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1. INTRODUCTION

The fractional calculus deals with extensions of derivatives and integrals to nonin-
teger orders. It represents a powerful tool in applied mathematics to study a myriad
of problems from different fields of science and engineering, with many break-through
results found in mathematical physics, finance, hydrology, biophysics, thermodynam-
ics, control theory, statistical mechanics, astrophysics, cosmology and bioengineering.
There has been a significant development in ordinary and partial fractional differen-
tial equations in recent years; see the monographs of Abbas et al. [5], Kilbas et al.
[15], Miller and Ross [16], the papers of Abbas et al. [1, 2, 3, 4, 6, 7, 8], Benchohra et
al. [9], Diethelm [10], Kilbas and Marzan [14], Podlubny [19], Vityuk and Golushkov
[22], and the references therein.
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In [13] Herndandez and O’Regan initially offered to study a new class of abstract
semilinear impulsive differential equations with not instantaneous impulses in a PC-
normed Banach space. Meanwhile, in [18, 20, 23, 24] the authors continue to study
other new classes of differential equations with not instantaneous impulses. Motivated
by the above works, we investigate the uniqueness and Ulam-Hyers-Rassias stability of
the following abstract fractional differential equations with not instantaneous impulses
of the form

°D} u(t) = Au(t) + f(t,u(t)); ift € I, k=0,...,m,
u(t) = gp(t,u(t)); ifte Jy, k=1,...,m, (1.1)
U(O) =ug € E,

where Iy, := (Sg, tkt1], Jr = (tk, Sk, °Dy, is the fractional Caputo derivative of order
TE(O,l], O0=s50<t1 <51 <tg <+ < Sm1 <tm < 8m <itmt1 = a, fZIkXE—>
E; k=0,....m, gp : Jy x E— E; k=1,...,m are given continuous functions, £
is a (real or complex) separable Banach space and A is the infinitesimal generator of
a compact analytic semigroup of uniformly bounded linear operators {T'(¢); ¢t > 0}
in E. We present sufficient conditions to obtain some uniqueness of mild solutions
and the Ulam-Hyers-Rassias stability for the abstract impulsive problem (1.1). An
example is also provided to illustrate the main results.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. Let J = [0,a]; a > 0, denote L'(J) the space of
Bochner-integrable functions u : J — E with the norm

Jullzs = / () | e,

where ||.||g denotes a suitable complete norm on E.
As usual, by AC(J) we denote the space of absolutely continuous functions from J
into E, and C := C(J) is the Banach space of all continuous functions from J into E
with the norm ||.|| e defined by ||u||c = sup ||u(t)||g. Consider the Banach space

teJ

PC ={u:J = E:uec C((tk;trit1]); k=0,1,...,m, and there
exist u(t;) and u(t)); k=1,...,m, with u(ty) = u(ty)},
with the norm ||u||pc = sup,c; ||u(t)| &

Let r > 0. For u € L'(J), the expression

Tt = 55 | (6= u(e)in

(r

is called the left-sided mixed Riemann-Liouville integral of order r, where I'(.) is the
(Euler’s) Gamma function defined by I'(c) = [;° t*~te~*dt; ¢ > 0.
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In particular,
t
(RQu)(t) = u(t), (Iju)(t) = / u(7)dr; for almost all t € J.

0
For instance, I§u exists for all r € (0,00), when u € L*(J). Note also that when
u € C(J), then (Ifu) € C(J).
Example 2.1. Let A € (—1,0) U (0,00), 7 € (0,00) and
h(t) =t*; t e J We have h € L'(J), and we get

Definition 2.2. [21] Let r € (0,1] and u € L!(J). The Caputo fractional-order
derivative of order r of u is defined by the expression

A7, for almost all ¢ € J.

“Dyu(t) = (Lﬁ”%u)(t) = ﬁ /O (- r)—T%ude.

Example 2.3. Let A € (—1,0) U (0,00) and 7 € (0, 1], then

T(1+))

cDrt)\:
0 P(l+A—r7)

t*~"; for almost all ¢ € J.

Let a; € [0,a], J1 = (a1,a], r > 0. For u € L*(J;), the expression

+
1

(I)t) = 5 [ (=7 u(e)in

is called the left-sided mixed Riemann-Liouville integral of order r of w.

Definition 2.4. [21] For u € L'(J;) where %u is Bochner integrable on J;, the
Caputo fractional order derivative of order r of u is defined by the expression

cpr _ 17,,‘d
(“Da+u)(t) = (L3 Zu)(B).

Now, we consider the Ulam stability for the problem (1.1). Let e > 0, ¥ > 0 and
®:J— [0,00) be a continuous function. We consider the following inequalities

1°D%, u(t) — Au(t) — f(t,ut)|e < iftely, k=0,...,m, (2.1)
lu(®) — gt u®)||le <€ iftedy, k=1,...,m. '
°D7, u(t) — Au(t) — f(t,u(t))|e < ®(t); iftely, k=0,...,m, (2.2)

lu(t) — gu(t,u) g < U; ift € Jy, k=1,...,m. '
1°DE, u(t) — Au(t) — f(t,u(t))||e < e@(t); iftely, k=0,...,m, 2.3)
lu(t) — ge(t,u(®)||g < e¥; ifte Jg, k=1,...,m. '
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Definition 2.5. [20, 24, 6] Problem (1.1) is Ulam-Hyers stable if there exists a real
number cy g4, > 0 such that for each ¢ > 0 and for each solution v € PC of the
inequality (2.1) there exists a solution v € PC of problem (1.1) with

[ut) —v(®)lle < ecpg; t €.

Definition 2.6. [20, 24, 6] Problem (1.1) is generalized Ulam-Hyers stable if there
exists cy,q, € C([0,00),[0,00)) with ¢s 4, (0) = 0 such that for each € > 0 and for each
solution u € PC of the inequality (2.1) there exists a solution v € PC of problem
(1.1) with

[ut) = v(@®)lle < crgle); t €.

Definition 2.7. [20, 24, 6] Problem (1.1) is Ulam-Hyers-Rassias stable with respect
to (®, U) if there exists a real number c¢s g, & > 0 such that for each € > 0 and for each
solution u € PC of the inequality (2.3) there exists a solution v € PC of problem
(1.1) with

[u(t) —v(t)le < €crg.,0(¥ +O(1)); t € J.

Definition 2.8. [20, 24, 6] Problem (1.1) is generalized Ulam-Hyers-Rassias stable
with respect to (@, ¥) if there exists a real number ¢y g4, ¢ > 0 such that for each
solution u € PC of the inequality (2.2) there exists a solution v € PC of problem
(1.1) with |lu(t) —v(@®)|le < ¢f.g,,0(¥ + O(2)); t € J.

Remark 2.9. It is clear that: (i) Definition 2.5 = Definition 2.6, (ii) Definition 2.7
= Definition 2.8, (iii) Definition 2.7 for ®(.) = ¥ = 1 = Definition 2.5.

Remark 2.10. A function u € PC is a solution of the inequality (2.2) if and only if
there exist a function G € PC and a sequence Gy; kK =1,...,m in E (which depend
on u) such that
@) |IGW)|le < ®(t) and ||Gille <5 k=1,...,m,
(i) Dg u(t) = Au(t) + f(t,u(t)) + G(t); iftely, k=0,...,m,
(790) u(t) = gr(t,u(t)) +Gr; ftedy, k=1,...,m,

One can have similar remarks for the inequalities (2.1) and (2.3). So, the Ulam
stabilities of the impulsive fractional differential equations are some special types of
data dependence of the solutions of impulsive fractional differential equations.

In the sequel we will make use of the following Gronwall’s lemma.

Lemma 2.11. (Gronwall lemma) [12] Let v : J — [0,00) be a real function and w(.)
be a monnegative, locally integrable function on J. If there are constants ¢ > 0 and
0 <7 <1 such that

o(t) < w(t) + c/o (t — ) "o(r)dr,

then there exists a constant 6 = 0(r) such that for every t € J, we have

v(t) <w(t) + 50/0 (t—7) "w(r)dr.
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3. UNIQUENESS AND ULAM STABILITIES RESULTS

In this section, we discuss the uniqueness of mild solutions and we present condi-
tions for the Ulam stability for the problem (1.1). Following [11, 25], we will introduce
now the definition of mild solution to (1.1).

Definition 3.1. A function u : J — E is said to be a mild solution of (1.1) if u
satisfies

u(t) = S-(t)up + fot(t — )" Tt — 1) f(r,u(T))dr; if t € [0,t4],

u(t) = Sp(t — sk)gr(sk, u(sk))
+f — )" Tt —7)f(ryu(r))dr; if tely, k=1,...,m,

u(t) = gr(t,u(t)); ift € Jg, k=1,...,m,

u(0) = uy,
where

/ £ (O)T(t0)do, T.(t) =r / 0¢,.(0)T(t70)do,

&-(0) = 70 17?@,«(0 T)EO,
and

_lq r 1
w Z v 197"T*1Msin(nrﬂ); 6 € (0,00).

T n!

:]

I
=

&, is a probability density function on (0, 00), that is [~ & (6)d6

Remark 3.2. It is not difficult to verify that for v € [0, 1],
0°¢,(0)do = 0~ "W, (0)df = ——=.
| rewan= [ o o = F
Lemma 3.3. [25] For any t > 0, the operators S.(t) and T,.(t) have the following
properties:

(a) For any fized t > 0, S, and T, are linear and bounded operators, ie., for any
u€k,

M
1S @ulle < Mljulle, |T-@)ulle < )

(b) {S-(t); t >0} and {T.(t); t > 0} are strongly continuous.
(¢) For everyt >0, S.(t) and T,.(t) are also compact operators.

[ull &-
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Lemma 3.4. If u € PC is a solution of the inequality (2.2) then u is a solution of
the following integral inequalities

() = Sp(tug — [ (t — 1) To(t — 7) f (7, u(r))dr |

< MIZO(t); if te[0,t],

() = Sp(t = si)gn(sk,u(sk)) — [ (t=7)" " Tt = 7) f(r,u(r))d7 | 2 (3.1)
<SMIT®(t); if tely, k=1,...,m,

Ju(t) = ge(t,u(t)l|e < ¥; ift € Jp, k=1,....m
Proof. By Remark 2.10 we have that
{Cngu(t) = Au(t) + f(t,u(t)) + G(t); ifte I, k=0,...,m,

u(t) = gr(t,u(t)) + Gg; ifteJy, k=1,...,m
u(t) = Sr(t)up + fot(t — )" T (t = 7)(f(ru(r)) + G(1))dr; if t €]0,t],

u(t) = Sp(t — sk)gn sk ulsk))
+ [o =)= ) (f(ru(r) + G(r))dr; i te Ly, k=1,...,m,

u(t) = gr(t,u(t)) + Gg; ift € Jg, k=1,...,m
Thus, it follows that

lu(t) = Se(t)uo — [y (t — 7)1 Tu(t = 7) f (7, u(r))dr|

= || Jy(t = 7)Ao (t = 7)G(7)dT||

< F(,)fo Y16 |pdr

< F(T) fo VYo (r)dr; if t € [0,t],

||U( St = sk)gn(sk,ulsk)) = [1 (£ =) VTt = ) f (7, u(7))dr| 2
= (t—7)""1T.(t — 7)G(1)dT||p

S f )" HIG(T) || pdr

<7 f T1<I>( Ydr; if tely, k=1,....,m

u(t) — gt u@) e = [|Gklle < V5 ift € Jp, k=1,....m

Hence, we obtain (3.1).
Remark 3.5. We have similar results for the solutions of (2.1) and (2.3).

Theorem 3.6. Assume that the following hypotheses hold:
(Hy) The semigroup T(t) is compact for t > 0,
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(Hz2) For eacht € J, the function f(t,.) : E — E is continuous and for each v € E,
the function f(.,v):J — E is strongly measurable,
(Hs3) There exists a constant ly > 0 such that

If(t,u) — ft,D)|e < lfllu—Tl|g, for each t € J, and each u, T € E,
(Hy) There exist constants lg, > 0; k=1,...,m, such that
gkt u) — ge(t, W e < g, [lu — 1|,

for each t € Jy, and eachw,u € E, k=1,...,m.

If
Mlsa”
{:= Ml 1 3.2
g + F(r) <L ( )
where lg = max lg,, then the problem (1.1) has a unique mild solution on J.

=1,....m
Furthermore, if the following hypothesis
(Hs) There exists Ag > 0 such that for each t € J, we have

I, ®(t) < Ao ®(t); k=0,...,m,
holds, then the problem (1.1) is generalized Ulam-Hyers-Rassias stable.
Proof. Consider the operator N : PC — PC defined by
(Nu)(t) = S, (o + [t — 7V \To(t — 1) f(r,u(r))dr; i ¢ € [0, 1],

(Nu)(t) = Sr(t — sx)gr(sk, u(sk))
+ L (=) (- ) f(ru(n))dr; i te I, k=1,...,m,

(Nuw)(t) = gi(t,u(t)); ft € Jg, k=1,...,m.

Clearly, the fixed points of the operator N are solution of the problem (1.1). We
shall use the Banach contraction principle to prove that N has a fixed point. N is a
contraction. Let u,v € PC, then, for each t € J, we have

[(Nu)(£) — (No) ()& < || fo(t =) Tt — 7)
x[f(r,u(r)) = f(ru(r)dr|s: if te0,t],

[(Nw)(#) = (No) (D)l < [|S:(t = s1)(gr (s, wlsk)) = gr (s, v(sk)) |
H| o (=TT = s [ (7 uln) = f(me())drlles if t€ Ty, k=1,....m,

[(Nu)(®) = (Nv)(D)[[ 2 = llgr(t, u(®) — g (t, v(t)|| 5 it € Tk, k=1,...,m.
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Thus, we get

I(Nu)(t) = (No) (@)l < ot =) Tt = )l | Tt = 7)(u(r) = v(7)) | pdr

Mlsa” .
< %HU_U”PC; if te [07t1]a

[(Nu)t — (Nv)tl| s < || Sr(t = s8) (u(t) = 0(t))l|
+ o, (6= 7 T (= ) (u(r) = o(7) || pdr

< (le%frg”) lu—vllpe; if t€ly, k=1,...,m,

|(Nu)(t) — (Nv)(t)||e < lgllu —v||pcsift € T, k=1,...,m.

Hence [|[N(u) — N(v)|lpc < £||lu — v||pc and by (3.2), we conclude that N is a con-
traction. As a consequence of Banach fixed point theorem, we deduce that IV has a
unique fixed point v which is the unique mild solution defined on J of the problem
(1.1). Then we have

o(t) = Sp(tyug + [3(t — ) " T (t — 7) f(7,0(r))dr; i t € [0,t],

v(t) = Sp(t — sk)gr(sk, v(sk))
+fstk(t — )t —7)f(r,0(r))dr; if t €Ty, k=1,...,m,

v(t) = gr(t,v(t)); if tedg, k=1,...,m.

Let u € PC be a solution of the inequality (2.2). By Lemma 3.4 and (Hs), for each
t e J, we get

u(t) = Sp(tyuo — [o(t — 7)1 T (t — 7) f(r,u(r))dr | £
< MMa®(t); if t €0,t],

lu(t) = Sp(t = sk)gr (s, ulsk)) = [1 (¢ =) Tt = 7) f(r,u(7))d7 |
< MXp®(t); if tely, k=1,...,m,

u(t) — gr(t, u)||p < ; ift € Ty, k=1,...,m.



ABSTRACT FRACTIONAL DIFFERENTIAL EQUATIONS

Thus

[u() = v(t)lle < MA®(E) + || [t — )" Tt — 7)
x[f(r,u(r)) = f(r,o(r)]dr|g; if t€10,t],

[u(t) —v®)lle < Aa®(t) + M||gr (s, ul(sk)) — gr(sk, v(sk)| B

+ [ (=) T (= ) (f (7 u(r) — f(r, o) pdr:
if tel, k=1,...,m,

[u(t) —v®)l|e <+ |lgr(tu®) — gkt v(®)|e; € Ty, k=1,....m.
Hence

[u(t) = o)z < Aa®(?)

10 Jo (€ =) Hu(r) = o(@)l|pdrs i ¢ € [0,62] x [0,8],

[u(t) = o)z < MAe®(t) + Mly[lu(t) — v(t)|

+rps JL =T u(r) —o(r)||pdr; i tE L, k=1,...,m,

lu(t) —v(t)|g <O +gllu(t) —v(t)||g; fte Jp, k=1,...,m.
For each t € [0,%1], we have
Mi; [
Tob [ =yt — v lsar
From Lemma 2.11, there exists a constant d; := 01 (r) such that
Ju(t) —v)le < Ms (®(t) + Mlsé Ig (1))

< MM\ (1+le(51)\q>) @(t)

= Cl,f,gk,éq)(t)-
Thus, for each t € [0,1] x [0,b], we get

[u(t) = o) < c1,5,60,0 (¥ + S(2)).
Now, for each t € Iy, k=1,...,m, we have
[u(t) = v(®)lle < MAe®(t) + Mlg[lu(t) — v(t)||le
M,

+ 0 / (¢ ) o)

[u(t) = v(®)lz < MAsD(t) +

Then, we obtain
Mg
1-Ml,

/ (t — ) u(r) — o(7) dr.

Sk

[u(t) —o(@®)]e < o(t)

My
A= M
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Again, from Lemma 2.11, there exists a constant d, := d2(r) such that

1_M%(M“+1_M@%@@)

Mg Ml;6200
<
= l—Aﬂg<L+1—Aﬂg>¢@)

= C2,f,9,,0P(2).

[u() —v(@®)lle <

Hence, for each t € I, k=1,...,m, we get

[u(t) =v(®)lle < c2.5.g.0(¥ + (2)).
Now, for each t € J, k=1,...,m, we have

[u(®) —v(#)|e < U+ gllu(t) —v(@®)]| -
This gives,

v
lu(®) = o(®)lls < =1 = copan 0¥
g

Thus, for each t € Ji, k=1,...,m, we get
[u(t) = o)l < cs.1.g5.0 (¥ + B(2)).

Set crg, .0 = I{nax }Ci7f’gk,q>. Hence, for each t € J, we obtain
i€{1,2,3

[u(®) =v@®)lle < cfg.,2(V+ S(1)).

Consequently, problem (1.1) is generalized Ulam-Hyers-Rassias stable.

4. AN EXAMPLE

As an application of our results, we present the fractional differential equations
with not instantaneous impulses of the form

Dy 2(t,2) = Z5(t,2) + Q(t, 2(t,x)); te0,1]U(2,3], =el0,x],
z(t,x) = g(t, 2(t, x)); te(1,2], x € [0,7], (4.1)
z(t,0) = z(t,m) = 0; te0,1]U(2,3],
Z(O,I) = ¢($)v T e [Ovﬂ_]a
where D, := gTT,, is the Caputo fractional partial derivative of order r € (0, 1] with
respect to t. It is defined by the expression
c 1 ¢ 0
Dg,2(t,x) = F(l—r)/o (t—7) EZ(T’ x)dr,
Q:([0,1]U(2,3]) x R - Rand g: (1,2] x R — R are given by
1
t,z(t = it 0,1]uU (2,3 0,1 0
Qt=(62) = ey C (000 230 < 0.1, x € fo.x)
1 2
g(t, z(t,z)) = Wln(l +t7 + |2(t, 2)]); t € (1,2] x [0,1], z €[0,7],

and ¢ : [0, 7] — R is a continuous function.
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Let E = L?([0,7],R) and define A: D(A) C E — E by Aw = w” with domain
D(A) ={w € E : w, w' are absolutely continuous, w” € E, w(0) = w(x) = 0}.

It is well known that A is the infinitesimal generator of an analytic semigroup on F
(see [17]). Then

o0
Aw = 72n2 <w, e, > en;w € D(A),
n=1

where

2
en(x) = \/;Sin(na:); z€[0,7], n=1,2,3, ...

Clearly A generates a compact semigroup T'(t); t > 0 given by

o0
Tt)w = Z et < w en > en; wE E.

n=1

Hence the assumptions (H;) and (Hj) are satisfied.
For x € [0, 7], set u(t)(x) = z(¢,x); t€0,3], wo(x)=2(0,2) = ¢(z),
o
02

ftu(®)(x) = Qt, 2(t,2));  t€0,1]U(2,3],

Au(t)(x) (t,x); te][0,1]U(2,3],

and

gt,u(t))(x) = g(t, 2(t,2)); te(1,2].
Thus, under the above definitions of ¢, A, f and g, the system (4.1) can be represented
by the functional abstract problem (1.1).

For each z,z,€ FE, t € [0,1] U (2,3] and = € [0, 7], we have
£ 2(0) @) ~ F(EZO)@)] < To(t,2) — =(0.2)]

then, we obtain

1
I1£(t,2) = (t,7s < =iz — =1l

Also, for each z,Z, € E, t € (1,2] and x € [0, 7], we can easily get

1
t,2) — g(t,2|g < — ||z — 2| 5.
lg(t,2) = 9(t.Zlle < 7112 ==&

Thus the conditions (Hsz) and (Hy) are satisfied with Iy = [, = 1. We shall show

that condition (3.2) holds with a = 3 and M = 1. Indeed, for each r € (0, 1] we get

Mijam 1 3 7
0= — Y
ot Ty T T Iare SIS
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Hence, we ensure the existence of unique mild solution defined on [0, 3] for the problem
(4.1). Finally, the hypothesis (Hj) is satisfied with ®(¢) =t and A = . Indeed,
for each (t,z) € [0, 3] x [0, 1] we get

r(2)tt+r 3"t
re2+r) ~T'2+r)
Consequently, Theorem 3.6 implies that the problem (4.1) is generalized Ulam-Hyers-
Rassias stable.

3"
T(2+r)

(Lo ®)(t) = = Ap®(1).
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