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1. INTRODUCTION

Let H be a real Hilbert space with inner product (.,.) and norm |.||. Let Cj,
k=1,2,..., N be nonempty, closed and convex subset of H such that ﬂszlC’k # 0.
Let fr : Cx — H be a continuous mapping on Cj. Let us consider the following
common solutions to variational inequality problems (CSVIP) introduced in [11]: Find
z* € NI_, C, such that

(fu(z"),z —2") 20, Vo€l (1.1)

If N =1 then CSVIP (1.1) reduces to the classical variational inequality problem (for
short, VI(f,C)): find « € C such that

(f(x),y—z) >0, VyeC. (1.2)

Denote by SOL(f;,Ck) the solution set of the Variational Inequality Problem
VI(fx, Ck) corresponding to the mapping fi and the set C and

SOL = ﬂfcvzlsOL(fk, Ck),
the common solution set.
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Variational inequality theory is an important tool in studying a wide class of obstacle,
unilateral, and equilibrium problems arising in several branches of pure and applied
sciences in a unified and general framework (see, for example, [3, 4, 15, 21, 22]). This
dynamic field is experiencing an explosive growth in both theory and applications.
Several numerical methods have been developed for solving variational inequalities
and related optimization problems, see the monographs [14, 22] and references therein.
The extragradient method, introduced in 1976 by Korpelevich [23], which is given by

xr1 € C,
Yn = PC(xn - ’Yf(mn)) (1'3)
Tpy1 = Po(xn —7vf(yn)),n > 1,

where v € (0, %) for a finite-dimensional space, provides an iterative process converg-
ing to a solution of VI(f,C') by only assuming that C' C R™ is nonempty, closed, and
convex, and f : C' — R”™ is monotone and L-Lipschitz continuous. The extragradient
method was further extended to infinite-dimensional spaces by many authors; see, for
instance, [2, 7, 9, 16, 19, 20, 24, 25, 26, 27, 28]. In the setting of Hilbert spaces, this
method is only known to be weakly convergent. Note that the extragradient method
needs two projections onto the set C' and two evaluations of f per iteration.

A crucial feature regarding the design of numerical methods related to the extragra-
dient method is to minimize the number of evaluations of Po per iteration. So the
extragradient method needs to be improved in situations, where a projection onto C'is
hard to evaluate and therefore computationally expensive. An attempt in this direc-
tion was initiated by Censor et al. [10], who modified Korpelevich’s method (1.3) by
replacing the second projection onto the closed and convex subset C' with the one onto
a subgradient half-space. Their method, which therefore uses only one projection onto
C, is called the subgradient extragradient method. This subgradient extragradient
method is shown to be weakly convergent to a solution of the variational inequality
VI(f,C).

Recently, Dong et al. [12] introduced an algorithm for solving variational inequality
problem VI(f,C) (1.2) by incorporating inertial terms in the extragradient algorithm.
They established a weak convergence result using their proposed algorithm and gave
some numerical advantage of their method. Quite recently, Dong et al. [13] introduced
a modified inertial Mann algorithm by combining the accelerated Mann algorithm
with the inertial extrapolation and obtained weak convergence result. They presented
some numerical experiments to show that the modified inertial Mann algorithm has
some numerical advantages by speeding up the convergence of the given algorithms.
Motivated by the works of Dong et al. [12], Dong et al. [13], Censor et al.[10] and
Censor et al. [11], we propose a modified inertial subgradient extragradient algorithm
and modified inertial extragradient algorithm for solving CSVIP (1.1) and give weak
convergence results of the sequence of iterates generated by our methods. Further-
more, we give several numerical examples to illustrate our methods and compare our
proposed methods with the already obtained methods for solving variational inequal-
ity problem in the literature.
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2. PRELIMINARIES

This section contains some definitions and basic results that will be used in our
subsequent analysis. The letter H always denotes a real Hilbert space.
We first state the formal definition of some classes of functions that play an essential
role in our analysis.
Definition 2.1. Let X C H be a nonempty subset. Then a mapping A : X — H is
called

(a) monotone on X if (Ax — Ay,x —y) >0 for all z,y € X;

(b) Lipschitz continuous on X if there exists a constant L > 0 such that

Az — Ay|| < Lljx — y|| for all z,y € X.

We next recall some properties of the projection, cf. [5] for more details. To this end,
let C C H be a nonempty, closed, and convex subset of H. For any point v € H,
there exists a unique point Pou € C such that

lu— Peul) < lu—y|vy  C.

P¢ is called the metric projection of H onto C. We know that Pg is a nonexpansive
mapping of H onto C. It is also known that P¢ satisfies

(x —y, Pox — Pcy) > |Pox — Poy||*Va,y € H. (2.1)
Furthermore, Pox is characterized by the properties
Pox € C and (x— Pox,Pex—y) > 0vy e C. (2.2)
This characterization implies that
lz =yl > ||z — Pox|® + ||y — Pox||*Ya € H,Vy € C. (2.3)

The following elementary lemma will be used in our convergence analysis.
Lemma 2.2. In H, the following inequality holds:

o +yll* < ll2l® + 2{y, = + y), Yo,y € H.

Lemma 2.3. The following identities hold in H :

(i) |z +yl* = l|2[|* +2(z, y) + |yl|*, Va,y € H;

(ii) Az + (1= Nyl* = Mlz[I* + A= N[ly[? = AQ =Nl —y|* Vz,y € H, AeR.
Lemma 2.4. (see [1, Lem. 3]) Let {1}, {6n} and {an} be sequences in [0, +00) such

that Yp+1 < Un + an(Uy — Yp—1) + 9y, for alln > 1, Z 0 < 400 and there exists a

n=1

real number o with 0 < a, < a <1 for alln > 1. Then the following hold:

(i) Z[z/}n — Yn_1]+ < 400, where [t]+ = max{¢t,0};

n>1
(1) there exists * € [0,400) such that hrf P = P*.
n—-+0oo

Lemma 2.5. (see [5, Lem. 2.39]) Let C' be a nonempty set ofH and {x,} be a
sequence in H such that the following two conditions hold:

(i) for any z € C, li_>m lxn — || exists;

(i1) every sequential weak cluster point of {x,} is in C.
Then {x,} converges weakly to a point in C.
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We finally restate a result which essentially states the equivalence between a primal
and a dual variational inequality for continuous, monotone operators.
Lemma 2.6. ([6, Lem. 7.1.7]) Let C' be a nonempty, closed, and convex subset of H.
Let f : C — H be a continuous, monotone mapping and z € C. Then

z € SOL(f,C) <= (f(z),x —2) >0 VzeC.

3. MODIFIED INERTIAL SUBGRADIENT EXTRAGRADIENT METHOD

In this section, we give a precise statement of our modified inertial subgradient
extragradient method and discuss some of its elementary properties. Its convergence
analysis is postponed to the next section. We first state the assumptions that we will
assume to hold through the rest of this paper.

Assumptions 3.1.

(a) The set Cx,k = 1,2,..., N is a nonempty, closed, and convex subset of the
real Hilbert space H and the set ﬁ{cvlek is assumed to be a nonempty subset
of H.

(b) The operator f : Cp — H,k = 1,2,...,N is monotone and L-Lipschitz
continuous on H.

(¢) The common solutions set SOL of CSVIP (1.1) is nonempty.

Assumption (a) implies that projections onto Cj, are well-defined. Condition (b) is
slightly stronger than continuity of fi; the same (or very similar) condition is also
used, e.g., in [9, 11, 17, 18]. Note that this assumption can be weakened to continuous
operators in finite-dimensional Hilbert spaces H = R™. This Condition (b) also holds
for the large class of bounded linear operators A on a general Hilbert space H.
Since our method depends on the choice of some sequences of parameters, we next
summarize the conditions regarding these sequences in the assumption below.
Assumptions 3.2. Suppose the real sequences {ay,}, {8,} and {v,} satisfy the
following conditions:

(a) {an} C [0, ] is nondecreasing with a; =0 and 0 < o < 1.

o0

(b) Y Bn < o

a?(1+a) +ao
(© 0> =55

where 7, o, §, u > 0.

0 —alo(l+a)+ ad + o]
and 0 < pwy < Y T l+a(l+a)+ad+ 0]

n 1
These conditions are satisfied, e.g., for a;, =a——,0<a <1, 3, = ———, and
n

+1 (n+1)
%L:’Y_E[M}vfOrallneNWhereH:: 0 —afa(l+a)+ad +o]

W n+1 l+a(l+a)+ad+o]
Throughout this paper, {6£}22 is a sequence in (0,1] such that ¥ > ¢ > 0 and
N

1
Zéﬁ =1,Vn € N. Take, for example, 0¥ := ~ for all k.
k=1

We next give a precise statement of our first modified inertial subgradient extragra-
dient method for solving CSVIP (1.1).
Algorithm 3.3.
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e Initialization. Define L := 1g}ca<XNLk and choose {7,} C [c,d] for some

¢,d € (0, %) Choose p € (0, 1],7)\ > 0 and xg,z1 € H arbitrarily. For each
k=1,2,...,N, define uf := Pc, (z0 — 70 fx(70)) and set

Ty .= {w € H : (xg — 10 fx(w0) — uf,w — uf) < 0}.
N
Compute 2§ := Pri(zo — 10 fk (uk)) and 2o = Z Sk 2k, Compute
k=1
(20 — o)
P
Choose sequences {ay, }, {8} and {7, } such that the conditions from Assump-
tion 3.2 hold. Set n:=1
e Step 1. Compute:

dy =

Wyt = Tp+ap(Ty — Tp_1),
uf o = P (wn — Tafr(wn)),Vk =1,2,...,N.
e Step 2. Compute
k. = Pri(wy — 7o fr(up)), Ve =1,2,..., N,
N
Znt = Zészﬁ,
k=1

where TF = {w € H : (wy, — 7 fr.(wn) — uf,w — uk) < 0}.
e Step 3. Compute

1
dn+1 L= X(Zn - wn) + Bndna
Yn ! = Wp+ Adn-‘,—la
Tp4+1: = WYnWp + (1 - M'Yn)yn- (31>

e Step 4. Set n < n + 1 and goto Step 1.

We further make the following assumptions on the the sequences {w,} and {z,}
generated in Algorithm 3.3.
Assumptions 3.4. Suppose the sequences {w,} and {z,} satisfy the following con-
ditions:

(d) {zn —wy} is bounded.

(e) {zn —y} is bounded for any y € SOL.

4. CONVERGENCE ANALYSIS

Here we show that Algorithm 3.3 generates a sequence {z,, } which converges weakly
to a solution of the underlying common solution to variational inequality under As-
sumption 3.1, 3.2 and 3.4.

Theorem 4.1. Suppose that Assumption 3.1, 8.2 and 3.4 hold in H and y € SOL.
Let {x,} be generated by Algorithm 3.3. Then the following results hold:
(i) {d,} is bounded;
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(i1) Y |[2nt1 — 2nl* < 00 and
(iii) the sequence {x,} converges weakly to a point y € SOL.

Proof. Let a* € SOL. It follows from Assumption 3.2 (b) that 5, — 0,n — oo and
so there exists ng € N such that 5, < %Nn > ng. Let

A
My = { i, 2 - }
1= max | max || k\l,zilégllzn wn|

Then Assumption 3.4 (d) implies that M; < oo. Suppose that ||d,| < M; for some
n > ng. Then by triangle inequality, we get

1 1
ldns1ll = 115 (zn = wn) + Brdull < S ll2n = wall + Balldall < My (4.1)

This implies that ||d,1|| < M;. Therefore, {d,} is bounded and (i) is obtained.
From (3.1), we have

Tpil =  WYnWn + ( VYn
= ¥nwn + (1 — pvn)(Wn + Adptr)
= wnWn 4+ (1 = pyn) (W + 20 — Wy + Apdy)
= wWYnWn + (1 = pyn)(2n + ABndn)
= Wy + (1= pyn) (20 — Wy + ABndy). (4.2)

Let v¥ = w,, — 7, fx(u¥). Then zF = Pry. (v¥) and by Lemma 2.3 (i), we get

k $*||2

o

| Py (o) — 2|
(Pry(vf) = v + vy =, Pry () = of + v — ")

llvn = 212 + llo = Prg (ua)l* + 2(Prx (vy) — vy, vy — *).(4.3)

n’»vn

I2

Since z* € SOL C Oy C TF, and by the characterization of the metric projection
(2.2), we derive

2|lv — Pry (o)1 + 2(Prg (vy) — vy, v — 27)
= 2(vy; — Pry(vy), 2" — Pry(vy)) < 0. (4.4)
Thus,
llvs = Py (u)II* + 2(Pry (v) = vy, oy — 2) < —lv = Pre () |1%. (4.5)
Using (2.3) in Algorithm 3.3 and by Lemma 2.3 (i), we obtain
2 — ™[I los, = 2*[I* = llvp, = Pr (vp) |12

= wn = mfu(un) = 2I1” = wn = 7 fio(u) = 25|
lwn = a1 = llw = 25 |* + 270 (@™ = 23, fulug)).  (4.6)
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The monotonicity of fr and the fact that * € SOL imply that

0 < (fulup) = fula™),uy —a*) = (fuluy),

—(fil@*),upy, — %)
<f/€(u7]2)7u51 - x*> = <fk(ulri)’ufz - zvli>

+HFr(ur), 25 — o)

IN

thus,
(@ =z, fro(up)) < (fi(ug),uy = 2.

Using (4.7) in (4.6), we get

uﬁ —z™)

lzn =21 < flwn = 2P = llwn = 25l|* + 27 (uyy — 25, fulup))
= wn = @*|* + 27 (uy, — 23, fi(uy))

~2(wp — 1y — 23) — [Jwn —wpl® = Juy — 25

= Jlwn = 2" = [[wn — ug|* — [luy, — 25
+2(zF =l w, — T fr(uf) — k).
Observe that from the definition of 7%, we have
(wn — Tnfk(“fz) - ufm Zﬁ - u’ii) = (wn — T fe(wn) — u,’fb, Z’; - u'1r€1>

+7n (fr(wn) — fk(ufl)a Z’f:L - U‘ITCL>

IN

Using the last inequality in (4.8), we get
2 = 2*|* < Jlwn — 2*[* = lJwn — g ||* = upy — 25|

+ 27, (28 — ub, fo(wn) — fr(ul))

T (fi(wn) = fr(ul), 25 —ulk).

< lwn = 2*|1* + 27 fi(wn) — fi(ur) 12 —

— llwn = up 1 = lluy, — 23]

< lwn = 2*|* + 270 Lllwn — up ||z — g

n = znll?

—llwn = up 1 = lluy

< lwn = 2*|* + T Lllwn = up | + |2 — up[?)

n— 2l

< lwn = 2 = (1 = 7 L) wp — g |* = (1~

= llwn = wi]f* = Jlu

ToL)ll2 — ]|

689

(4.8)

(4.9)
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By (4.9) we get

N
2
Jow —2*2 = || D ohek - ot
k=1

IN

N
> onllan — |

IN
=1

0k llwn — 1P = (1 = uD)llwn — b

>
Il

1
—(1 = L)l — 2E]1?]

N
= Jwn —2"? = (1 =L))ok fwn —up|?
k=1

N
(L =7 L)Y ol = 2% (4.10)
k=1

Now, we have from (3.1), Lemma 2.3 and (4.10) that
[Znt1 — 2** = pymllwn — z*1* + (1 = pya) |20 — 2* + ABudnl|®

— (1 = pyn) 20 = Wy + ABndy)?
= pymllwn — 2|1 + (1 = pyn) (20 — ¥ + 2XABn 20 — 27, dn)
+ N B2dn 1) = pym (1 = pvn) 120 — wi + ABnda?
< lwn — 2|2+ (1= pyn) {27080 (20 — 2%, dn) + N B2 [ dnl* }
— (1 = pyn) 20 = wp + ABnda)?
= [lwp — 21> = pyn (L = )20 — wa + ABndn||* + Bugpn,  (4.11)

where

on = (1= 1ym) (2ABn (20 — %, dn) + N*Bnl|dnl|*)- (4.12)
Using Assumption 3.4, it follows that {¢,} is bounded. Thus, there exists My > 0
such that ¢, < M, for all n > 1. By Lemma 2.3 (ii), we get
l|wn — x*”Q = (14 an)(@n —2%) — an(Tn-1 — ‘T*)”Q
= [T+ an)(zn —2%) — an||(zn-1 — x*)HQ
= (L+ap)|lzn —2*° - apllep—1 — 2|
+an(1+ an)||zn — Tn-1|? (4.13)
which by (4.11) implies that
Jznss = 2 = (1 -+ @)z = 21 + anllans — 27|
< =19 (1 = pyn) 20 = wn + ABndnl|?
Fan (14 ap)|zn — Tn1||* + Bun- (4.14)
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From (3.1) and (4.2), we get

zn—‘—l — Wy 2

o — wn + ABnda > = |
1- HYn

_ H Tn4+1 — Tp — O‘n(xn - xn—l) H2

1- HYn
_ ||~73n+1 - xn”Q + O‘%Hxn - xn—IHQ - 204n<73n+1 — Tp,y, Tp — xn—l>
(1= pyn)?
1
> _ 2 2 2
2 ey e = 2l adllan — ol
2 1 2
tan(=pullens = el = —llan — 2t |) (4.15)
n

1

(an +0(1 = pyn))

[@ns1 — 2> = (L4 an) |z — 2*|* + anllzn—1 — 2*||

< M%z(anpn - 1)
1 — pym

where p, = . It follows from (4.14) and (4.15) that

||33n+1 —.’I?nHQ‘f'enHwn —LL’n,1||2 +ﬁn§0n7 (416)

where

1- PnCin
pn(l = pyn)
Since ppo, < 1 and (1 — py,) € (0,1). Now, taking into account the choice of p,, we
obtain 0 = (1 — ppay)/pn(1 — pyy) and, from (4.17), it follows

O = an(l4 o) + anpyn > 0, forn > 1. (4.17)

Or, = an(l4 o) + anpynd < a(l +a) + ad (4.18)
Define the sequences {¢,, } and {¢,,} by
¢n = ||xn - ‘T*H27 wn = ¢n - an¢n—1 + en”xn - wn—lnz

for all n > 1. Using the monotonicity of {«,} and the fact that ¢, > 0 for all n € N,
we have

wn+1 - 7/171 < ¢n+1 - (1 + an)¢n + Oénd)n—l + 0n+1Hxn+1 - an2
Y (4.19)

By (4.16), we know
U’Yn(anpn - 1)

wn—&-l -t < 1— iy ||$n+1 - zn”Q + 0n+1||$n+1 - xn||2
M’Yn(anpn B 1) 2
o Gaer e RS | B (4:20)
( L= pn

Now, we claim that
pyn(Qnpn — 1)

+0p41 < —0 4.21
1- HYn i ( )
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Indeed, by the choice of p,,, we have

« —1
W +0p1 < —0 = (1 - U'Yn)(on-&-l + U) + N’Yn(anpn - 1) <0
6(1 = pyn) vm <0
an +6(1 — pyn)

— (an+0(1—pv))Ons1 +0)+ (1 — pyn) <6

= (1= pyn)(Oni1 +0) —

Using (4.18), we have

(an +6(1 = 7)) (Ong1 +0) +6(1 — pry) < (a+6(1 — py))(a(l + a)
+ad +0) 4+ (1 — pyn)
< 6 (4.22)

where the last inequality follows by using the upper bound for {1—pu~,} in Assumption
3.2 (c). Hence the claim in (4.21) is true. Thus it follows from (4.20) and (4.21) that

zbn+l - qun < 70—”‘7:?1—0—1 - xTLHQ’ (423)
which implies that
wn—i-l S wn

The boundedness of {«,,} delivers
—O[¢n,1 < ¢n - a¢n71 < wn < 1/}1~

We then obtain

k—1
Gn < a"Go+Y1 Y a”

n=0
1
1—«

< oo + U1

Using (4.23) and the boundedness of {1, }, we have

oY Nee —al® < 1= o
k=1
S ¢1 + a¢7b
1
< Y +ag+ T ¥,
—a

o
which implies that Z | Zns1 — 2, |* < oo. This establishes (ii).

n=1
Using (4.16), (4.18) and Lemma 2.4, we have that lim ||z,—z*|| exists (since v, p, <1
n—oo
in (4.16)).
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From (4.2), we have

Tnt1 = On - /\Bndn

lon = wall = [[F
_ ‘ Tn+1 — xnl_ an(xn - xnfl) _ )\ﬁndn
- K
xT — X — Tp—
< oz ot anlen Z el g g,
- MYn

By Assumption 3.2 (b) and the fact that {d,} is bounded and Z @041 — 2nl|* < oo,

n=1
Iz, — wy|| = 0,n — co. (4.24)

Observe that for some My > 0,
Jwa = @2 = 120 = 2* 2] = | (lwa = 2" = 20 = ") (o = ") + 20 = 2" )|
< lwn = zall(Jlwn = 2 + 20 2] )
< |lwpn — zn|| My — 0,n — 0.

Then, from (4.10), we get

N
(1-7,L) Zéﬁ”wn —uf|? = 0,n — occ.
k=1

Since 1, < % and 6F > € > 0,Vk, we get
lim ||w, —uf| =0, Vk.
n—oo
Similarly from (4.10) again, we have
lim ||uf — 25| = 0, V.
n— oo

Since {z,,} is bounded, there exists a subsequence {x,,, } of {z,} such that z,,, — z €
H. We show that z € SOL. From that lim ||z,4+1 — 2,|| = 0 and
Wy, = Tp + an(xn - xn—l)a
we get w, — x, — 0,7 — 0co. Since Tp,; — 2, we obtain wy, — z. Now, w, — u’fL —0
implies uflj — z and since u,’j € C%, we have that z € C. For all z € C}, and using
(2.2), we have (since f is monotone)
0 < (u’flj — Wn; + Tn, fr(Wn,), T — uf”>
k k k
= <unj = Wnj;, T — un_,»> + Tn <fk (wnj)’ Wn; — unj>
+Tn]' <fk (wnj), T — wnj>
k k
<unj — Wnp;, & — wnj> + Tn; <fk(wnj)a Wn; — unj>

+7n, (fr(®), 2 — wy, ).

IN
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Passing to the limit, we get (recall that 0 <c < 7,, <d < %)
(fe(z),z — z) > 0,Vz € Cj.
By Lemma 2.6, we have that z € SOL(f,Ck),k = 1,2,...,N. Hence, z € SOL.

Now, using Lemma 2.5, it follows that {z,} converges weakly to z € SOL. This
completes the proof. O

Remark 4.2. If the set Cx,k = 1,2,..., N are simple enough, so that projections
onto C}, are easily executed, then this Modified Inertial Extragradient Method below
is particularly useful.

Algorithm 4.3.

e Initialization. Define L := 11<r}€a<XNL;c and and choose {7,,} C [¢,d] for some
¢, d € (0, %) Choose p € (O,_l],_/\ > 0 and xg,z; € H arbitrarily. Define
N
uk := Po, (0 — Tofr(w0)). Let 2§ == Po, (vo — mofr(uf)) and 2o = Zé{fz@
k=1
Compute d; = @ Choose sequences {ay, }, {8} and {v,} such that the
conditions from Assumption 3.2 hold. Set n:=1
e Step 1. Compute

Wyt = Tp+ap(Typ — Tpo1),
Uﬁ = Pck(wni’rnfk(wn)),v’f:];,27,N
e Step 2. Compute
2 = Po(wn — o fr(ub)),VE=1,2,... N,
N
k=1

e Step 3. Compute

1
dn+1 L= X(zn - wn) + Bndn,
Yn 't = Wp+ Adpya,
Tl = WnWn + (1= 1Y0)Yn. (4.25)

e Step 4. Set n < n+ 1 and goto Step 1.

Following the same method of proof in Theorem 4.1, we can prove the following result
using our Modified Inertial Extragradient Algorithm 4.3.
Theorem 4.4. Suppose that Assumptions 3.1 3.2 and 3.4 hold in H and y € SOL.
Let {x,} be generated by Algorithm 4.3. Then the following results hold:

(i) {d,} is bounded;

(i1) Y |[2nt1 — 2nl* < 00 and

(iii) the sequence {x,} converges weakly to a point y € SOL.
Next, we give another Modified Inertial Subgradient Extragradient Method for solving
CSVIP (1.1). Here, the Step 3 in Algorithm 3.3 is modified and replaced. This
algorithm very useful especially when NN is large in Algorithm 3.3.
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Algorithm 4.5.

e Initialization. Define L := 121}€a<xNLk and choose {7,} C [¢,d] for some

e,d € (0, %) Choose u € (0, 1],7)\7> 0 and zg,z; € H arbitrarily. For each
k=1,2,...,N, define uf := Pc, (z0 — 70 fx(70)) and set

Ty :=A{w € H : (xg — 70 fr(20) — w0, w — ug) < 0}.
Compute 2§ := Pr, (o — 7o fi(uf)) and
kn == argmax{|| 2 —woll 1 k =1,2,..., N}, z0 1= z".

Compute d; = @ Choose sequences {ay, }, {8} and {v,} such that the
conditions from Assumption 3.2 hold. Set n :=1
e Step 1. Compute

Wp: = Tp~+oap(Ty —xn_1),
uf o = P (wn — o fr(wy)), Yk =1,2,...,N.
e Step 2. Compute
2 = Pri(wy —mofi(uy)),Vk=1,2,...,N,
kn: = argmax{|zF —w,|:k=1,2,...,N},z, = 2"

where TF = {w € H : (wy, — 7 fr.(wn) — uf,w — uk) <0}.
e Step 3. Compute
1

dn+1 L= X(Zn - wn) + Bndna
Yn: = Wy + Adpi1,
Tpy1: = Y¥nWn + (1= uyn)Yn- (4.26)

e Step 4. Set n <~ n+ 1 and goto Step 1.

Following the same method of proof in Theorem 4.1, we can prove the following result
using our Algorithm 4.5.
Theorem 4.6. Suppose that Assumptions 3.1 3.2 and 3.4 hold in H and y € SOL.
Let {x,} be generated by Algorithm 4.5. Then the following results hold:

(i) {d,} is bounded;

(i) Z |Zna1 — 2, )% < 00 and
(i) the sequence {x,} converges weakly to a pointy € SOL.

Proof. From (4.24) and the definition of z,, we have
|28 —w,| = 0,n = o0,k =1,2...,N.
From (4.9), we have
(1= mnL)llwn = uilf* < flwn — 2| = [z — 2*||?
< lfwn = 201 (Jlwn — 2]l + 125 = 2*]1) =,

n—oo, k=1,2,...,N.
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Hence

lim ||w, —uf| =0, Vk.
n—oo

Similarly, we can get from (4.9) that

lim [|uf — 2*|| = 0, Vk.
n—oo
The rest of the proof follows as in the proof of Theorem 4.1. O

Remark 4.7. Suppose that common solutions set SOL of CSVIP (1.1) is bounded.
Then it is possible to get a bounded, closed convex set C' (e.g., C' is a closed ball with
a large enough radius) that contains SOL such that Po can be easily computed. In
this case, we can replace z,+1 in (3.1) with

Tn+l1 = PC(/V)’nwn + (1 - M'Yn)yn)

Therefore, boundedness of C implies that {z,} is bounded and furthermore implies
that {w,} and {z,} are all bounded. Hence, Assumption 3.4 is satisfied. Suppose
common solutions set SOL of CSVIP (1.1) is not bounded, then we need to verify
Assumption 3.4 is satisfied before applying our algorithm. Alternatively, we can set
Brn =0,¥n > 1 in our Algorithm 3.3 and apply the scheme.

5. NUMERICAL EXAMPLES

In this section, we provide some concrete example including numerical results of
the problem considered in Section 3 of this paper. All codes were written in Matlab
2012b and run on Hp ¢ — 5 Dual-Core 8.00 GB (7.78 GB usable) RAM laptop.

In all these examples, we choose A =1, 3, = # and ~, = 0.8.

Example 5.1. We first compare our Algorithm 3.3 for N = 1 with the subgradient
extragradient algorithm of Censor et al. [10] using the following numerical example.
Let f:R? — R? be defined by

fla,y) = (x +y +sin(z), —z +y +sin(y)), 2,y € R%.

It was proved in Dong et al. [12] that f is monotone (in fact, strongly monotone) and
Lipschitz with L = v/10. Let C := {(x1,72) € R? : =10 < 27 < 100,10 < 25 < 100}.

Take 7, =7 = i Here, C' is a box constraint which is obviously closed and convex
since it is the Cartesian product of closed intervals, i.e.,
C = [011,61] X [ag,ﬁg] = [—107 100] X [107 100].

Using Lemma 1.2.8 of [8], we have
Po(x) = Pl g1)x[as,8:] (T1,72) = (P[al,ﬁl]xlv P[az,ﬁz]@)

= ( max{min{zy, f1}, @1}, max{min{zs, 52}, 042})

Using randomly generated initial points g, z1 € R? in MATLAB, p = 0.01 and using
% < 10™*, we compare the proposed Algorithm in 3.3
with that of Censor et al. [10]. The results are reported in Table (1) and Figure (1).
Example 5.2. Furthermore, we also compare our Algorithm 4.3 for N = 1 with

the Algorithm (7) of Dong et al. [12] using Example 4.2 of Dong et al. [12]. This

termination criterion
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TABLE 1. Comparison between Algorithm 3.3 and Censor et al. [10] Algorithm

No. of Iterations CPU (Time)

Proposed Algorithm 3.3 18 1.5828 x 1073
Censor et al. [10] Algorithm 44 2.2433 x 1073
18
—0— Alg. 3.1
16 'T =)= Censor et al Alg.
14
ol
e
8
|
i
+
<
=

0 5 10 15 20 25 30 35 40 45
Number of iterations

F1GURE 1. Comparison between Algorithm 3.3 and Censor et al. [10] Algorithm

numerical comparison makes sense since C' is simple and P¢ can be easily computed.
Now, let f: R"™ — R" defined by f(z) = Az +b, where A = ZTZ, Z = (2;;)n x n and
b= (b;) € R", where z;; € [1,100] and b; € [—100, 0] are generated randomly. It is
known from [29] that f is monotone and Lipschitz continuous with L = max(eig(A)).
Take C := {& € R" : ||z — d|| < 2} with d = (1,—1). Suppose the initial point
xo = (¢;) € R™, where ¢; € [1,100] is generated randomly and n = 100 and 7,, = 7 =
iEzas

Using randomly generated initial points xg (¢;) € RO 2 = (u;) € R in
MATLAB where ¢; € [1,100] and w; € [1,5], p = 0.01, A\,, = 0.8 and using termination
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criterion ”gﬁ’;*li_r”u < 107, we compare the proposed Algorithm 4.3 with that of

2—z1|

Dong et al. [12] Algorithm. The results are reported in Table (2) and Figure (2).

TABLE 2. Comparison between Algorithm 4.3 and Dong et al. [12] Algorithm

No. of Iterations CPU (Time)
Proposed Algorithm 4.3 11 0.057167

Dong et al. [12] Algorithm 97 0.52698

—0— Alg. 4.1

H"EJHLI - -75nH2
g
[|Zn1 — @all2

200 [

100 [

1 2 3 4 5 6 7 8 9 10 11 10t 102
Number of iterations Number of iterations

FIGURE 2. Comparison between Algorithm 4.3 and Dong et al. [12] Algorithm

Example 5.3. Using the same example in Censor et al. [11], we consider a two-disc
convex feasibility problem in R? and provide an explicit formulation of our Algorithm
3.3 for N = 2, as well as some numerical results. More explicitly, let Cy := {(z,y) €
R?: (z —ag)? + (y — b)? <73} with C; N Cy # 0. Consider the problem of finding a
point (z*,y*) € R? such that (z*,y*) € C;NCs. In this case f; = fo = 0. Let 7, =
Now, let

Cy:={(z,y) eR*: 2? +y* < 1} and Cy := {(z,y) € R*: (z — 1)* + 3y < 1}.

1
3

Using randomly generated initial points ¢, r; € R? in MATLAB, )\, = 0.8, ¥ = 0.5
7‘|9ﬁ;:i;fﬁﬂ < 1074, we examine
our proposed Algorithm 3.3 with different values of u: © = 0.01, 4 = 0.5 and u = 0.9.

The results are reported in Table 3 and Figures 3-6.

for all n and k = 1,2, and using termination criterion
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TABLE 3. Algorithm 3.3 with different values of

Hfﬂnﬂ - Iqu

[Znt1 — znll2

No. of Iterations CPU (Time)
p=0.01 13 1.1353 x 1073
p=0.1 13 9.2373 x 10~*
pw=05 11 9.5006 x 10~*
w=20.9 28 2.9693 x 1073

2 4 6 8 10 12
Number of iterations

F1GUurE 3. Algorithm 3.3
with = 0.01

2 3 4 5 6 7 8 9
Number of iterations

FI1GURE 5. Algorithm 3.3

with © = 0.5

14 0 2 4 6 8 10 12 14
Number of iterations

FicURrE 4. Algorithm 3.3
with g = 0.1

Hxn}l‘anZ

0 11 0 5 10 15 20 25 30
Number of iterations

FIGURE 6. Algorithm 3.3
with u = 0.9
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Remark 5.4.

(1) Over all, from all the three Examples, we could observe that our Algorithms
are robust and easy to implement.

(2) From Example 5.1, our Algorithm 3.3 approaches the termination criterion
faster than Censor et al. [10] Algorithm with less number of iterations.

(3) From Example 5.2, our Algorithm 4.3 approaches the termination criterion
much faster with very small number of iterations when compared with Dong
et al. [12] Algorithm.

(4) Furthermore in Example 5.3, we observe that, on average, for most of the
choices of p, number of iterations and CPU time taken to reach the termi-
nation criterion are the same. However, when approaching p = 1, there is a
slight increase in the number of iterations and CPU time taken to reach the
termination criterion.

6. CONCLUSION

In this paper, we establish weak convergence results of modified inertial versions
of the subgradient extragradient method of Censor et al. [10] and the extragradi-
ent method of Korpelevich for solving Common Solutions to Variational Inequalities
Problem (CSVIP) in real Hilbert spaces. We give numerical illustrations of our results
and show the numerical improvements over existing results in the literature. In our
next project, we will establish convergence rate of the iterative sequences generated
by the modified inertial subgradient extragradient method. Also, extensions of the
results in this paper will be considered in uniformly convex Banach spaces in the
future.
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