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Abstract. Using generalized metric projection, new extragradient and linesearch algorithms are
presented for finding a common element of the solution set of an equilibrium problem and the
solution set of variational inequality problem which is also an element of the set of fixed points of
a weakly relatively nonexpansive mapping in Banach spaces. To prove strong convergence of the
iterates in the extragradient method, a ¢-Lipschitz-type condition is introduced and is assumed that
the equilibrium bifunction satisfies in this condition. To avoid using this condition, the linesearch
method is applied instead of the extragradient method. Using FMINCON optimization toolbox in
MATLAB, some numerical examples are given to illustrate the usability of obtained results.

Key Words and Phrases: Equilibrium problem, extragradient method, ¢-Lipschitz-type, gener-
alized metric projection, linesearch algorithm, relatively nonexpansive mapping.

2010 Mathematics Subject Classification: 65K10, 90C25, 47J05, 47J25.

1. INTRODUCTION

Assume that C' is a nonempty closed convex subset of a real Banach space E
with dual space E*. In this paper, we consider the Variational Inequality (VI) as
follow: “find w € C such that (z*,y —u) >0, Vy € C & Va* € Au”, where
A: C — 2F" is a given mapping and (.,.) denotes the generalized duality pairing.
The solution set of (VI) is denoted by SOL(C, A).

An operator A : C' — 27 is called monotone if (z* —y*, 2 —y) > 0, for all z,y € C,
all z* € Az and all y* € Ay. If there exists a constant o > 0 such that

<I* *y*,$*y> 2 OZHI* 7y*||27 vzvy € Cv V" €Az & Vy* € Aya
then, A is called a-inverse-strongly monotone. A monotone operator A is called to
be maximal if its graph G(A) = {(z,2*) : © € D(A) & z* € Az} is not contained in
the graph of any other monotone operator, where D(A) is the domain of A.
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Also, we consider the equilibrium problem (EP) [5], which consists in finding a
point z* € C such that for any y € C, f(z*,y) > 0, where f : C x C — R is an
equilibrium bifunction, i.e., f(x,2) = 0 for all x € C. The solution set of (EP)
is denoted by E(f). Many well-known problems have been covered by (EP) [21]
such as the optimization problem, the variational inequality problem, the generalized
Nash equilibrium problem in game theory, the fixed point problem and others; (see
[2, 17, 22, 28]). Also numerous problems in physic and economic reduce to find a
solution of an equilibrium problem. For such wide applications, many methods have
been proposed to solve the equilibrium problems see for instance [5, 6, 9, 22, 33, 34].
In 1980, Cohen [11] introduced a useful tool for solving optimization problem which
is known as auxiliary problem principle and then extended it to variational inequality
[12]. In auxiliary problem principle a sequence {z} is generated as follows: zx4+1 € C
is a unique solution of the following strongly convex problem

. 1 2
- _ 1.1
Z%lél{ckf(xkay)"‘ 2H$k vl }’ (1.1)

where ¢; > 0 and C is a nonempty closed convex subset of a real Hilbert space. Re-
cently, Mastroeni [20] extended the auxiliary problem principle to equilibrium prob-
lems under the assumptions that the equilibrium function f is strongly monotone on
C x C and that f satisfies the following Lipschitz-type condition:

Fly)+ fy.2) > flo,2) —ally — ol —e2llz = yl?, Va,y,2€C, (1.2)

where ¢1,co > 0. To avoid the monotonicity of f, motivated by Antipin [4], Tran
et al. [32] have used an extrapolation step in each iteration after solving (1.1) and
supposed that f is pseudomonotone on C' x C' which is weaker than monotonicity
assumption. They assumed yj was the unique solution of (1.1) and the unique solu-

tion of the strongly convex problem minyec {Ckf(yk:a y)+ %Hy - $k||2} is denoted by

Zr+1. In special case , when (EP) is (VI), this method reduces to the classical extra-
gradient method which has been introduced by Korpelevich [19]. The extragradient
method is well known because of its efficiency in numerical tests. In recent years,
many authors introduced extragradient algorithms for solving (EP) in Hilbert spaces
such that the convergence of the proposed algorithms requires f which satisfies in
a certain Lipschitz-type condition [23, 32, 34]. Lipschitz-type condition depends on
two positive parameters ¢; and ¢ which in some cases, they are unknown or difficult
to approximate. In otder to avoid this requirement, the authors used the linesearch
technique in Hilbert space to obtain convergent algorithms for solving equilibrium
problem [13, 23, 32, 34].

In this paper, we consider the auxiliary equilibrium problem (AUEP) as follow:
“find 2* € C such that pf(z*,y) + L(z*,y) > 0, for all y € C”, where p > 0 is a
regularization parameter, C' is a nonempty subset of a real smooth Banach space and
L :C x C — R is a nonnegative differentiable convex bifunction on C' with respect to
y, for any fixed z € C, such that L(z,z) = 0 and VyL(z,x) =0, for all z € C, where
VaL(x,x) is the gradient of L(z,.) at x.

Recently, many authors studied the problem of finding a common element of the
set of fixed points of a nonlinear mapping, the solution set of an equilibrium problem
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and the solution set of variational inequalities in the framework of Hilbert spaces and
Banach spaces, see for instance [7, 8, 14, 15, 24, 26, 31, 34, 35]. For solving variational
inequalities in Banach spaces [14, 15, 35], the authors often supposed the following
strong condition:

|Az|| < |Az — Aul, Yz €C, ue SOL(C,A), (1.3)

where A : C — E* is an a-inverse-strongly monotone operator and « is a positive
real number depends on 2-uniformly convexity constant of Banach space E.

In this paper, motivated D. Q. Tran et al. [32] and P. T. Vuong et al. [34], we
introduce new extragradient and linesearch algorithms for finding a common element
of the set of fixed points of a weakly relatively nonexpansive mapping, the solution
set of an equilibrium problem and the solution set of a variational inequality problem
in real Banach spaces, by using generalized metric projection and without considering
condition (1.3). Using these algorithms, we prove strong convergence theorems under
suitable conditions.

2. PRELIMINARIES

Suppose that E* is the dual of a real Banach space E. We denote the strong
convergence and the weak convergence of a sequence {z,} to z in E by z, — = and
T, — x, respectively.

Assume that S(E) is the unite sphere centered at the origin of E. A Banach space
E is strictly convex if ||ZfY| < 1, whenever z,y € S(E) and = # y. Modulus of
convexity of E is defined by

, 1
dp(e) = mf{l = Sllz +y)ll : Nzl llyll <1, lz =yl = e},

for all € € [0, 2].

A Banach space F is said to be uniformly convex if §5(0) = 0 and dg(e) > 0 for all
0 < e <2. Let p > 2 be a fixed real number. The Banach space F is called p-uniformly
convex [30] if there exists a constant ¢ > 0 such that dg(e) > ceP for all € € [0,2].

N+ tyll — =]

The Banach space FE is called smooth if the limit lim;_, , exists for

4
all ,y € S(F). The smoothness modules of E is the function pg : [0,00) — [0, 00)
defined by

pe(t) = Sup{%(llx tyll+llz—yl) =1 : 2 e SE), |yl <t}

t
A Banach space F is said to be uniformly smooth if pe(t)

— 0 as t — 0. Every

uniformly smooth Banach space E is smooth. If E is uniformly convex, then F is
reflexive and strictly convex [1, 29].
The mapping J, from real Banach space E to 28" defined by

Jp(z) ={2* € E* : {w,a") = ||z[lll«"], ll="|| = |=IP~"}, V= €E,

is called the generalized duality mapping, where p > 1 is a real number. If p = 2,
then Jo = J is called the normalized duality mapping. If E is uniformly convex and
uniformly smooth, then J is uniformly norm-to-norm continuous on bounded sets of



526 ZEYNAB JOUYMANDI AND FRIDOUN MORADLOU

E and J~! = J* (the normalized duality mapping on E*) is also uniformly norm-to-
norm continuous on bounded sets of E*. Many other properties of J have been given
in [1, 29].

Let E be a smooth and real Banach space, we define the function ¢ : ¥ x F — R
by ¢(z,y) = ||z — 2(z, Jy) + |ly||?, for all z,y € E.

Observe that, in a real Hilbert space H, ¢(z,y) = ||z — y||? for all 2,y € H. Tt is
clear from the definition of ¢ that for all x,y,2 € F,

(lzll = lIyl)? < ¢z, y) < Ul + Ilyl)?, (2.1)

¢(‘T7y) :¢($,z)+¢(z,y)+2<x—z7 JZ_Jy>’ (2'2>

if £ additionally assumed to be strictly convex, then
d(r,y) =0 <= z=y. (2.3)

Also, we define the function V : Ex E* — Rby V(x,2%) = ||2]|?—2 < z,2* > +||2*|?,
for all z € E and all 2* € E*. It is easy to see that, V(z,2*) = ¢(x, J~1z*).

It is well known that, if F is a reflexive strictly convex, smooth and real Banach
space with E* as its dual, then for any x € E and any z*,y* € E* [27], the following
inequality holds:

V(@,a®) + 200710 — a,y") < V(w,a" + ). (2.4)

Let C be a closed convex subset of a real Banach space £ and T : C — C be

a mapping. A point p in C is said to be a strong asymptotic fixed point of T if C

contains a sequence {x*} which converges strongly to p such that klim | Tx*—z*|| = 0.
—00

Let F(T) be the set of asymptotic fixed points of T. A mapping T : C — C is
called weakly relatively nonexpansive if F(T) = F(T) and ¢(p, Tz) < é(p, x) for all
x € C and all p € F(T) and T is called to be quasi-¢-nonexpansive if F(T) # @ and
d(p, Tx) < P(p,z) for all z € C and all p € F(T). The class of quasi-¢-nonexpansive
mappings is broader than the class of weakly relatively nonexpansive mappings which
requires F(T) = F(T). Tt is well known that, if C' is a nonempty convex closed
subset of a strictly convex, smooth and real Banach space E and T : C' — C'is a
quasi-¢-nonexpansive mapping, then F(T') is a convex closed subset of C' [25].

For a convex subset C' of a real Banach space E, we denote by N¢(v) the normal
cone for C' at a point v € C, which is defined by

Ne(v) ={z* € E*: (v —y,2") >0, VyeC}.

Suppose that E is a real Banach space and let f : E — (—o00,400] be a proper
function. For z¢ € D(f), we define the subdifferential of f at z¢ as the subset of E*
given by

Of (xg) = {x* € E*: f(x) > f(xo) + (", z — ), Yz € E}.

If 9f(xo) # 0, then we say f is subdifferentiable at z(.
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3. AN EXTRAGRADIENT ALGORITHM

In this section, we present an extragradient algorithm for finding a common solution
of (EP) and (VI) which is also an element of the fixed points set of a weakly relatively
nonexpansive mapping.

For the proof of the following lemmas, we refer the readers to [16].

Lemma 3.1. Let C' be a nonempty convex subset of a smooth and real Banach space E
and assume that f : CxC — R is an equilibrium bifunction, which is also convex with
respect to the second variable. Then x* € E(f)if and only ifz* = arg min,ecc f(z*,y).

Equivalence between (EP) and (AUEP) is expressed in the following lemma.

Lemma 3.2. Assume that C is nonempty, closed and convex subset of a reflexive,
smooth and real Banach space E and f : C x C' = R is an equilibrium bifunction and
let z* € C. Suppose that f(z*,.) : C = R is conver and subdifferentiable on C. Let
L:C x C — Ry be a differentiable convex function on C with respect to the second
variable such that L(x*,2*) = 0 and VoL(z*,2*) = 0. Then x* € E(f) if and only if
x* is a solution to (AUEP).

Throughout this paper, we suppose that C' is nonempty, convex and closed subset
of 2-uniformly convex, uniformly smooth real Banach space FE, S is a weakly relatively
nonexpansive self-mapping of C' and A : C — E* is an a-inverse-strongly monotone
operator. Also, we assume that the bifunction f : C' x C' — R satisfies the following
conditions:

(A1) f(z,z)=0for all z € C,

(A2) f is pseudomonotone on C, i.e., f(z,y) > 0= f(y,x) <0 for all z,y € C,

(A3) f is jointly weakly continuous on C' x C, i.e., if 2,y € C and {z,} and

{yn} are two sequences in C converge weakly to x and y, respectively, then

f(@n,yn) = f(2,9),
(A4) f(z,.) is convex, lower semicontinuous and subdifferentiable on C for every

z el
(A5) f satisfies ¢-Lipschitz-type condition: there exist two constants ¢; > 0 and

cy > 0 such that f(xay) + f(yvz) > f(l‘,Z) - Clqj)(y?x) - 02¢(Zay)a for all
z,y,z € C.

It is easy to see that if f satisfies the properties (Al) — (A4), then the set E(f)
is closed and convex. Furthermore, if E is a Hilbert space, then ¢-Lipschitz-type
condition reduces to Lipschitz-type condition (1.2).

Example 3.3. Let f: C x C' — R be a bifunction defined by
fla,y) = 4lyl* +2(y, Jz) — 6|,
We have
fla,y) + fy,2) = fl@,2) = (IylI* = 2{y, Jz) + [|=]]*) = (ylI* — 2{z, Jy) + ||[*)
+ ([lzl|* = 2(z, Jz) + [|2]%)
> f(z,2) — ¢(y,z) — ¢(2,y),
i.e., f satisfies the ¢-Lipschitz-type condition with ¢1,co = 1.



528 ZEYNAB JOUYMANDI AND FRIDOUN MORADLOU

Algorithm 1

Step 0: Suppose that {a,} C [a,e] for some 0 < a < e < 1, {8,} C [d,}] for
some 0 < d <b<1and {r,},{ .} C (0,1] where li_>m T, = 0 and

1 1
0<)\min§>\n§>\maz< i a_ vo_ J*
mm{2c1 2C2}
Step 1: Let zp € C. Set n=0.
Step 2: Compute y,, and z,, such that
. 1
Yn = arg mln{)‘nf(xnay) + 7¢(y7xn)}a (31)
yel 2
. 1
zn = argmin{A, f(yn,y) + 50y, z,)}- (3:2)
yel 2

Step 3: Put p, = lcJ Y(Jx, — 7,Ax,) and
tn =Ted  HanJpn + (1 — an)(Budzn + (1 — ,)JS2,)).

Step 4: Compute x,4+1 = g, np, %o, Where Ilc, np, is the generalized metric
projection from E onto C,, N D,, in which
Cn={z€C:¢(z,tn) < ¢(2,3n) + Fan72|Az,||*} and
D, ={z€C:(xy— 2z Jrg— Ja,) >0},
and 1 (0 < ¢ <1) is the 2-uniformly convexity constant of E.
Step 5: Put n:=n+ 1 and go to Step 2.

Lemma 3.4. For every x* € E(f) and each n € NU {0}, we obtain

(i) <an = JYn,y — yn> < Anf(fmy) - )\nf(xmyn)a Vy € C,
(11) ¢(£U*7Zn) < ¢(x*7xn) - (]- - 2)\ncl)¢(yna xn) - (]- - 2)\nc2)¢(znvyn)'

Proof. Using a similar argument such as the proof of Lemma 3.6 in [16], we can deduce
the desired results. O

Remark 3.5. In a real Hilbert space E, Lemma 3.4 is reduced to Lemma 3.1 in [3].

Lemma 3.6. In Algorithm 1, the optimal solutions vy, and z, are uniquely deter-
mined.

Proof. Let Yy, 9n € argmingec{Anf(zn,y) + 26(y,2n)}, so using Lemma 3.4 (i), we
have

(Jxn — JYn, ¥ — Yn) < Mf(@n,y) — M f(@n,yn), Yy eC, (3.3)
&
<J37n - J:‘jna y— gn) < )\nf(-rnvy) - /\nf(xnagn)a Vy eC. (34)

Putting y = ¢, in inequality (3.3) and y = y,, in inequality (3.4) and adding them, we
get (JUn — JYn, Un — Yn) < 0. Since J is monotone and one to one, we obtain y,, = ¥,.
In a similar way, we can conclude that z,, is uniquely determined. O

Lemma 3.7. For every z* € E(f)NSOL(C, A)NF(S) and each n € NU{0}, we get

. . 4
(x*,tn) < p(a™, ) + C—QanrgnAan?.
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Proof. Utilizing Proposition 5 of [18], the definition of function V' and inequality
(2.4), we get
d(z*,pp) < dla*, T Iz, — 1 Azy)) (3.5)
=V(z*, Jz, — 1, Ax,)
<V(z*, (Jay — ThAxy) + T Azy,) — 20T (Jzy — ThAxy,) — 2%, T Ay
= ¢z, xn) — 270 (2 — 2%, Azy) — 20T (Jxy, — TAZY,) — 20, ThAy).

Since A is an a-inverse strongly monotone operator and z* € SOL(C, A), we have
=27, (xy, — 2", Ax,,) = 21, (x,, — ¢*, Ax,, — A2™) — 27, (2, — 2, A™)

< —2ar,||Az, — Az*|)?, (3.6)
using Lemma 2.1 of [35], we obtain
2<J_1(an—TnAacn)—mn,—frnAxn> < 2||J(J_1(an—TnAxn))—J(J_lJacn)H||TnAxn||

4
< 572l Awal? (3.7)

Utilizing Proposition 5 of [18], Lemma 3.4, the convexity of ||.||? , the definition of
functions ¢ and S and inequalities (3.5) and (3.6), we have

¢($*,tn) < ¢(x*a J_l(anjpn + (1 - an)(ﬁnjzn + (1 - ﬂn)JS'zn)))
<21 + enllpall® + (1 = @) Bullzall® + (1 = 82)1Szall?)

=2, (x*, Ipp) — 2(1 — ap) Brla™, Jzn) — 2(1 — ay) (1 — Bp){(z™, JSzy)
< 9(a*, 20) + syt A =

Theorem 3.8. If Q) := E(f)NSOL(C,A) N F(S) # 0, then the sequences {x,}5 ¢,
{Un 150, {20}, {Pn}iey and {t,}32, generated by Algorithm 1 converge strongly
to the same solution u* € Q, where u* = lqxg and Ilq is generalized metric projection
from E onto €.

Proof. At First, using induction we show that Q@ C C,, N D, for all n > 0. Let
z* € Q, utilizing Lemma 3.7, we get Q C (), for all n > 0. Now, we show that
Q C D, for all n > 0. It is clear that Q@ C Dg. Suppose that Q@ C D, ie.,
(xp —a*, Jxg — Jxp,) > 0, for all z* € Q. Since z,+1 = o, Ap, xo, using Proposition
4 of [18], we get (xpi1 — 2, Jxg — Japny1) > 0, for all z € C,, N D,,. This implies that
x* € Dpy1. Therefore Q C D, 41.

Let 2* € Q C D,y1. Since z,41 € D,, using successively equality (2.2), it is
easy to see that {¢(x,, )} is increasing and bounded from above by ¢(z*,xg), so
nlgrgo ¢(xy, o) exists. This yields that {¢(z,, z)} is bounded. From inequality (2.1),

we know that {z,} is also bounded. It is clear that lim, oo ¢(Tpn41,2n) = 0, so,
Proposition 2 of [18] implies that lim ||z,4+1 — 2| = 0 and therefore {x,,} converges
n— oo
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strongly to € C. Since A is a-inverse-strongly monotone, we have Az,, — AZ. From
inequality (3.7), we obtain
&z, pn) < d(xp, J M (Jxy — ThATy))
<V (xp, Joy — TpAy + T Azy) — 20T (J2y — ThAzy) — T, T Ay
< Sl ?
—0 as n — oo,
because of lim 7, = 0. So, Proposition 2 of [18] implies that nli)IIolo lzn — pn|l = 0.

n—oo
Consequently, {p,} converges strongly to Z € C. Since z,+1 € C,, we have

lim ¢(zp41,t,) = 0 and utilizing Proposition 2 of [18], we deduce that
n—oo
nh_{I;o [#n41 = tull = 0.
Thus lim ||z, —t,|| = 0 which implies that {¢,,} converges strongly to & € C. Using
n—oo

norm-to-norm continuity of J on bounded sets, we conclude that li_>m |[Jzp—Jt,| =0
and therefore

Jim ¢(a”, 2n) = lim o2, 1,). (3.8)
Applying Lemma 3.4 (i), we obtain ¢(a*, z,) < ¢(z*, z,,). From inequality (2.1) and
the definition of S, we derive that {z,} and {Sz,} are bounded. Let

r1 = sup{[|pn |, [|zn[[} and ry = sup{||z. ||, || Sznll}-
n>0 n>0

So, by Lemma 1.4 of [10], there exists a continuous, strictly increasing and convex
function ¢; : [0,2r1] — R with g1(0) = 0 such that for 2* € Q, we get

¢(x*atn) < d)(x*, Jﬁl(anjpn + (1 - O‘n)(ﬂnt]zn + (1 - Bn)JSZn)))
< ¢(a*, ) + %anTrQLHAan —an(l = an)Bugi(|J2n — JIpal)),  (3.9)

and using the same argument, there exists a continuous, strictly increasing and convex
function gs : [0, 2r2] — R with g2(0) = 0 such that for z* € Q, we have

B tn) < 02" 20) + a2 Azall = (1 = a6 (1 = Bu)ga( 20 — TSz
which imply
an(l = an)Bngi([J2n — Jpull) < d(a", 2n) — d(a", ) + %anTrZLHA%H’ (3.10)
&
(1= 00) 2B (1~ BT 20— TS20l]) € 6" 22) ~ 0(a" 1) + g7l Az, |. (311)
By letting n — oo in inequalities (3.10) and (3.11), using (3.7) and (3.8), we obtain
o170 = Junl) =0 & lim gl — TSz]) =0

Utilizing the properties of g; and g2, we have
ILm |[Jzn, — JIpn] =0 & ILm |Jzn — JSzy| = 0. (3.12)
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So, we obtain
lim ||z, —pn||=0 & lim ||z, — Sz,.|| =0, (3.13)
n—oo n—oo
|zn—znll < |zn—0nll + |lon—2n|| = 0& lim ||Jz,—Jx,|| =0, (3.14)
n—oo

since J~! and J are uniformly norm-to-norm continuous on bounded sets.
By the same reason as in the proof of (3.8), we can conclude from (3.14) that

nl;rrgo o(x*, x,) = nhHH;O o(x*, zn), (3.15)
for all 2* € Q. Using Lemma 3.4 (ii), we have

(1 - 2)\ncl)¢(ymxn) + (1 - 2/\n62)¢(znayn) < ¢($*7xn) - (b(l'*a ZTL)) (3-16)
for all z* € Q. Taking the limits as n — oo in inequality (3.16) and using equality
(3.15), we get

le O(Yn,2n) =0 & le d(2n,yn) = 0. (3.17)

Since {z,} and {z,} are bounded, it follows from Proposition 2 of [18] that

lim ”yn_an =0 & ||Zn_ynH:07
n—oo

lim
n— oo
which imply {y,} and {z,} converges strongly to z € C.

Now, we prove that T € E(f). It follows from the definition of y,, that for any y € C,

M ) 00 20) < A f(20,9) + 50(0,22). (318)

By letting n — oo in inequality (3.18), it follows from equality (3.17), conditions
(A1) and (A3) and uniformly norm-to-norm continuity of J on bounded sets that
0 < f(Z,y) + ¢(y, Z), because of Apip < Ap < 1. Letting 3¢(y, Z) = L(Z,y), Lemma
3.2 implies that & € E(f).

Now, we prove that z € SOL(C, A). Let B C E x E* be defined as follows:

By — Av+ N¢(v), veC,
0, v¢C.
It follows from Theorem 2.1 of [15] that B is a maximal monotone operator and
B71(0) = SOL(C, A). Let (v,w) € G(B). Since w € Bv = Av + N¢(v), we get
w — Av € N¢(v). Because p, € C, utilizing the definition of N¢(v) and Proposition
4 of [18], we get
TV —pr,w—Avy >0 & (v —pp,Jpn — (Jx, — T AT,)) > 0. (3.19)

Since 7, < 1, using the definition of A and inequality (3.19), we have
<V —me> > Tn<l/ _pnvAV> - <V = Pny Jpn — J0n +7_nAxn>

- Tn(” _pnvAV - Apn> + Tn<y _pnaApn - A$n> - <V — Pn» Jpn - J-Tn>

> —(mallAzn — Appl| + || J2n — Jpnl)[lv = pall

—0 as n — oo.

So, (v — &, w) > 0 and consequently Z € B~1(0) = SOL(C, A).
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Now, since z, — Z, from (3.13), we get Z € F(S). Thus, using the definition of S,
we have T € F(5). Set u* = IIgxg. Since u* € Cy, N Dy, py1 = e, Ap, o and ¢ is
continuous with respect to the first argument, from proposition 4 of [18], we obtain

d(u*,z0) > Jim A(Tpy1,20) = Jim ¢(xn,0) = G(T,10),

also, using Proposition 4 of [18], we have ¢(u*, z¢) < (T, zo), because of u* = Igxg
and Z € Q. Therefore T = u* and consequently the sequences {z,}5%q, {Un}520,
{zn %0, {un}22, and {t,}52, converge strongly to Ilgxg. O

4. A LINESEARCH ALGORITHM

As we see in the previous section, ¢-Lipschitz-type condition (A5) depends on two
positive parameters ¢; and cy. It is worth noting that, in some cases, these parameters
are unknown or difficult to approximate. To overcome this drawback, using linesearch
method, we modify Extragradient Algorithm. We prove the strong convergence of this
new algorithm without assuming the ¢-Lipschitz-type condition.

Here, we assume that bifunction f : A x A — R satisfies the conditions (A1), (A2)
and (A4) in which A is an open convex set containing C, and also it satisfies the
following condition:

(A3*) f is jointly weakly continuous on A x A, i.e., if z,y € C and {z,} and {y,} are
two sequences in A converge weakly to « and y, respectively, then f(z,,yn) — f(z,y).

Algorithm 2

Step 0: Let & € (0,1), v € (0,1) and suppose that {a,} C [a,e€] for some
0<a<e<l, {8y} Cldb] where 0 < d <b< 1 0< 7, <1 in which
lim 7, = 0, {\,} € [\,1] where 0 < A < 1 and 0 < v < & where
n—oo
(0 < ¢ <1) is the 2-uniformly convexity constant of E.

Step 1: Let xg € C. Set n = 0.

Step 2: Obtain the unique optimal solution y, by solving the following convex
optimization problem

A (s ) + 500 )} (1.1

Step 3: If y,, = x,, then set z, = x,,. Otherwise
Step 3.1: Choose the smallest nonnegative integer m such that

> %gﬁ(yn,xn) where zpm = (1 —7™)zp + 7" ypn. (4.2)
Step 3.2: Set p, =™, zp = zn,m and go to Step 4.

Step 4: Choose g, € O2f (2, ) and compute w,, = o J H(Jx, — 0pngn)-
Vf(zn; mn)
llgn |*
Step 5: Compute p, = HcJ Y (Jx, — 7, Az,) and

tn = e HanJpn + (1 — o) (BuJwy, + (1 — Bn)JSwy)).

f(zn,m»xn) - f(zn.,ma yn)

If y, # x,, then o, = and o, = 0 otherwise.
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Step 6: Compute z,,11 = ll¢,np, To, Where
D,={z€C:(x, — 2z Jxg— Jx,) > 0} and
Cn={2€C:¢(zt,) < d(z,2,) + ;%an73||A:vn||2}.
Step 7: Put n:=n+1, and go to Step 2.
In the following, we show that linesearch corresponding to x, and y, (Step 3.1) is
well defined.

Lemma 4.1. Let y, = z,, for somen € NU{0}. Then (i) there exists a nonnegative
integer m such that the inequality in (4.2) is satisfied, (ii) f(zn,xn) > 0 and (i)
0¢ 0af(zn,xn)-

Proof. Let n > 0. Assume towards a contradiction that for each nonnegative integer
m7

P 20) = [ ) < o6, ), (4.3
n
where 2y, = (1 —4™)zy, +7™Yn. It is easy to see that z, , — x, as m — oco. Using
condition (A3*), we obtain f(zn m,xn) = f(zn,2n) and  f(znm,yn) = f(Tn,Yn)
as m — oo. Since f(xn,x,) = 0, letting m — oo in inequality (4.3), we get

+ %(b(ymxn) (4.4)

Because of y,, is a solution of (4.1), we deduce

0 < f(®n,Yn)

M)+ 50 20) 2 Auf(0,) + 0l 7).

forall y e C. If y = x,,, then

It follows from (4.4) and (4.5) that
1 §
- < —_— )
f(@n,yn) + 2N, O(Yn, Tn) < f(@n,yn) + 2\, ¢(Yn, Tn)

Therefore, 1%fgb(yn,:vn) <0, since A, < 1. It follows from (2.3) that ¢(y,,z,) > 0,
because of y,, # x,,. Thus, 1 — ¢ < 0 which contradicts the assumption £ € (0,1). So,
(i) is proved.

Now, we prove (ii). Since f is convex, we obtain

pnf (znsYn) + (1 = pn) f(2n, Tn) > f(2n,20) = 0. (4.6)

Consequently from (4.6), since y,, # x,, we get

F(zn,®0) > polf (2, 2n) — f(2n,yn)] = f}\pn(b(ymxn) > 0.
So, f(zn,xyn) > 0. The proof of (iii) can be found in [32, Lemma 4.5]. O

Remark 4.2. If F is a real Hilbert space, then Lemma 4.1 is reduced to Proposition
4.1 in [34] when & € (0,1).
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Lemma 4.3. Suppose that f : A x A — R is a bifunction satisfying conditions (A3*)
and (A4). Let {z,} and {z,} be two sequences in A such that x,, = T and z, — Z,
where ,Z € A. Then, for any € > 0, there exist n > 0 and n. € N such that
Do f (zn,xn) C O2f(Z,T) + %B, for all n > n., in which B is the closed unit ball in E.

Proof. Using a similar argument as in the proof of Proposition 4.3 of [34] for a Banach
space F/, we can get the result. O

Proposition 4.4. For each z* € E(f) N F(S) and each n € NU {0}, we get

(1) ¢(a*,wn) < ¢(a*,2n) — (2 = Z)onllgnll?,
(i) ¢(a™,tn) < d(a*, wn) + FonTi[Aza|? — (1= an)(2 = Z)ohllgnll®.

Proof. Using Proposition 5 of [18], the definition of V' and inequality (2.4), we have
¢(a* wy) = ¢(a*, HeJ " (Jay — ongn))
<V(x*, Jxy — 0ngn + 0ngn) — 20T (T2 — 0pgn) — 2, 0090)
= d(x*, 1) =200 (Tn— 2%, gn) 2T H(JTp—0ngn) —Tn, —Ongn). (4.7
Since g, € 02 f(zn, Tn), we get

2
(X — 2", gn) > f(zn,yxn) — f(zn,2") > M.
Therefore,
2 *
—;UngnHZ > =20, (Tn — %, gn)- (4.8)
On the other hand, utilizing Lemma 2.1 of [35], we get
_ 4
2<J 1(J‘rn - Ongn) — T, _Ungn> < g0721||gn”2 (49)

Thus, combining inequalities (4.8) and (4.9), we can derive (). Applying a similar
argument as in the proof of Lemma 3.7 and using (i), we can prove (7). O

Theorem 4.5. Assume that Q := E(f)NSOL(C,A) N F(S) # 0, then the sequences
{2n}2%0, {Un}sZ0, {20520, {wn 20, {Pn}2o and {t,}22, generated by Algorithm
2 converge strongly to the same solution u* € Q, where u* = Illqxg.
Proof. Let x* € Q. Similar to the proof of Theorem 3.8, we have
lim ||zp41 — 2| =0 & lim |z, —t,]|=0 & lim |z, —ps| =0,

n—00 n—00 n—r00
which imply that {z,} and consequently {¢,} and {p,} converge strongly to T € C
and lim (@(z*, z,)—d(z*,t,)) = 0. Since (1—ay, ) (2 — %) > 0, it follows from Lemma

n—oo
4.4 (i7) that lim oy,]/gn| = 0.

n—oo
Now, suppose that A(y) = A f(zn,y) + %gb(y,xn), for all y € C. Similar to the

proof of Theorem 3.2 in [16], we can prove that {y,} and {z,} converge strongly to
Z € E(f) and also we can show that z € SOL(C,A) N F(S) in which z = Ilgzo.

Using the analogous argument such as Theorem 3.8, we can establish {w,,} converge
strongly to Z. O
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5. NUMERICAL EXAMPLES

In this section, we illustrate theorems 3.8 and 4.5 with numerical examples. Also,
we investigate the behavior of the sequences {x,}, {yn}, {20}, {Pn}, {t»} and {w,}
generated by algorithms 1 and 2. We have solved the optimization subproblems in
algorithms 1 and 2 with the solver FMINCON from optimization toolbox in MATLAB
software.

5.1. Numerical example in RF.
Now, we give an example in R¥. In the one dimensional case, we present some figures
and tables to clarify our results.

Example 5.1. Let k € N, E = RF and C = [-2,2] x [-2,2] x ... x [~2,2]. For

k times
all x = (v1,29,...,2%) and y = (y1,¥2, -, yx) € R¥, we define ||z| = (Zle |xi|2)%,

(2. = Xy ey and f(2,) o= Ty|* + (e.y) = 8llall” = iy (797 + wiy; — 8a7).
It is readily seen that f satisfies the conditions (A1) — (A3) and also it satisfies in the
conditions (A4) and (A5) as follows:

(A4) Since Oaf (z,y) = 14y + = = (14y1 + 21, 14y + 29, ..., 14yi + ), thus f(z,.)
is subdifferentiable on C for each x € C.
(A5) Since ¢y, ) = |ly — = = (i, Iy — zl*)%, we get

1 1
Fay) + F9.2) = f@,2) = 5lly = 2l = Sy 2|

i.e., f satisfies the ¢-Lipschitz-type condition with ¢y, co = %
Now, we define S': C'— C by

1
S == 5(901,96‘2, vy k)

ol 8

for all x € C, so F(S) ={0,0,...,0}.

TABLE 1. Numerical results for extragradient and linesearch algorithms in R.

Numerical results for Algorithm 1 Numerical results for Algorithm 2

n Tn Yn Zn Pn tn Tn Yn Zn Pn tn Wn,

0 2.000 | 0.5000 | 0.5750 | 1.9216 | 1.5313 2.000 | 0.5000 | 1.7000 | 1.9216 | 1.7436 | 1.9303
1.7853 | 0.4463 | 0.5133 | 1.7166 | 1.2940 || 1.9078 | 0.4769 | 1.6216 | 1.8344 | 1.6155 | 1.8413

—

19 | 0.0620 | 0.0155 | 0.0178 | 0.0602 | 0.0369 || 0.2626 | 0.0657 | 0.2232 | 0.2551 | 0.1965 | 0.2535
20 | 0.0496 | 0.0124 | 0.0143 | 0.0482 | 0.0294 || 0.2305 | 0.0576 | 0.1959 | 0.2240 | 0.1722 | 0.2225

30 | 0.0051 | 0.0013 | 0.0015 | 0.0049 | 0.0030 || 0.0602 | 0.0150 | 0.0511 | 0.0587 | 0.0444 | 0.0581
31 | 0.0040 | 0.0010 | 0.0012 | 0.0039 | 0.0023 || 0.0131 | 0.0524 | 0.0446 | 0.0512 | 0.0387 | 0.0506

45 0.0086 | 0.0025 | 0.0073 | 0.0084 | 0.0063 | 0.0083
46 0.0074 | 0.0021 | 0.0063 | 0.0073 | 0.0054 | 0.0072
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It is easy to see that S is weakly relatively nonexpansive mapping. Moreover, if
for each y € C, f(z,y) > 0, then

k
E(f) ={z = (z1,22,...,2,) €C: |z|* = Z lz;]* = 0} = {(0,0,...,0)}.

Also, we define A : C — R¥ by A = 21 and we suppose that o = L and ¢ =1, so

2
{(0,0,...,0)} € SOL(C, A)

k

= {x = (21,29, ...,25) € C: 2{u,y —u) = 22%‘% —u? > 0} .
i=1

{(0,0,....,0)}.

1 _ 1
T ™ = niso and \, = § for all

Consequently, = E(f)NSOL(C,A)NF(S
Now, we assume that o, = % + 3_+n, Bn =
n > 0.

+

)
1
3

(a) Extragradient Algorithm

2 T T T T

15

0 L ]
0 5 10 15 20 25

(b) Linesearch Algorithm

2 T I ‘ ‘ ‘
— X
n
--=y,
15+ ul
==,
—o—t,
1t =]
05 ==o_ |
0 . L R s
0 5 10 15 2 ® v

FIGURE 1. The convergence behavior of the generated sequences

{zn}, {yn}, {za}, {Pn}, {tn} and {w,} by extragradient and line-
search algorithms.
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1

7%n; and

i

Case I. Extragradient Algorithm: From (3.1) and (3.2), we get y,, =

Zn, = 20Yn, = 20Ty, for i =1,2,..., k, therefore

lpn — (1 = 27)za)|1* = min |z — ((1 - 2)za) 1%,

1
tn, = QnPn, + (1 - an)[ﬁn'zm + 5(1 - Bn)zm]’

and

- 2 _ . - 2
s = @ol* = __min |}z = zol

where
D, ={z€C: i (xn, — 2:)(@0, — a,) 2 0}
&
Cn = {Z eC: th - Z||2 < Hxn - Z||2 + %O‘nTELHanQ}-
Since Q = {(0,0,...,0)}, we get IIn(zo) = (0,0, ...,0).
Case II. Linesearch Algorithm: In this case x,, t, and p, are the same as Extragra-

dient Algorithm. Assume that £ = %, v=0.2and v = %. S0, Yn, = %zni, and m is
the smallest nonnegative integer such that

1znl? + (@n, 220 + 6yn) > 17||ynll* + 2(2n, yn),
where z, = zp.m = (1 — (0.2)™)z,, + (0.2)™y,,. Also, g, = 14z, + 2, and

[|wn — (J_l(‘]xn —ongn)ll = Izrélg |2 — (J_I(Jmn — 0ngn)||-

Tllznll® + (20, Zn) — 8ll2nll?
2ga]? '

Numerical results for the algorithms 1 and 2 show that the sequences {z,}, {y.},
{zn}, {pn}, {tn} and {w,} converge strongly to 0. See Table 5.1 and Figure 1 with
k = 1, starting point ¥y = 2 and stopping criterion ||z,41 — 2| < 1073. Also, since
the CPU time to get a solution in Extragradient method is 8.254 s and in Linesearch
method is 11.311 s, we see that the speed of convergence of the generated sequences
by Extragradient Algorithm is faster than Linesearch Algorithm.

[Esy

Since y,, # x,, then o, =

[znll
ln(—"’jl'1 )

{z,} for all n > 0. Now, we consider Example 5.1 for Extragradient Algorithm and
obtain O(n) for the starting points as follows:

1. (-1,1) e R? 2.(—1.8,1,1.9) € R3

3. (=1,0.5,1.75,—1.5) € R*  4.(—1,-1.5,1.25,0.6, —0.75) € R®
Table 2 shows that by increasing n, convergence order of {z,} increases. Similarly,
we can show that the order of convergence of the sequences {y,}, {z.}, {pn} and {t,,}
increases. This means our Extragradient Algorithm has good efficiency.

It is worth emphasizing that the condition lim 7, = 0 is necessary in our Extragra-
n—oo

for all n > 0, where O(n) is the order of convergence of

dient Algorithm. Because, if we put 7, = %+n4}50 foralln > 0, then lim 7, = % #0,
n—oo

and O(n) =0 for all n > 0. i.e., the generated sequences will not converge to 0.
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TABLE 2. Order of convergence of {x,} generated by Algorithm 1

n 4 10 14 20 25
O;(n) | 0.7596 | 2.1581 | 3.1284 | 4.5999 | 5.8317

It should be noted that we can derive similar results for our Linesearch Algorithm.

Acknowledgement. The authors would like to thank the referee(s) for precise con-
sideration and valuable comments.
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