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Abstract. We are considering the Cauchy problem for a semilinear fractional differential inclusion in
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and global theorems of the existence of mild solutions to this problem. We verify the compactness
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1. INTRODUCTION

Theory of differential equations of a fractional order arises from ideas of Leibnitz
and Fuler but only recently the interest to this subject essentially strengthened due to
interesting applications in applied mathematics, physics, enginery, biology, economics
and other branches of natural sciences (see, e.g., monographs [1], [3], [6], [7], [10],
[13], [15], [16], [17] and references therein and papers [11], [12], [14], [18] and many
others).
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In the present paper we are considering the Cauchy problem for a semilinear frac-
tional differential inclusion in a Banach space E of the following form:

Diz(t) € Azx(t) + F(t,z(t)), t € [0,a], (1.1)

x(0) = xo, (1.2)

where D, 0 < ¢ < 1, is the Caputo fractional derivative, F : [0,a] x E — E is a

multivalued map with nonempty compact convex values, A : D(A) — E is a linear
closed, not necessarily bounded operator in F, and xy € E.

By using the fixed point theory for condensing multivalued maps, we prove the
local and global theorems of the existence of mild solutions to problem (1.1)-(1.2).
We verify the compactness of the solutions set and its continuous dependence on
parameters and initial data. In the last section we demonstrate the application of the
averaging principle to the investigation of the continuous dependence of the solutions
set on a parameter in the case when the right-hand side of the inclusion is rapidly
oscillating.

2. PRELIMINARIES

2.1. Fractional integral and derivative.

Definition 2.1. (See, e.g., [15], [16]). The fractional integral of order a € (0,1) of a
function g € L*([0,T); E) is the function I§'g of the following form:

nm@>=f%jé<w—@m4awd&

(07

where I" is the Fuler’s gamma-function

F(a):/ e ™% dg.
0

Definition 2.2. The Caputo fractional derivative of the order « € (N — 1,N] of a
function g € CN([0,T); E) is the function Dgg of the following form:

1 ! N 1

—_— t— —a=1g(N) () ds.

o [ = e s as

2.2. Multivalued maps. Let &£ be a Banach space. Introduce the following notation:
o P(&) = {ACE: A# o} denotes the collection of all non-empty subsets of

Dgg(t) =

o Pu(€)={A e P(£): Ais convex};

e K(&)={Ae€ P(£): A compact};

e Kv(€) = {Pv(E)NK(E)} denotes the collection of all non-empty compact
and convex subsets of £.

Definition 2.3. (See, e.g., [2], [8]). Let (A, >) be a partially ordered set. A function
B : P(€) — A is called the measure of noncompactness (MNC) in &€ if for each
0 € P(€) we have:

p(cof) = B(Q),

where €0 ) denotes the closure of the convex hull of .
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A measure of noncompactness f is called:

1) monotone if for each Q, Q1 € P(€), from Qg C Q; follows 5(Q) < ().

2) nonsingular, if for each a € E and each Q € P(€) we have 8({a} UQ) = 5(02).
If A is a cone in a Banach space, the MNC S is called:

3) regular, if B(2) = 0 is equivalent to the relative compactness of Q2 € P(£);

4) real, if A is the set of all real numbers R with the natural ordering.
As the example of a real MNC obeying all above properties, we can consider the
Hausdorff MNC x(9):

x(92) = inf{e > 0, for which Q has a finite e-net in £ }.

Notice that the Hausdorff MNC satisfies the semi-homogeneity condition, i.e.:

X(AQ) = [AIx (),
for each A € R and each 2 € P(€).
Recall that the norm of a set M C & is defined by the formula:

[M]| = sup ||=(/¢
zeM

Definition 2.4. (See, e.g., [4], [8]). Let X be a metric space. A multivalued map
(multimap) F : X — P(E) is called:
(i) upper semicontinuous (u.s.c.) if F~1(V) = {z € X : F(x) C V} is an open
subset of X for each open set V C &;

(i) closed if its graph I'r = {(x,y) : y € F(x)} is a closed subset of X x &;

(iii) compact if F(X) = Ugex F(x) is a relatively compact subset of &;

(iv) quasicompact if its restriction to each compact subset A C X is compact.
Definition 2.5. (see [2], [8]). 4 multimap F : X C & — K(E) is called condensing

with respect to a MNC B (or B-condensing) if for each bounded set  C X which is
not relatively compact, we have:

BIF(Q)) £ B(Q).
In the sequel we will need the following assertions (see [8]).

Lemma 2.6. Let X andY be metric spaces and F : X — K(Y') a closed quasicompact
multimap. Then F is u.s.c.

Lemma 2.7. Let X be a closed subset of a Banach space £, B a monotone MNC' in
E, A a metric space, and G : Ax X — K (&) a closed multimap which is §-condensing
in the second argument and such that the fized point set Fix G(\,-) :={x € X :x €
G\ x)} is non-empty for each X € A. Then the multimap F : A — P(E), where
F(A) = Fixz G()\, ) is u.s.c.

Lemma 2.8. Let X be a closed subset of a Banach space £, 3 a monotone MNC' in

Eand F: X — K(&) a closed multimap which is B-condensing on each bounded set.
If the fized point set Fix F := {x : « € F(x)} is bounded then it is compact.

Theorem 2.9. Let M be a convex closed bounded subset of £ and F : M — Kv(M)
a B-condensing multimap, where B is a monotone nonsingular MNC in £. Then the
fixed point set Fix F is a non-empty compact set.
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2.3. Measurable multifunctions. Recall some notions (see, e.g., [4], [8]). Let E
be a Banach space.
Definition 2.10. For a given p > 1, a multifunction G : [0,T] — K(F) is called:
o [P-integrable if it admits an LP-Bochner integrable selection, i.e., there exists
a function g € L? ([0, T); E) such that g(¢t) € G(t) for a.e. ¢t € [0,T];
o LP-integrably bounded if there exists a function & € LP([0,T]) such that
IG@)] < &(t)
for a.e. t € [0,T7.

The set of all LP-integrable selections of a multifunction G : [0,T7] — K(FE) is
denoted by S%..

Lemma 2.11. (See [8], Theorem 4.2.1). Let a sequence of functions {{,} C
LY([0,a]; E) be L'-integrably bounded. Suppose that
X({&n} (1)) < a(t) a.e.t€]0,q]
for allm = 1,2, ..., where o € L) ([0,a]). Then for every § > 0 there exist a compact
set Ks C E, a set mg C [0,a] of a Lebesque measure ms < 8§, and set of functions
Gs C LY([0,al]; E) with values in Ks, such that for every n > 1 there exists a function
b, € Gs for which
16n(t) = bn()llp < 2a(t) +6,  t€[0,a] \ms.
Moreover, the sequence {b,} may be chosen so that b, =0 on ms and this sequence
is weakly compact.
In the sequel we will need the following notion.
Definition 2.12. A sequence of functions {£,} C LP([0,a]; E) is called LP-
semicompact if it is LP-integrably bounded, i.e.,
160 (D)l g < v(t) for a.e. t €[0,a] and for alln =1,2, ...,
where v € LP([0,a]), and the set {&,(t)} is relatively compact in E for a.e. t € [0, a].

3. THE LOCAL AND GLOBAL EXISTENCE OF SOLUTIONS
TO THE CAUCHY PROBLEM

Let a multimap
F:[0,a] x E— Kv(E)
be such that:
(F1) for each x € E the multifunction F (-, z) : [0,a] — Kv (F) admits a strongly
continuous selection;
(F2) for a.e. t € [0,a] the multimap F(¢,-) : E — Kv (F) is u.s.c;
(F'3) for each r > 0 there exists a function w, € L*([0, a]) such that for each z € E
with ||z]| < r we have:
1E @) < w(t)

for a.e. t € [0, al;
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(F4) there exists a function p € L*([0, a]) such that for each bounded set Q C E
we have:

X(F(t,Q)) < pt)x(Q),
for a.e. t € [0, a], where x is the Hausdorff MNC in E.
On a linear operator A we pose the following condition:
(A) A : D(A) — FE is a linear closed operator in E generating a Cp-
semigroup{7'(¢)},~-
Denote M = sup {||T(¢)||;t € [0;a]}.

For z € C(]0,a]; E) consider the multifunction:
F:[0,a] = Kv(E), Dp(t) = F(t,x(t)).

From above conditions (F'1) — (F'3) it follows (see, e.g., [8], Theorem 1.3.5) that the
multifunction ® is LP-integrable for each p > 1.

To solve our problem, we will use the superposition multioperator Pz’
C([0,a]; E) — L*°([0, a]; E') defined in the following way:

Py (z) = Sg.,..

Definition 3.1. A mild solution of the Cauchy problem (1.1)-(1.2) on an interval
[0,7], 7 € (0,q] is called a function x € C([0,7]; E) which can be represented as:

x(t)zg(t)aro—i—/o (t— &)1 T(t — s)p(s)ds,  te0,7],

where ¢ € PP (x) and

/ £,(0)T(t70)d )=q / 0¢,(0)T(t76)d6

£(0) = 59—1—%%(9-1/%,

1 & r 1
== Z ) 19*‘1"*17(”(1 +1) sin(nmq), 6 € RY.
(et n!

Remark 3.2. (See, e.g. [18]) [~ 0¢,(0)df = & W7 &, (0) >0.

Lemma 3.3. (See [18], Lemma 3.4.) The operators G and T possess the following
properties:
1) For eacht € [0,a], G(t) and T (t) are linear bounded operators, more precisely,
for each x € E we have

1602l g < Mlzllg; (3.1)

qM .
[T "zl < Ttq [E4IPoF (3:2)

2) the operator functions G(-) and T (-) are strongly continuous, i.e. functions
te[0,a] = G(t)x and t € [0,a] — T (t)x are continuous for each x € E.
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To search for mild solutions of problem (1.1)-(1.2) consider the map

S L>([0,a]; E) = C([0, a]; E),

S(@)(t) = / (t— )71 T(t - )0(s)ds

and the function go € C([0,a]; E) defined as go(t) = G(t)xo.
Consider the multioperator G : C([0,a]; E) — C([0,a]; E), given in the following
way:
G(r) =go+SoPpr(x),  tel0,a],
It is clear that a function z € C([0,a]; E) is a mild solution of problem (1.1)-(1.2)
on the interval [0, a] if and only if it is a fixed point = € G(z) of the multioperator G.

Lemma 3.4. Let a sequence {n,} C LP([0,a]; E), where % < p < 00, be bounded and
1 = o in L'([0,al; B). Then S (na) — S (no) in C([0, al; E).
Proof. For d > 0 consider the operator Sy : L'([0,a]; E) — C([0,a]; E) :
0, t<d
S n — ’7 —_ b
(fn) { vt = )T (t — s)na(s)ds, t>d

Since the integrand in the last expression is the function continuous on [0,t — d], we
have

(3.3)

Sa (nn) = Sa (o) - (34)
in the space C([0,a]; E). Let ¢ be a continuous linear functional on C(][0,a]; E), i.e.,
1 € C*([0,a]; E). Then we have

(1,8 (M) = (¢, Sa (1)) + (¥, S (M) = Sa (M), n=10,1,2,... (3.5)
From the definition of the operator Sy, we conclude:

—s5)at —8)n s
(S (nn) - Sd (nn)) (t) { ﬁ) Z t— S)q 71-’(715'(75 —)3) ( id)dst j;i d.

Then, by using Lemma 3.3, we obtain the following estimates:

1S (1n) = Sa ()l (j0,a1:8) <

fo VT = )|+ [l (s)llds, ¢ < d,
Ji-a f—S)q HITE = )l Nl (s)lids, &> d.

Then, for p € ( é, o0) the above inequalities may be continued in the following way:

1

(Jot =9 s)pplgfgmt—s)np-||nn<s>|pds)P, 1<

(a—=1p p% %
(Sat =95 as) ™ ([T =9l - [na(s)|Pds)” > d
qu(Q*%) [ p—1

p=1
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For p = 0o the corresponding continuation yields
q
< qMd

I'(1+q)

(The constant M here is taken from (3.1)).

Therefore, for an arbitrary € > 0, we may choose such d > 0 that the following
estimate holds true:

17 [ zoe

€

S n -5 n aj; S "
15 (1) = Sa (m)loo.are) < -

C*([0,a);E)

By virtue of (3.4), (¥,S4(n,)) — (¥, 54 (no)), but then for a given €, we may
choose number ng such that

(¥, 54 (1hno) = Sa (n0)) < €/2 (3.7)
Now, by using (3.5), (3.6), (3.7), we obtain:
(¥, S () = S (no)) = (¥, Sa (1) — Sa (no))
+ (¥, 8 () — Sa (1)) + (¥, 54 (no) — S (10))

€ €
<5 T 2Wle-am T o

concluding the proof. O

:6’

Lemma 3.5. Let {f,}52, be a bounded sequence in L*>([0,a]; E') such that

x{fn(®)}) < k(t) a.e. t €]0,a],
where k € LY (0,a). Then
qM ! q—1
XUSL) < 25ms [ (=97 s

Proof. Let ||fullco < K for all n = 1,2,... Then the sequence {Syf,}, by virtue of
estimate (3.2), is an $4LE et in the space C([0,a]; E) of the sequence {Sf,}. By

T'(14+q)
Theorem 4.2.2 of [8] and (3.2) we have
qM /t—d a1
Safn)}nr) <2—— t— k(s)ds. 3.8
XUSaful)i) <2 [ -9 k(s)as (338)
The result now follows from the arbitrariness of d. O

Lemma 3.6. The operator S obeys the following properties:
(S1) if% < p < oo, then there exists a constant C' > 0 such that

1S(€) (&) = S < C”/O 1€(s) = () ds,  &n € LP([0,a]);

(S2) for each compact set K C E and bounded sequence {n,} C L*°([0,al; E) such
that {n,(t)} C K for a.e. t € [0,a], the weak convergence 0, — no in L*([0,a]; E)
implies the convergence S(n,) — S(no) in C([0,a]; E).
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Proof. (S1) By using the Holder inequality, we get:

1SE)(#) = S ()l S/O (t=s)"'T(t =) [€(s) = n(s)l|p ds

<) t(t—s)“szpdsf [ 1 = as %

15(€)®) = S (Bl < Cp/o 1€(s) = n(s)I g ds.

Then

where

[p—l ]pl’l qMaqfi
C =

gp—1 I'(1+q)
(S2) Applying Lemma 3.3, we obtain:

x({S(nn) (t)}) S/Ot(t—S)q_lx({T(t—s)nn})ds:0

This means that the sequence {S (n,,) (t)},—, C E is relatively compact for each
t €10,a.

From the other side, if we take t1,t2 € [0, a] such that 0 < t; < t2 < a, then we
have:

HS(nn (t2)) — S (n (t1))

E

/ ’ (ta — $)T T (ta — 8) np(s)ds — / ' (ty — )T T (t1 — 8) pu(s)ds
0 0

E

/t (ts — )TV T (ta — 5) mu(s)ds

E

[ (= )T Tt = ) — (b1 — )7 T (b1 — 9)) 1 (5)ds
/; ( 2 2 1 1 ) .
= /2(t2—3)q717'(t2—3)77n(8)d8
" B e —s s)ds
[ (=97 = =) Tt - el )
+ /1 (t2 75)1171 (T (ta —8) =T (t1 — 9))nu(s)ds|| = Z1 + Za + Zs,

0 E

where
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(2= 97— (1 — 7Y T — 8) ma(s)ds
L )

)

Zz_|
E

zgz‘

Al@—w*wwrw—Tm—m%@w

E
By using Lemma 3.3 and condition (F'3), we can for each €; > 0 choose §; > 0 such
that |[to — t1] < &1 implies the following estimate:

7, < gM |lwk ||, (t2 —t1)7
I'(1+q) q

To estimate Z5, take constant d > 0, for which we have:

< €1

e
z<| | (1= "™ = 0 =9 ) T =y muloyas|
+ to— )" = (t1—8)T") T (t1 — 8)nu(s)ds|| =T+ I,
N Ad«hd) (0= ) Tt = )|
h=‘A wrwfl—m—@qﬁTm—@m@mE,
I = Ai‘%—ﬁ““%h—@“ﬁTm—QmﬁﬂsE

Consider the function v : [d,a] — R,v(7) = 7971, The given function is continuous
on the interval [d, a], hence, by the Cantor theorem, it is uniformly continuous on this
interval, i.e., for each v > 0 there exists do > 0, such that |75 — 71| < 02 < d, 71,72 €
[d, a] implies

72(171 — T <A

Now, taking 7 =t — s, we get:

M ty —d
1< M ekl At =)
I'(1+q)
By direct integration, for I we obtain:
M d?(2+ 24
1< Mlerlod @2
I'(l+gq)
Taking into account that the family of operators T (¢) is strongly continuous for

x € K, i.e., for each 1 > 0 there exists 3 > 0 such that |to — 1| < §3 implies
|7 (ta —s)x —T (t1 —s)z|| <, = € K,

we get the following estimate:
Z3 < 'ylaq < €4.
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Therefore, for each € > 0 we may choose § = min{d1, da,d3} such that

<Z1+Zo+Z3<€1+e+e3+e4<e€
E

S (1 (t2)) = S (1 (1))

So, the sequence {S (1,)} is equicontinuous. From the Arzela-Ascoli theorem we
conclude that the sequence {S (n,)} C C([0,a];E) is relatively compact. From
Lemma 3.4 we know that the weak convergence 7, — 7o implies S (1,) — S (no)-
Since the sequence {S (n,)} is relatively compact, we conclude that S (n,) — S (no)
in C([0,al]; E). O

To prove that the multioperator G is condensing, define the vector measure of
noncompactness in the space C([0,a]; E)

v: P(C([0,a]; E)) — R
with the values in the cone Ri defined as

v() = phax (¢(D), modc(D)),

where A(Q2) denotes the collection of all countable subsets of €,

de(D) = i t) — a(t
modc(P) = limsup | max o(t) = 2(t)],

¢(D) = sup e P'x(D(t)),
te[0,a]
and the constant p > 0 is chosen so that
C]MHMH /t qg—1 — (t, )
0:=2——"22 t—s e P8 ds < 1.
I(1+q) Jo ( )
Such a choice can be justified in the following way. Take d > 0 such that
oM |l ' _ 1
I'l+q) ¢ 2
and then, choose p > 0 such that
Ml 11
I'(1+gq) pdt=a ~ 2

M ¢ - .
2q ||:u’||oo / (t _ S)q 1 e—p(t—é)ds
L(1+4q) Jo

M t—d _ t _
9 L Ml lAllos / (t—s)T e Pt=9)ds + / (t—s)I e PU=5) gy
I'(1+q) 0 t—d

M 1 e Pd e
o4 4]l oo < : e +)
F(1+q) \d'=7 p q

Now we have

q
< QqMHulloo ( 1 +d> <1
I(1+q) \pdt=7 ¢

Lemma 3.7. The operator G is condensing w.r.t. the measure of noncompactness v.
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Proof. Let  C C([0,a]; E) be a nonempty bounded set and
v(G(Q) = v(Q), (3.9)

where the inequality is taken in the sense of the order in R? induced by the cone Ri.
Let us show that 2 is the relatively compact set.

Since the measure of noncompactness v is nonsingular (see [8]), it is sufficient to
prove the assertion for the multioperator S o Pg.

Let the maximum of the left-hand side of the inequality be achieved on the count-
able set D' = {g,}52 ;. Then

gn(t) = an<t)a fn € P%O(Z‘n), n>1,

where {z,}52, C Q.
By virtue of (3.9) we have:

e({gntnzi) Z e{zn}nii)- (3.10)
Now, we can give a upper estimate for o({g,}2 ).

The x-regularity property (F4) implies
X{fn(9)3n21) < uls) - x{zn(s)}nZr)
= e u(s)e™ - x({zn(s)}az1)

< euls) sup e ({@n(E)}221) = e uls) - p({n}32).

Applying Lemma 3.5 and estimate (3.2), we obtain
aM ]| ! g1
XH{Sfu(t) o) <275 t—s eP?ds | - T Foeq)- 3.11
(0¥ <25 ([ -9 olledi).  (31)
Now, from estimates (3.10), (3.11) it follows that

qMHMH (/t q—1 —p(t—s) >
Tptpey) S 20— —2° sup t—s)" e PN Vds | - p({zn ot
Allenki) <255 sw ([ 0-s) p({zn}iy)

<o-p({zn}nii),
implying
e({zntnzy) =0,
and therefore
x({zn()}nz:) =0
for all t € [0, a].
Now, from inequality (3.9) we have

modc({zn}nZy) < mode ({Sfn}nZy) - (3.12)
Now prove that
modc ({Sfntnz1) = 0.
To do it, let us show that the set

{/Ot(t — $)ITIT(t — 5) fu(s)ds : fu(s) € P;O(xn)}
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is equicontinuous. If we take t1,t2 € [0,a] such that 0 < ¢; < t2 < a, then for
arbitrary f, we will have

HS(fn (t2)) — S (fn (t1))

E

/ i (ta — )T T (ta — 8) fu(s)ds — / 1 (ty — ) T (t1 — s) f(s)ds
0 0

E

/ C(tr — )TN (ta — ) fuls)ds

t1

E

+ / b ((t2 =) Tt = 8) = (1 = )" T (1 = 9)) fuls)ds| =21+ 2,
where . E
7, - /t (ts — )T LT (ta — 5) fuls)ds R
Z,— | [ (= T == - 9 T - 9) s :

By using Lemma 3.3 and condition (F'3) we may find, for each ¢; > 0, such &; > 0,
that for |t2 — t1| < 01, we will have the following estimate:

7, < qM ||wk || (B2 —t1)7 <
I'(1+q) q
To estimate Zs take any e; > 0 and choose
exT(1+ q) } .
Mllwgklloc (29 + 1)
Then, if t; < d and t3 — t; < d, we have the following estimate

d<d1|:

t1

7, < / by — )T T (e — )] - | fuls) s + / (ty — )T T (6 — )] - | fu(s)llds

t1

S/O (t2 = 8)" (| (b2 = s)| - IIfn(s)IIds+/0 (tr = &) T (= sl - [ fn(s)llds

M||lwk || oo

27 4 1)d? <
- I(1+gq) ( ) “

If t1 > d we have

Zy <

/otl_d ((tz — )T T (ta—s) — (1 — )T T (ta — 5>> Ja(s)ds

E

+ zll +IQ)

E

/ttl ((t2 = ) T (12— ) — (0 = " T (02— 9)) fuls)ds

1—d
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/ttl ((t2 )T T (b — ) — (t — )T T (1 — 5)) fols)ds

1—d

E
Choose d < d;y so that

M d?(2+ 24
1< Ml dn@+20) _
I'(1+q)
for a given ez > 0. Since x ({z,, (t)}22,) = 0, then, by Lemma 2.11 for each § > 0
there exist a compact set K5 C E, and a set ms C [0,a], of the Lebesgue measure

mes(mg) < & such that {z, (t)}52, C K; for t € [0,a] \ ms, and so, for I, we have
the estimate

€2

I <

/ ((t2 = ) T (12— ) — (1~ )" T (0 — 9)) Fals)ds
(0,61 —d]\ms

E

+

/[0 b1—dlrm; ((t2 — )T T (ta—s) = (b1 — )" T (1 — s)) fn(s)ds

E

Take § so small that mes(ms) < 2e3d' = for any given €3 > 0. By using condition
(S2) from Lemma 3.6 and, taking into account that F(s,z(s)) C F([0,a] x Ks) we
claim that for each ¢4 > 0, we can choose v > 0 such that |[to — 1] < v will imply
that the first summand in the above estimate for I; will be less than e4.

So, for each € > 0 we may choose §' = min{dy,d,v} such that

Sfn(ta) =Sfn(t1)|| <Z1+Zo+Z3<Z1+L+1h<e¢

E

Since the set {Sf,}52, is equicontinuous, we have modo ({z,}52;) = 0, hence
v(Q2) = (0,0). So, we conclude that Q is relatively compact set yielding that the
multioperator G is condensing w.r.t. the MNC v. O

Lemma 3.8. The multioperator G is u.s.c.

Proof. Since the family G(t) is strongly continuous, it is sufficient to prove the asser-
tion for the multioperator S o Pgr.

Take a sequence {z,},., C C([0,a]; E) such that z, — x. Then for each se-
quence f, € P¥(zp), n > 1 for a.e. ¢t € [0,a], according to condition (F4),
the set {f,(t)} —,, is relatively compact in F, hence the sequence {f,} -, is L'-
semicompact. By the Diestel criterion of weak relative compactness (see [5]), we can

1
assume, w.l.o.g. that f, LN fO. It remains to use property (S2) from Lemma 3.6 [

Now we can prove the local existence theorem for Cauchy problem (1.1)-(1.2).
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Theorem 3.9. Under conditions (A), (F1) — (F4) there exists T € (0,a] such that
the set of mild solutions of Cauchy problem (1.1)-(1.2) X [0,7] on the interval [0, 7]
is a nonempty subset of the space C([0,7]; E).

Proof. Take a number r > 0. Since the family of operators G(¢) is equicontinuous we
may choose 0 < 71 < a such that

1(G(£) — G(0)) zol g < /2 for all £ € [0, 7). (3.13)

Let B,(G(0)zg) C E be a closed ball and R = [|G(0)zo]|, + r, take 72 € (0,a] such
that
M |lwrllo
I'(1+q)
where M is the constant from condition (A), and wg is the function from condition
(F3).

From Lemmas 3.7 and 3.8 we know that the multioperator G is u.s.c. and v-
condensing. Take 7 = min (71, 72). Consider the ball B,.(z°) C C([0,7]; E), where x°
is the function identically equal to G(0)xo.

We will show that the multioperator G transforms the ball B,.(z°) into itself. In
fact, if x € B,(z%), then Izl (jo,m,m) < B for all t € [0, 7] and from condition (£'3)
we have

<r/2, (3.14)

If g < wr(?), ae. tel0,7],

for all f € P(x).
Now, for y € G(x) we have

y(t) = G(t)zo + / (t— )T\ T(t — ) f(s)ds, [ € PF(a).

By using (3.13)-(3.14) and Lemma 3.3, we have the following estimate:

ly(t) = zoll g < [1(G(2) = G(0)) ol +/O (t =) Tt = )lpem) 1 ()] p ds

M |lwrlo 7

<[[(G(t) = G(0) woll 5 + T(1+q)

<r/2+r/2<T,

from which it follows that y € B,.(z"). Now we can apply Theorem 2.9 O

Let us prove the global existence result.

Theorem 3.10. Under conditions (A), (F1), (F2), (F4), and sub-linear growth
condition

(F'3) there exists a function o € LY ([0, a]) such that
1E(E 2) g < @)1+ [[2(8)]lg) for a.e. t €[0,a],

the set of all mild solutions to Cauchy problem (1.1)-(1.2) X [0,a] is a nonempty
compact subset of the space C([0,al; E).
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Proof. Introduce the equivalent norm in the space C([0,al; E) :

], = max e [|lz(t)]| 5,
t a)
where the constant p > 0 is chosen so that for a certain d > 0 the following inequality

holds M o ) i
qM ||
N +—]<N<1
I(1+q) (pdlq q ) B
In the space C([0, a]; E) with the norm |||, , consider the ball
B(0) = {z € C([0,a); B)|[|=[l, <},
where r > 0 is taken so that
M el af -1
>\ M +—=—=>—)(1-N) .
2 (Ml + 2R (- )
Notice that the last inequality implies the following:
M oo a?
I'(1+q)
Let us demonstrate now that that the multioperator G transforms the ball B,.(0) into

itself. In fact, if we will take z € B,.(0) and y € G(x), by using Lemma 3.3, we have,
for any f € P (x) :

t
e P y(®)llp < e PGBl + 6””/0 (t =) = )l i) 1£(5)ll ds

M ||zo||p + + Nr <.

< M [lzoll 5 + % / (= 5T () (1 + lals) | p)ds
< ol + e S0 ([ [ e jato)l o)
< Mol + e Tl 2y g el oo [ (1 sy terds
< M o] + 2

M t—d t
+ ||z %67“ / (t— )7 LePsds + / (t — s)7 LePsds
" I(l+q) 0 t—d

M ||e| ., a4 Mgl (_ 1 ert=d 1 dq)
< M ||z p + 2 2], =2 e P! —_— =
= ” OHE I‘(l—i—q) H ||* F(1+q) dl—a p q
M ||a|, a2 Mq || ( 1 dq>
<M |zollp + =775tz > + =
<M ool + i+l e (o + 5
M |l af
<M ||woll g + —=—— + 2], N <7,
So, [lyll, <.

From Lemmas 3.7 and 3.8 we know that the multioperator G is u.s.c. and v-
condensing. From Theorem 2.9 we obtain that the set £Z [0, a] is nonempty.
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Now we can show that the set © ,[0,a] is a priori bounded. In fact, from the above
estimate it follows that for z € X [0,a] and f € P (), we have for each t € [0, a]:
M |lofl

zl|, M| +

implying the following estimate:

M || o 0 -1
<M = 1-N) .

Applying Lemma 2.8 we obtain that the set X% ,[0,a] is compact. O

4. CONTINUOUS DEPENDENCE OF THE SOLUTIONS SET ON PARAMETER
AND INITIAL DATA

Consider now the dependence of the solutions set of our problem on the parameter
A from a metric space (A, p) :

Diz(t) € Azx(t) + F(t,z(t), N), (4.1)
z(0) = xo. (4.2)
We will assume that the operator A satisfies condition (A) and the multimap
F:[0,a] x E x A — Kv(E) obeys the following conditions:
(F1y) for all (z,\) € E x A the multifunction F (-,z, ) : [0,a] — Kv (F) admits
a strongly continuous selection;
(F2y) for a.e. t € [0,a] the multimap F(¢,-,-) : E — Kv (F) is u.s.c;
(F'3)) for each n € N there exists a function w, € L*([0,a]) such that for each
function « € B(0,n) C C([0,al]; E) we have:
IE @z, M = sup{[[fllz : f € F(t,2,A)} < wa(t)

for a.e. t € [0, al;
(F4)) there exists a function p € L°°([0, a]) such that for each bounded set Q C E
we have:

X(F(t,Q,A)) < u(t)x(Q),

for a.e. t € [0, a], where y is the Hausdorff measure of noncompactness in E.

Theorem 4.1. Assume that conditions (A), (F1y) — (F4y) are satisfied. Suppose

that for a certain value \g € A of the parameter, the solutions set Eft)("")‘o)[O,a] of
problem (4.1)-(4.2) is bounded and satisfies the following condition of extendability:

Zfo("")‘O)[O,T] = Efo(""AO)[O, alljo,s for each T € (0, al. (4.3)
Then for every r > 0 there exists § > 0 such that for each A € A : p(A\, Ng) < 6, the
F('7'7>‘) ;
set Y . [0, a] is non-empty and, moreover,
SECN0,0] € Wy (SEC[0,a))

i.e., the multioperator A —o 250(""/\) [0,a] is u.s.c. at the point \g.
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Proof. Let C' > 0 be a constant such that :
J I CRD
HEmo( 0)[0,a]H <, (4.4)

and

M = max ||T(t)]|.
t€(0,a]

We will show that there exists dg > 0 such that for all A € A : p(\, \g) < dp, we have:
F(A

|zEe )| < e, (4.5)

where 250("")‘) is the solutions set of problem (4.1)-(4.2), i.e., x € Zfo("")‘) if there

exists A > 0 such that for each 7 < A and y” = z|jp ;) € C([0,7]; E), y™ € G(\,y7),

where G(J,-) is the integral multioperator in the space C([0,7]; E) corresponding to
the multimap F'(-,-, \) defined for A € A and = € C([0, 7]; E') by the formula

G\ z)={y: y(t) =G(t)wo+ 2(t), 2 € So P (x)} .

Suppose that (4.5) fails, then we can choose sequences A\, € A, A\, = Ao, t, €
[0,a], x, € C([0,t,]; E), such that :

n € G(n, 2)(t) for t € [0, 1]

and
dist (xn (tn), SEC0) (tn)) =20, (4.6)
dist (a:n (tn) , DEC0) (t)) <2C, t € [0,t,), (4.7)

where dist denotes the distance of a point from a set.

Let t, = limt,, from (F3,) it follows that ¢, > 0. In fact, suppose the contrary.
Then there exists a subsequence of the sequence t,, (without loss of generality, we can
assume that it is the sequence ¢,, itself), which converges to zero. Then from (F'3))
it follows that selections f,, € Slg%,rn(-),kn) satisfy:

1a @]l < wso(t) for ac. t € [0,t].
From condition (4.3) it follows that the set Efo(""AO)[O, a] is compact, so we get
dist (330,250(""’\0) (tn)) 0. (4.8)
By using (4.6), we obtain

0 < 2C = dist (xn (), 5EC0) (tn)>
< ratn) — ol + dist (0, BEC (1)) < 1(G(tn) — Dol

tn
+/ (tn — )T (t, — pm) - 1 fn(s)ll g ds + dist (mo, Efo(-,-,xo) (tn)> (4.9)
0
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Notice that the first term in the right-hand side of the last inequality tends to zero
while n — oco. Since the operator family G(¢) is equicontinuous and the last term
vanishes by virtue of (4.8). For the second term we have the following estimate:

o . M |Jwsc]
/0 (tn = )7 Tt — )Ly ()] s < el8Momga

I'l1+q)
Passing to the limit in (4.9) we get the contradiction.
Now, we prove that there exists a > 0, such that all solutions z,, are defined on
the interval [0,t. — o] and for each z,, there exists a point ¢/, € [0,t. — a] at which
the following inequality holds:

dist (a:n (#,),SEC20) (t;)) > /2. (4.10)

The first part of this assertion follows from the just proved fact that ¢, > 0.

To prove the second part, notice that if at any point ¢; € [0,t,) for some solution
0 F(',‘,)\o) .
z’ € Xz, , we have:
||xn(t1) - xo(tl)HE < 0/2,

then for t; + 7 € [0,t,] we have the following estimate:
Hxn(tl +7)— 2%t + 7')||E
= Hxn(tl + 7') — l‘n(tl) — a:o(tl + T) + Z'O(tl) + In(tl) - ZEO(tl)HE

<lzn(ts +7) = za(t) |l g + |20 +7) — 2°(t2) ||, + [Jan(t2) — 2°(82)]|
279M ||lwsc | o

< |wn(tr) — 2°(t1)]] , + 4.11
From the last estimate, for a small 7 > 0 we get:
|zn(ts +7) —2°(t1 +7)|| ; < C. (4.12)

If we suppose that the desired o does not exists, then by using inequality (4.7) and
choosing t., we obtain the following inequality:

Hmn(tn) - xo(tn)HE < C,

contradicting (4.6).

The family of integral multioperators G : A x C([0,t. —al; E) = Kv(C([0,t. —a; E))
of problem (4.1)-(4.2) is v-condensing in the second argument and hence the sequence
{xn|[07t*_a]} is relatively compact. It follows that for a limit point z* of this sequence
while tending ¢/, to t*, we have:

x*(t) € G(Ag,x")(t) for t € [0,t. — @]

and
dist (:17 (t°), BEC20) (t*)) > /2. (4.13)

Inequality (4.13) contradicts to condition (4.3) and to the possibility to extend
the solution a* of problem (4.1)-(4.2) to the whole interval [0, a], since so extended
solution does not belong to Zfo("")‘“).

Now, it remains only to refer to Lemma 2.7, taking the closed ball B3¢/(0) in the

space C([0,a]; F) as X. O
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5. THE AVERAGING PRINCIPLE

Consider the Cauchy problem for a fractional semilinear differential inclusion in a
Banach space FE :
Dix(t) € Azx(t) + F(t/e, x(t)), (5.1)

z(0) = zo, (5.2)
where € is a small parameter and linear operator A : D(A) C E — E satisfies condition
(A). We will assume that the multimap F': R x E — Kv(E), besides condition (F'1)
satisfies the following additional conditions:

(Fr) the multimap F is T-periodic in the first argument, i.e., for a.e. t € R :

Fit+T,z)=F(t,x),

for all x € E, where T > 0.

It is clear that this condition yields the existence of a T-periodic measurable selec-
tion for the multifunction F'(-, z) for all z € E;

(F'2) the multimap F' is u.s.c. in the second argument, uniformly w.r.t. the first
argument, i.e., for each x € F and € > 0 there exists 6 > 0 such that

F(t,Bs(z)) C W(F(t,x)),

for a.e. t € R;
(F'4) for each bounded set Q2 C E we have:

X(F([0,T] x Q) < k- x(2),

where x is the Hausdorff MNC in E and k > 0.

From condition (F’4) it follows that the multimap F transforms bounded sets into
bounded ones and satisfies condition (F'3).

Parallel to inclusion (5.1), we consider the averaged inclusion:

Dix(t) € Ax(t) + Fo(z(t)), (5.3)

where

From [8], we know the following result.
Lemma 5.1. The multimap Fy : E — Kv(FE) is u.s.c.

For each bounded set 2 C E the following estimate holds true:

X(Fo(©) < k- x(9), (5-4)

where k is the constant from condition (F4). Indeed, for each x € Q and f € P& (x),
we obtain that f(t) € F([0,T] x Q) for a.e. ¢t € [0,T]. Therefore

T
%/0 f(s)ds € caF([0,T] x Q),

moreover, Fy(R?) € @F(|0,T] x Q), hence, due to the definition of the MNC and
condition (F'4), we get (5.4).
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Therefore, to study the solvability of inclusion (5.3), we can introduce the described
above integral multioperator G which, as it was proved, is v-condensing.

To prove the concluding result, we will need the following important theorem which
is the "multivalued” analogue of the Krasnoselskii-Krein lemma (see [8])

Theorem 5.2. Let F satisfy conditions (F1), (F'2), (F'4), (Fr) and sequences
{zn}nz, € C([0,a]; E) and f,, € Pk, where Fy(s) = F(Z,zn(s)), for a.e. s €0,d]
be given. Suppose that €, — 0, xz, < 2°, and f, L f°. Then f° € 73_1;0, where
Fo = Fo(2°(s)), for a.e. s €[0,al.

Denote F.(t,z) = F(t/e, x), for e > 0.
Theorem 5.3. Suppose that the multimap F obeys conditions (F1), (Fr),
(F'2),(F'4) and the solutions set $10[0,a] satisfies the following condition of ex-

tendability:
xIo10, 7] = 2800, al|jp,, for each T € (0, al. (5.5)

Then for every r > 0 there exists g > 0 such that $L:[0,a] # @ and
£5[0,] € W, (£ [0,
for a.e. € € (0, ).

Proof. Consider the family of multioperators
G :[0,1] x C([0, a); E) — Kv(C([0, a]; E))

t
Glewr) = {90 =600+ [ (0= Tt~ o(5)ds. 0 € PR |
0
At first, prove that G is u.s.c. at each point (0,z). To do so, take sequences
{en}2, € [0,1], {zn},—; € C([0,a]; E), such that €, — 0, x, — x. Then for each
sequence ¢, € P (z,), n > 1fora.e. t € [0,a], the set {én},—, , by condition (F'4),
lays in a relatively compact set F([0,T] x {z,,} —,), hence the sequence {¢,} — is
L'-semicompact. Moreover, by the Diestel criterion (see [5]) we may assume, w.l.0.g.,,
1
that ¢, = ¢°. By Theorem 5.2 we get ¢° € P, but the sequence ¢, is bounded,

hence ¢° € Ppy- Now it remains to use condition (Sz) from Lemma 3.6
Now, prove that the multioperator G is condensing w.r.t. the MNC v :

. . 2
v: P(C([0,a]; E)) — RY
with the values in the cone Ri defined as

v(§)) = PR (¢(D), modc(D)) (5.6)

where A(Q) denotes the collection of all countable subsets of €,
p(D) = sup e P'x(D(1)),
t€(0,a]
and the constant p > 0 is chosen so that

qMk

t
0:= 27/ t—s) e P9 gs < 1,
Tt o 7



SEMILINEAR FRACTIONAL ORDER DIFFERENTIAL INCLUSIONS

where k is the constant from condition (F'4).
Such a choice can be justified in the following way. Take d > 0 such that

Mkt 1
I'l+q) ¢ 2
and then, choose p > 0 such that
qMk 1 1
—_—— < .
IF'l1+gq)pdt-2 =2

Now we have

Mk [ _
9 4T / (t —s)T e PU=9) gy
I'(1+q) Jo

qu /t—d g1 (i t 1 e
=2——— (t—s)T e Pt gs 4+ (t—s) e P95
I'(l1+q) ( 0 t—d

qMk ( 1 e rd dq)

_l’_
I(1+q) \d=7 p q

el ( L dq) <1
I(1+q) \pd'=7 " ¢ '

Let Q C C([0,a]; E) be a nonempty bounded set and
V(G([0,1] X ) > n(®).

Let us show that  is relatively compact set.

289

(5.7)

Suppose that the maximum mentioned in formula (5.6) is achieved on the set
D' = {yn},—, . Then there exist sequences {¢,},-, C [0,1] {zn} —, C Q, such that

t
Yn = G(t)zo + / (t—8)T T (t — 8)pe, (s)ds, be, € Pr. (@n)
0

Denote ¢., = fn, n > 1.

Since the MNC v is nonsingular, it is sufficient to prove the assertion for the

sequence g, (t) = Sfn(t), fn € P (v,), n > 1 instead of the sequence {y,};2;.

By virtue of (5.7) we get

e({gntnz) = e({zntnzi),
modc ({gn}n=r) = modo({n}nly)-
Now, we can give a upper estimate for ¢({g,}22 ).
The x-regularity property (F’4) implies
X{fn(s)}nzr) < x(F([0,T]) x {zn},~,)
< k- x({zn(s)}nzi)
= ke x({zn(s)}n21)

< ek sup (e (OF) = - pl{rali)
€[0,a

Applying Lemma 3.5 and estimate (3.2), we obtain

o0 _aMk ([ — )T e ds ) - p({an 22
M Fa0i) < 2t ([ = o evas) ol

(5.10)
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Now, from estimates (5.8), (5.10) it follows that

qME (/t a=1 —p(t—s) )
Tptpeq) < 2———— sup t—s e PU=9ds ) - T foo
Pllaalin) <2 s (-9 e({an}iza)

< o o({anlniy),
implying

e({zn}nz1) =0,
and therefore

X{zn(t)}nz,) =0 (5.11)

for all t € [0, al.
The boundedness of the multimap F on bounded sets implies the boundedness of

the set {fn o € PR (mn)} L From condition (F’4) and (5.11) it follows that the

set F'([0,T] x {xn(t)}22,) is gslatively compact and hence the set {f,(t)}52, is also
relatively compact for a.e. ¢ € [0, a]. Therefore the set {f,,}52; is weakly compact in
LY([0,a]; E). From (5.11) it follows, by Lemma 2.11, that for each § > 0 there exist
a compact set K5 C E, and a set ms C [0, a], of the Lebesgue measure mes(ms) < §
such that {z,(t)}52, C K; for t € [0, a] \ ms. Then from assertion (Sz2) of Lemma 3.6
it follows that the set

o0

{ /Ot(t = $)T T (t = 5) fu(5)ds| fuls) € P (Q)}

n=1

is relatively compact in C([0, a]; E). Then, applying (5.9), we get
modc () < modc (S (10,T) x Q) = mode ({S£u] fa(s) € PE (@)}) =0

where Sf,(t) = [} (t—5)9" T (t — 5) fu(s)ds. It means that v(€2) = (0,0), and hence Q
is the relatively compact set and the multioperator G is condensing w.r.t. the MNC v.

Therefore, we may obtain the desired result following the lines of the proof of
Theorem 4.1 (]
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