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Abstract. Recently, in the papers [14] and [15], the author established some results pertaining
to the continuous dependence of the fixed points in normed space and Banach space settings for
some iterative processes by using general contractive conditions. Both papers were devoted to the
partial fulfillment of the open question in [3], that is, ”apart from the Picard iteration, the continuous
dependence of the fixed points has not been studied so far for other fixed point iteration procedures.”
In the present paper, our purpose is to further investigate the continuous dependence of the fixed
points in uniformly convex Banach space for nonexpansive and quasi-nonexpansive mappings. Our
results extend some recently announced ones in the current literature.
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1. INTRODUCTION

Let (E,d) be a complete metric space and T : E — E a selfmap of E. Suppose
that Fr = {p € E | Tp = p} is the set of fixed points of 7.
There are several iterative processes in the literature for which the fixed points of
operators have been approximated over the years by various authors. In a complete
metric space, the Picard iteration {x,} -, defined by

Tpy1 =Txy, n=0,1,..., (1.1)
has been employed to approximate the fixed points of mappings satisfying the in-
equality relation

d(Tx, Ty) < ad(z,y), Vz, y € E and a € [0, 1). (1.2)
Condition (1.2) is called the Banach’s contraction condition.
In the following, in a normed linear space or a Banach space setting, we state some

of the iterative processes for which (1.1) is a special case:
For zy € E, the sequence {z,},, defined by

Tpi1 = (1 =Nxp + ATz, A€[0,1], n=0,1,..., (1.3)
is called the Schaefer’s iteration process (see [21]).
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For z € E, the sequence {z,},-, defined by
Tnt1 = (1 —an)xn + @nTe,, n=0,1,..., (1.4)

where {a,}oo o C [0,1], is called the Mann iteration process (see [11]).
For z € E, the sequence {x,},, defined by

k k
Tnp1 =D 0 Twp, n=0,1,2,..., Y oy =1, (1.5)
i=0 i=0
a; >0, ag # 0, a; € [0,1], where k is a fixed integer is called the Kirk iterative
process (see [9]).
For zy € E, define the sequence {x,},- ; by

k k
an:ZamT%n, n=0,1,2,..., Zan,i:L (1.6)
i=0 i=0
algorithm was introduced in Olatinwo [12].
In many applications, the operator T" in the Picard iteration of (1.1) depends on
an additional parameter A € Y, where Y is a parameter space. Therefore, (1.1) is
replaced by the equation

where a,, ; >0, o, 0 # 0, ap, ; € [0,1] and k being a fixed integer. This iterative

Ty = S) T, 3:,\EE, AEY. (17)

Condition (1.2) was employed in Zeidler [22] to prove a result on the stability of the
fixed points (that is, continuous dependence of the fixed points on a parameter) for
the Picard iteration. In Rus [16] and also Berinde [3], the continuous dependence
of the fixed points on a parameter has been well formulated in the following general
context in a metric space: Let (F, d) be a complete metric space, (Y, 7) a topological
space and Sy : £ X Y — FE a family of operators depending on the parameter \ € Y.
Suppose that Sy := S(., A), A €Y, has a unique fixed point z%, for any A € Y.
Define the operator U : Y — E by

UN) =25, VA€Y.

We are interested in finding sufficient conditions on S that guarantee the continuity
of U. In Olatinwo [13], the concept of the continuous dependence of the fixed points
on a parameter has been studied for the Schaefer and Mann iterative processes in
normed linear space. Also, in [14], the concept was studied for Kirk and Kirk-type
iterative algorithms in Banach space.

Our purpose is to further investigate the continuous dependence of the fixed points
in uniformly convex Banach space for nonexpansive and quasi-nonexpansive mappings
by using Mann, Kirk and Kirk-Mann iterative processes. Our results extend some
recently announced ones in the current literature. In particular, see [3, 2, 16, 17, 19,
20, 22] as well as the recent results of the author [13, 14]. For abstract view point
concerning iterative approximation of fixed points, one can consult Rus [18].

We shall establish our results using the following contractive conditions:
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Definition 2.1. For a continuous mapping S : £ x Y — E, there exist a real
number a € [0,1) and a monotone increasing function ¢ : Ry — R, such that
¢(0) =0 and V x, y € E, we have

[9xz — Sayll < @(llz — Sxzll) +allz —yll, AeY. (1.8)

In addition to condition (1.8), we investigate the continuous dependence of fixed
points for nonexpansive mappings:
Definition 2.2. A mapping S : E X Y — F is said to be nonezpansive if

[Sxe =Syl <l —yl, Vo, ye E, AeY. (1.9)

Lemma 2.1. (Olatinwo [14]) Let (E, ||-||) be a Banach space and let Sy : EXY — F
be a mapping satisfying (1.8), where ¢: Rt — R™ is a sublinear, monotone increasing
function such that ¢(0) =0. Then, Vi e N, and V z, y € E, XA € Y, we have

st = sl < 3 (0)a (e = Saal) +alle =yl (110)
j=1
Lemma 2.2. (Groetsch [7]) Let X be a uniformly convex Banach space and let
z, ye X If ||| <1, |ly]| <1 and ||z —y|| > € > 0, then

Az + (1= Ayl| <1—20(1—\)d(e) for 0 < A < 1.

2. MAIN RESULTS

Theorem 2.1. Let (E,||.||) be a uniformly convex Banach space and (Y, T) a topo-
logical space. Let S: E XY — E be a continuous mapping satisfying (1.8). Suppose
v : Ry — Ry is a sublinear monotone increasing function such that ¢(0) = 0. Let
x3 be the unique fized point of Sy ( where Syx = S(x,\), x € E, A € Y). Suppose
{zn},—, is the Kirk-Mann iterative process defined by (1.6) with E?:o ap, ; = L
Then, the mapping U : Y — E, given by U(A\) =z, A €Y, is continuous.

Proof. Let A1, Ay € Y. Then, we shall apply Lemma 2.1 and the triangle inequality
in the sequel. Let S° = I (identity mapping). Then, I(x),\) = Ixzyx = xx. Let
a3, — 25,1l # 0,

* * k T ek i *

Ty, — T}, Do Qxy (ST, A1) = Sty A1)

w(Ar, A2) = "0, v(An, Ag) = ! 11_ - :
23, — 23, (1 —ax, o)z, — 23,

Then, we have

¥ — i xr ot
lu(Ar, )l = || <M> < %, = 25,0 1

|23, = 23,1l 25, = 25,0
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and by Lemma 2.1 we have that

S an, (SH:, A1) =S (@5, ,0))
e e e

SF a8 (@S, A -5 (@), Al

< = ¥
- (1_00\1, O)Hw)\l _3:>\2H
N ) )
_ Zi:l ANy, 1'”83173;1_5311;2”
. (1*04/\1, 0)|L93§\1 :EKZ{H ) . B} A .
< Ehion AZI (Ja e a3, =Sa, w3, D+allel, —a3, 1}
- (1_(:”\1, 0)“3611_7;;2“
k ; * k i k
. (Zizl Qxq, ial)HI;l*I)\zH _ iy e < 2is1 9, =1
- (1—« ez —x%_|| - 11—« = l-a -
A1, 0 A1 g A1, 0 A1, 0
since
k
e} ad =a a—+ o a’® + +« ak
A1, A1, 1 A1, 2 A1,k
i=1

k
SO‘)\L1+O‘>\1,2+"'+a>\1,k:ZO‘M,H
i=1
k
where ZO‘M, =1l—ay, ,, a€(0,1).
i=1

k k
2%, — a3, = 1D an 575, M) = D ans, 1S7(a3,, M)l
i=0 i=0

k

< ”a)\l, o(xj\l - x§2) + ZaAl, i (Sl(xila)‘l) - Si($§27>‘1)) ”
=1

k k
HID an,  SHak, M) = Y an, Sk, M)l
=0 =0

< || x ok 1?;1 B xﬁ\g
= ‘Z‘Al IAQH HO[AL 0 ||(E§\ — l‘; ||
1 2

Zf:l QX (Si(xil, )‘1) - Si(miw)\l))

+ 1—00\ " "
N S L

k k
1Y e Shan, = e, Sk,
1=0

=0
= ||$§1 - "L‘;Q” Hakl, 0U(>\1,)\2) + (1 — Q) 0)’1)()\1,)\2)”
k

k
HID an,  Shak, = Do, Sl
i=0 i=0

(2.1)
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Using Lemma 2.2 in (2.1) yields

23, = 23,1 < [1 =200, (1 —ax, 0)d(e)] 23, — 23,
k k
+ || Z CY)\l, is’;\lmﬁ\g - Z a)\2, isg\z’rjiz ||7 (22>
i=0 i=0
from which it follows from (2.2) that

k i k i
H Zi:o Qg risglxig - Zi:o Ny, 153\213;2”
200\1, 0(1 — Qg 0)6(6)

which implies that, ||z}, — 23 [| — 0 as Az — A;.

That iS, ||U()\1) — U()\Q)H — 0 as Ay = A1,

Hence, the mapping U : Y — E, defined by U(\) =z}, A €Y, is continuous.
Theorem 2.2. Let (E,||.||) be a uniformly convex Banach space and (Y,T) a topo-
logical space. Let S : E XY — E be a (continuous) nonexpansive mapping. Let x%
be a fized point of Sy ( where Syx = S(x,\), x € E, XA € Y). Suppose {x,,} -, is the
Kirk-Mann iterative process defined by (1.6) with Zf:o oy, i = 1. Then, the mapping
U:Y — E, given by UN) =%, A €Y, is continuous.

Proof. Let A1, Ao €Y. Let S = I (identity mapping). Then, I(zx,\) = I\x) = ).
Let |25, — o3, £ 0,

Hxil - C5’§\2|| < — 0 as Ao = Aq,

* ok v - Si(* 7)\ _ Si(g* ,A
u()\17/\2) — M U(/\17>\2) _ szl Qx| L( (1')\1 1) (IE)\z 1))

AN (1 —an, ollz3, — 23,
Then, we have
Tx T I
[u(Ar, A)[| = || (M | <1,
)\1 )\2
and by the nonexpansiveness of S, we have that
Yoy 1873 A =S @, AN i ey IS5 25, -85 ek, |l
[v(A1, A2)| < (=an;, oleg, =5, | = T (Tman, olloy, oL,
Z:;C:l ANy,
<Z=tPus g

— 1_0‘)\1, o

The second part of the proof of this theorem is the same as that of Theorem 2.1.
Theorem 2.3. Let (E,||.||) be a uniformly convex Banach space and (Y,7) a topo-
logical space. Let S : E XY — E be a continuous mapping satisfying (1.8). Suppose
¢ : Ry — Ry is a sublinear monotone increasing function such that (0) = 0. Let
x} be the unique fized point of Sy ( where Sxx = S(x,A), x € E, A € Y). Suppose
{xn},—, is the Kirk iterative process defined by (1.5) with Zf:o a; = 1. Then, the
mapping U : Y — E, given by U(X\) =z}, A €Y, is continuous.

Proof. Let A1, X2 € Y. Let S = I (identity mapping). Then, I(zx,\) = I\x) = .
Let |25, — a3, £ 0,

* * k i * 1
BT o = S (S, ) = S, )
b (1 = ao)llzy, — 3, |l '

AL, A2) =
U( 1 2) Hxil_szH’
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Then, we have ||u(A1, A2)]] < 1, and using Lemma 2.1 yields |[v(A1, A2)|| < 1. Using
the Kirk iterative process defined by (1.5) and applying Lemma 2.2 lead to

k i k i
|| Zi:l aisglsz - Z’Z:l a25§\2 x";\g H
2a0(1 — ap)d(e)

||5U§\1 _$§2|| < — 0 as Ay = Aq,

which implies that, ||z}, — 23 [| — 0 as Ay — A;.

That is, ||U()\1) — U()\g)” — 0 as \g — 1.

Hence, the mapping U : Y — E, defined by U(A) = 23, A €Y, is continuous.
Theorem 2.4. Let (E,||.||) be a uniformly convex Banach space and (Y, T) a topolog-
ical space. Let S: E xY — E be a (continuous) nonexpansive mapping. Let x% be a
fized point of Sy ( where Sxx = S(x,A), x € E, XA € Y). Suppose {xy,} —, is the Kirk
iterative process defined by (1.5) with Z?:o a; = 1. Then, the mapping U : Y — E,
given by U(X\) = x5, A €Y, is continuous.

Proof. This follows similarly as in that of Theorem 2.3.

Theorem 2.5. Let (E,||.||) be a uniformly convex Banach space and (Y, 7) a topo-
logical space. Let S: E XY — E be a continuous mapping satisfying (1.8). Suppose
¢ : Ry — Ry is a sublinear monotone increasing function such that (0) = 0. Let
x} be the unique fized point of Sx ( where Sxx = S(x,A), x € E, A € Y). Suppose
{xn},—y is the Mann iterative process defined by (1.4) with Zf:o a; = 1. Then, the
mapping U : Y — E, given by U(X\) =z}, A €Y, is continuous.

Proof. Let A1, Ay € Y. Let ||z}, — 3 [| # 0,

S(a3,s A1) = S(@3,, M)

23, — 23,

u()\b)\Q) — M) 'U()\l»)\Z) —
23, — 23,

Then, |lu(A1,A2)]] < 1, and [|[v(A1, A2)|| < 1. For the Mann iterative process, let
kx, =1—ay,, kx, =1 — ay,. Therefore,
23, = 2, [ < ka2, 4+ an, S(a),, M) = kx,a), — an, S(23,, A2)
= [[kas (2}, = 23,) + (kx, = kay)2, +an, (S(2,, M) = S(23,5 A1)
+an, S(x},, A1) — ax, S(23,, A2)||
<A =ax,) (@), —23,) + an, (S(@),, A1) = S5, M)l
+ lon, — o | |23, T+ llax, S(@3,, M) — an, S(23,, A2) |
(3, —23,) N (S(@3,, M) = S(x3,, A1)
o, =3, ey, —
+ lon, — o | |23, [+ llax, S(@3,, M) — an, S(23,, A2) |
= ll=x, = 2%, 1 [(1 = ax)u(rs, A2) 4+ o, v(A1, A |

+ |a)\2 - a>\1| ||$§\2H + ||a>\ls>\lx§\2 - a>\2S>\21’§\2H' (23)

< lzx, =23, 1 I —any)

Applying Lemma 2.2 in (2.3) yields

23, =25, < [1—2ax (1 —ax)é(e)] [z}, — 23,
+|az\2 - a)\l‘ Hxi2” + “aA15A1x§2 - a)\zs)\Qx;2”’
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from which it follows that

lox, = an, | |23, [l + [lan, Sx, 23, — an, Sh, 23, |l

* ok <
Hl’)\l :E)‘ZH - 201)\1(1 - O‘>\1)5(€)

— 0 as Ay — Aq,

which implies that ||z}, —23,[ = 0 as Aa = A;.

That is, ||U()\1) — U()\Q)H — 0 as )\2 — )\1.

Hence, the mapping U : Y — E, defined by U(A) = 23, A €Y, is continuous.
Theorem 2.6. Let (E,||.||) be a uniformly convex Banach space and (Y, T) a topolog-
ical space. Let S: ExY — E be a (continuous) nonexpansive mapping. Let x% be a
fized point of Sx ( where Syx = S(x,A), x € E, A €Y). Suppose {x,}, -, is the Mann
iterative process defined by (1.4) with E?:o a; = 1. Then, the mapping U : Y — E,
given by U(X\) = x5, A €Y, is continuous.

Proof. As in Theorem 2.5.

Remark 2.7. To the best of our knowledge, our results are original, extend and
improve the recent results of Olatinwo [13, 14] and Proposition 1.2 of Zeidler [22].
See also the recent results of [3, 2, 17, 19, 20].
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