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Abstract. In this paper, we discuss the existence of fixed points of mappings defined on uniform
spaces generated by a family of b-pseudometrics. We also give some sufficient conditions under which
the fixed point is unique.
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1. INTRODUCTION

A b-pseudometric d on a nonempty set X is a function d : X x X — [0, 00) which

satisfies the following conditions for all z,y,z € X:

(1) d(z,2) =0

(2) d(z,y) = d(y, )

(3) d(z,y) < s[d(z, z) + d(z,y)] (b-triangular inequality),
where s € [1,00). Then, the pair (X, d) is called a b-pseudometric space with param-
eter s. If, in addition, d(z,y) = 0 implies that x = y, for all z,y € X, then (X, d) is
called b-metric space.

Bakhtin [3] and Czerwik [4, 5] introduced the notion of a b-metric space and gave
some fixed point theorems for single-valued and multi-valued mappings in b-metric
spaces. The notion of a b-metric space was reintroduced by Khamsi and Hussain
[8] using the name metric type space. For more information on b-metric spaces the
reader is referred to [9] and the related references therein. For some recent progress
in b-metric spaces we also refer the reader to [10], [11] and [12].

Uniform spaces play a role between metric and topological spaces. Usually they are
used to obtain generalizations of some facts in metric spaces. The reader is referred
to the books by Angelov [2] and Heinonen [6] and to the references therein where
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one can obtain more information on fixed point theory in uniform spaces and analysis
on metric spaces. For example in [2] the author considered fixed point theory for ®-
contractions, nonexpansive and expansive maps, ®-densifying maps, and coincidence
theory in uniform spaces.

In [1], Acharya considered the existence and uniqueness of fixed points for mappings
defined on uniform spaces satisfying a contractive condition. In this paper, we give
a generalization of Theorem 3.1 in [1] using uniform spaces generated by a family of
b-pseudometrics.

We start with some notions of uniform spaces (see [13]). A nonempty family U of
subsets of X x X is called a uniformity on X if the following conditions hold:

Ul: U € Y implies {(z,2) e X x X :x € X} CU;

U2: Up,U; € U implies Uy NU> € U,

U3: U € U implies that VoV C U for some V € U;

U4: U € U implies that V=1 = {(z,y) € X x X : (y,x) € V} C U, for some V € U;

Us: fUelU and U CV imply V elU.

Then, the pair (X,U) is called a uniform space. Members of U are called entourages.
If U = {(z,z) : © € X}, then X is called a separated (Hausdorff) uniform space. Let
{z,} be a sequence in a uniform space X. Then {z,} in X is convergent to a point
x € X, if for each U € U, there exists a natural number N such that (z,,z) € U, for
all n > N. Also {z,} is Cauchy if for each U € U, there is some N > 0 such that
m,n > N implies (2, x,) € U. The uniform space X is called sequentially complete
if each Cauchy sequencein X is convergent to some point of X.

Let F be a nonempty family of b-pseudometrics with the same parameter s > 1 on
X generating the uniformity U (See Proposition 8.1.14 in [7]). For p € F and r > 0,
define

‘/(PJ‘) = {((1771/) € X p(m,y) < 7"}.
Suppose that V is the family of all sets of the form

k
m V(;Dz'ﬂ“i)’
i=1

where k is a positive integer, p; € F and r; > 0 for i = 1,..., k. It is easy to see that
Y is a base for the uniformity U. If V = ﬂle Vipi,rs) €V and a > 0, we have

k
aV = n Vips,ar) €V

i=1
We need the following lemma.

Lemma 1.1. [1] Let X be a uniform space. Then

(i) If V€V and o, 8 are positive numbers, then (V) = (af)V.

(i) If VeV and 0 < a < 3, then oV C V.

(iwi) If p is a b-pseudometric on X with parameter s > 1 and a, are any two
positive numbers such that

(r,y) € aVipr) © BV(pra),
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then
p(w,y) < s(ary + fro).
(iv) If V€V and «, 8 are positive, then
aVo BV Cs(a+p)V.
(v) If z,y € X and V €V, then there is a positive number X such that (x,y) € A\V.
(vi) If V €V, then there is a b-pseudometric p on X such that
V = ‘/(p71)'
Proof. We just prove (iii) and (iv). To prove (iii), let

(@,9) € aVip,r) © BVipir) = Vipars) © Vip,ra)-
There exists z € X such that (z,2) € V{, gr,) and (2,%) € V(3 ar,)- Then we have

p(l’,Z) < BTZ ; p(z,y) <arg.

Using the b-triangular inequality, we obtain

p(x,y) < s(p(z,2) +p(y, 2)) < s(ary + pra).
k
For (iv), let V = ﬂ Vip,r) and (z,y) € aV o BV and there exists z € X such that

i=1
k k

(r,2) € BV = ﬂ Vipi.gry) and (z,y) € oV = ﬂ Vipi,ary)- Fori=1,...,k, we have
i=1 i=1
pi(z,y) < s(pilz, 2) + pi(z,y)) < s(Bri + ary).

Therefore for i =1, ..., k, we have

(2,Y) € VipistatByr)

Hence

k
(z,y) € s(a+ pB) (n Y/(p“n)) = s(a+ B)V. O
i=1

2. ACHARYA TYPE THEOREM

Throughout this section we assume that (X, ) is a uniform space whose uniformity
U is generated by the family F of b-pseudometrics with the same parameter s > 1 on
X. Furthermore V is the collection of all sets of the form
k
N{@w e X x X pilay) < i},
i=1
where k is a positive integer, p; € F and r; >0 fori=1,... k.
Acharya Type Theorem. Let (X,U) be a sequentially complete Hausdorff uniform
space and T : X — X satisfy

(Tz,Ty) eaV  if  (z,y) €V, (2.1)
forall V € V and z,y € X, where 0 < aw < 1. Then T has a unique fixed point.
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Proof. Choose n € N such that

Put g = T™ and for each m € N set x,,, = g™ (x(), where x is not a fixed point of T'.
k
Suppose that V = ﬂ Vipie) €V, where p; € F. By Lemma 1.1 there is a positive

i=1
number A > 0 such that
(T"xo, o) € AV =W.
Using Condition (2.1), we obtain
(T (T"xg), T™"xg) € ™" W = a™"AV.

Choose m so large that o™\ < ﬁ. Then we have

k k
(Im—&-laxm) = (T (T xo),T .'E()) € @V— TSQQ‘/(I)“&) = ?SQV(‘D“%)
(2.3)
k
Since (T, Tm) € ﬂ V(ph%), by Condition (2.1) for n € N, we have
i=1
k
(T" &0, T ) € Qv(pi%).
Using (2.2), we obtain
k
1
(92m, Tm+1) € 75 QV(,,T) (2.4)
From (2.3) and (2.4), we have
1 LNk k
() €555+ 33 (MWVouz) © Vo)
Using Condition (2.1) and (2.2) we get
k 1k
(T" g2, T"xm) € Q™ n V(p“%) - 152 ﬂ V(p“%) (2.5)

From (2.3) and (2.5), we have

1 1
2 - e () £5 .
(g -Tm7$m) € 8(25 + 452) QV(pi7ﬁ) C ﬂ V@hi)

Similarly, for each k € N, we have

k
1 1
(" Tm, Tm) € 5 (23 + 432> ﬂ Vinz) € (Vi 2)- (2.6)
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Now, suppose that j,t > m. Let t = m + k; and j = m + ko, for some ki, ky. Using
(2.6), we obtain

k
(xm,gklxm) € m V(p“%)v
and then 1:21
(Tm,®t) € ﬂ Vipi2): (2.7)
Similarly, for j > m, we can show that -
k

(@m, ;) € ﬂV(pi,%y (2.8)

i=1
Then by (2.7) and (2.8) for ¢,j > m, we have

k k
(.’L‘j, x) € 28 ﬂ V(Pu%) = m Vipie) = V- (2.9)
i=1 i=1
This shows that {x,} is a Cauchy sequence. Therefore, there exists * in X such that
lim z, =z*. (2.10)
n—oo

The continuity of 7" implies the continuity of g and so
z* = n}gnoo Ty = mlgnOo Tyl = nlLIréog(xm) = g(z"). (2.11)
That is, * is fixed point of g. Now, let x € X, V € V and choose A > 0 such that
(x*, ) € AV.

Using Condition (2.1), we get

(g"x*,g"x) € AV
Choose m so large such that ™™\ < 1. Then, we have

(gma*,g"x) e V.

Since z* is fixed point g, we have

(z*,gmx) € V. (2.12)
Since V € V and = € X were arbitrary, by (2.12) for all x € X we obtain
g — x*. (2.13)
However, by the continuity of 7" and using (2.10) and (2.13) we have
T(a*) = lm T(x,) = lim T(g™(x)) = lm_g"(T(ao) =a*.  (214)

Therefore z* is the fixed point of T. We claim that x* is the unique fixed point of T.
Let Ty* = y*. Take any V € V and choose A > 0 such that

(z*,y") € AV.

Then
(x*,y") = (Tx*,Ty") € aAV.
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Therefore after n steps, we get
(", y*) = (T"z*, T"y") € a"AV.
Choose n so large that o™\ < 1. Then
(=% y") e V.
Since V' was arbitrary, it follows that z* = y*. O

Corollary 2.1. Let (X,U) be a sequentially complete Hausdorff uniform space and
T:X — X satisfy

(T"x, T"y) € .,V if (r,y) eV (2.15)
forallVeV.n>1and x,y € X, where a,, — 0. Then T has a unique fized point.

1

Proof. Let 0 < o < =. Since «,, — 0, choose n € N so that a,, < . If V € V and
S

(z,y) € V, we have (T"z,T"y) € o,V and thus (T"x,T"y) € aV. Therefore by

our Acharya Type Theorem T™ has a unique fixed point z. That is T™(z) = 2z and
T™(T(z)) = T(z). This implies that T'(z) = z. O

In the following corollary by F(T') we mean the set of all fixed points of T.

Corollary 2.2. Let (X,U) be a sequentially complete Hausdorff uniform space and
T:X — X satisfy (2.1). Then, F(T) = F(T") for eachn € N.

Proof. By our Acharya Type Theorem, F(T™) is nonempty. Assume that z € F(T")
for some n > 1. Suppose that z #£ Tz and V € V be arbitrary. By Lemma 1.1, there
exists a positive number A > 0 such that (z,7z) € A\V = W. Using Condition (2.1),
we have (T"z,T""12) € a"W. Since z € F(T™), we have

(2,Tz) € "W = a"AV.
Therefore after m steps, we get
(2,Tz) € ™" AV.

Choose m so large that o™X < 1. Then (z,Tz) € V. Since V was arbitrary, it follows
that z = Tz which is a contraction. Therefore z € F(T). O
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