4.6) are valid. Therefore, by
Theorem 4.1, every f : X — Y satisfying (5.4) is a solution of the functional equation
(1.14) on X,. O
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Corollary 5.3. Let 0,7 > 0, and p < 0. Assume that f: X — 'Y satisfies

<0 ol + ) T sl
" i=1

(5.5)
forallxz,y,z1, -, zm € Xo. Then [ satisfies the monomial functional equation (1.14)
on Xj.

S

2(71)57]602.}0(1“6 + y) - S'f(x)ag (Zl) )y g (Zm)

k=0

Proof. By similar method in the proof of Corollary 5.2, it is easily seen that the
function h defined by

m
g ) = 0ol W) T s om e %o
i=1

satisfies (4.5) and (4.6) because

h(wx,wy,zl,~~ ) 2 )_h(‘&v ey,zlv ) m
= o( Jes]” + ol ) (R
— 06" + Hyup) Tl

i=1

—Eph(,]j Y, 21, 7Zm )

h(uéx,uéy,zl,n- 7Zm) = (1 —|—€)ph($,y,zl7~-~ »Zm)7

and

h((ku@ + ug)w, (kuy + ug)y, 21, - ,zm> = |k+kt—0°h(2,y, 21, ,2m)
for all z,y,21, -+ ,2zm € Xo and all £ € N. The remainder of the proof is similar to
the proof of Corollary 5.2. (|

If f: X — Y satisfies (5.5) for x,y,21, -, 2m € Xo with p < 0, then by Theorem
4 we know that f satisfies the monomial equation on Xy. It is not hard to show that
if f(0) =0, then f satisfies the monomial equation on the whole X. So we have the
following corollary.
Corollary 5.4. Let 0,r > 0, and p < 0. Assume that f : X — Y satisfies f(0) =
and fulfills the inequality

S

Z(_l)s_kczf(kl' + y) - S'f(.’L’),g (Zl) Y (zm)

k=0

)

<0 lelP+ o1 Tl
i=1

(5.6)
forallz,y,z1, - ,zm € Xo. Then f satisfies the monomial functional equation (1.14)
on the whole X.

*
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Corollary 5.5. Let p,q € R such that p+q < 0 and let 6,7 > 0. If f : X —- Y
satisfies

S

Z(_l)s_kclif(kx + y) - S'f(l‘)’g (Zl) Y (Zm)

T
",

< 6|l loll* I T Il
* =1

k=0
(5.7)
forallz,y,z1, - ,zm € Xo. Then f satisfies the monomial functional equation (1.14)
on Xg.

Proof. Tt is easily seen that the function h given by
m
h (x? Y, 21, 7Zm) = 0”1:”;0 Hqu H HZiHTy TyY,21,° " s 2m S XO
i=1

satisfies (4.5) and (4.6) because

h(W%W%Zl,'“ 7Z7n) = h(&lﬁfyyzl,“' 7zm)

= llé|” fle " TT 11"
i=1

m
I
= 007 [z [ly|” T T f1=
i=1

— pptap, (:v,y721, R ,Zm),

p+qh(

h(u2x7u2y7zlasz):(1+£) x,y,zl,~~,zm),

and
h((kuz +ug)x, (kuy + ug)y, 21, - ,zm) = |k+kt— €|p+qh (9,21, Zm)

for all x,y, 21, -+, zm € Xo and all £ € N. The rest of the proof is similar to the proof
of Corollary 5.2. (]

By an analogous conclusion, the function h given by

o) = 0l + o+ Pl ) TT =
i=1

where p < 0 and ¢ < 0, satisfies (4.5) and (4.6) because

r
}7 x7yazla"'7zm€X0;

h(uéxauéy,»’ilv e 7Zm) =h (Zx,éy,zl, e 7Zm)
= o Jecl” + sl + el sl ) TT sl
=1

= ol + e+ el o) TT sl
i=1

S (E;D +£q +£p+q)h($7yaz1a”' az’m)a
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for all z,y, 21, - ,2zm € Xo and all £ € N. So we have the following corollary.
Corollary 5.6. Let p < 0,q <0 and 0,r > 0. If f : X =Y satisfies

S

S (1) FChf (kx4 y) — s!f (), 9 (21) -+ 5 9 (2m)

k=0 *
<6l + "+ el 91" ) Tl 9
i=1
forallxz,y,z1, - ,zm € Xo. Then f satisfies the monomial functional equation (1.14)
on Xj.
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