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to certain impulsive multi-orders fractional initial value problem in a finite dimensional Banach space.
The obtained result is based on the Schauder’s fixed point theorem as well as certain continuation
process. Finally, an illustrative example is provided.

Key Words and Phrases: Caputo’s fractional derivative, multi-orders, impulsive conditions,
Schauder’s fixed point Theorem, PC-Ascoli-Arzela Theorem, continuation process.

2010 Mathematics Subject Classification: 26A33, 34A12, 34A37, 47TH10.

1. INTRODUCTION

Due to their intensive applications in the modeling of many phenomena in vari-
ous fields of science and engineering, Fractional Differential Equations (FDEs) have
attracted the attention of a great deal of investigators in the last decade. Actually,
the theory of FDEs has been rapidly developed, see the monographs of Kilbas et al.
[14], Kilbas and Trujillo [15, 16], Lakshmikantham et al. [17], Miller and Ross [18],
Srivastava and Saxena [23], Podlubny [22], Agarwal et al. [1], and so we can encounter
in the literature several new results dealing with the FDEs such as in viscoelasticity,
electrochemistry, control, porous media, etc. (see [9, 11, 13, 21] and the references
therein).

Regarding the impulsive fractional differential equations (IFDE), we mention that
they are nowadays an important tool for various mathematical models such as in phys-
ical and mathematical sciences. Due to their effectiveness, impulsive conditions have
been used in specific models dealing with rapid changes which cause the discontinuity
of the solution in a finite or infinite increasing temporal moments. For this reason
several mathematicians are investigating the properties of solutions of such problems;
unfortunately, most of the developed results are studied in the finite interval [0, T, see
[3, 4, 7, 19]. For instance in [10], the authors studied the existence and uniqueness of
a class of impulsive fractional differential equations on J = [0, 7] and they introduced
a new formula of solutions for an impulsive Cauchy problem with Caputo’s fractional
derivative by applying fixed point methods.
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As far as we are involved in the study of impulsive fractional equations we must
point out that Lemma 2.6 used in [10] to obtain the equivalence between an impulsive
fractional problem and an integral equation is not correct as we see in the following
counter-example:

Let us consider the function described on page 48 of the famous book of B. Nagy and
F. Riesz [20] which is an example of a monotonic continuous function F : [0,1] — R,
not constant in any subinterval of [0,1] and satisfies F’ = 0, almost everywhere in
[0,1]. So, in terms of Caputo’s derivative we would have formally for any a € (0,1)

OpgF(t) = ﬁ/o (t— )" F'(s)ds =0, t € [0, 1]

F(a) = Fy, (0<a<1l), Fybeing the value of F at a.

However, there is no apparent equivalence between this problem and the fractional
integral representation of F' defined in Lemma 2.6 [10], otherwise the function F' (t)
would be constant and equal to Fy throughout the interval [0, 1] which is a contradic-
tion! Furthermore, since in the same work Lemma 2.7 is based on Lemma 2.6 then it
is not correct and may lead to apparent contradictions... For further details see the
recent paper of A. Bouzaroura and S. Mazouzi [8]. The reader may find in the recent
comments about the concept of impulsive fractional differential equations of [24] that
the proposed approach in [10] is incorrect.

Our main contribution in this paper is the study of new multi-orders fractional
problems in a finite dimensional normed space (X, ||. ||) such as either the Euclidean
space R™ or C" subject to some impulsive conditions, namely

CD::jky(t) - A(t)y(t) + f(tay(t))7 teJy= (tkatk+l]a k= 0,1,...,
y(0) =yo € X, (1.1)
y(t) = y(t) + In(y(ty), k>1,

where CD?f is the Caputo’s fractional derivative of order ay € (0,1), k = 0,1,..;
k

Jo = [0,t1]; Jx = (tg, tr41], for k =1,...; and yo is a given initial value in X. On the

other hand, A:J =[0,4+00) — B(X), where B(X) is the Banach space of bounded

linear operators on X into itself, f : JxX — X and I}, : X—X are given continuous

functions, 0 = tg < t1 < ... < tp < timy1 < ... Finally, y(t:) = lim+y(tk +h) and
h—0
y(t, ) = lim y(tx + h) represent the right and left limits of y(t) at t = ;.
h—0—

Let us first anticipate our study by a concrete example of such a problem in R in
a finite interval [0,T], T > 1, namely

CDYPy(t) =12 —1, te Jy=[0,1],

DByt =12 —2t41, teJ, = (1,T], (12)
y(0) =1,

y(1h) =y(1)+2
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First, we look for a piecewise continuous function y : [0,1] — R satisfying (1.2).
Solving the subproblem
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so that y (1) =1 — 151\‘%.
Next, solving the subproblem

{ DYyt =1 —2+1, te

y(I) =y (1) +2=3- 1

157’
we find
1 ¢ —2/3 2
y() = y(1t +7/ t—s s—1)"ds
14 2
= 3 ’ (t—1)73.

TN * 14T (1/3)
Thus, the piecewise continuous function
14+ 25152 — 2412t e J,
y(t :{ yT

1oV 7/3
3= 151\4/% + 141“2(1/3) (t-=1)"", tey,

is a solution to the impulsive fractional problem (1.2).

In view of these new ideas we intent to extend in this paper recent results on frac-
tional differential equations on unbounded domains, for instance those of Benchohra
et al. in [2, 6] established in the absence of impulses, as well as those of K. Balachan-
dran et al. in [5] considered in a Banach space but only for the finite interval [0, T7].
We point out that using the Schauder’s fixed point theorem combined with the diag-
onalization process the authors in [2, 6] proved the existence of bounded real-valued
solutions of some fractional order differential equation on the half-ray J = [0, +00).

The paper is organized as follows, in section 2 we introduce some basic definitions
and notations, and give some necessary lemmas that will be used throughout this
paper. In section 3 we state and prove our main results. Finally, in the last section
we give a concrete example that illustrates the existence result established in Theorem
3.1.

2. PRELIMINARIES

Let RT = [0, oco) and let I be an arbitrary interval of R; we denote by C(I, X)
the linear space of all continuous functions y : I — X.

First, we introduce the Caputo’s fractional derivative as defined in the reference
[14]. We have



416 HAMZA MEDJEKAL AND SAID MAZOUZI

Definition 2.1. We define the left-sided fractional Riemann-Liouville integral of or-
der a € (0,1) of a function f : [a,b] = X as follows

T f() = I‘(la)/ (t— 5)° f(s)ds, > a.

We define the left-sided fractional derivative of order a € (0,1) of a function f :
[a,b] = X in the sense of Caputo by

1

Do, ft) = F(l—a)/ (t—s)"f (s)ds, t>a.

Remark 2.1. We point out that the above integrals are understood in the sense of
Bochner and we assume that the function f satisfies the necessary conditions for
which those integrals are well defined.

We set
Jo =1[0,t1]; Jk = (tk,te+1], k= 1,... and m,, = max{k € N, t, <n}, for n > 1+[t1],
and for each n > 1+ [t1], we introduce the Banach space
reo. )= { 3 e ) o) k=
equipped with the norm
Iyl = sup [ly@®)]-
telo,n]

We need the following hypotheses:
(Ho) {on}pso € (0,1). We set a =sup{ay} and IV = ;r;% {T(a +1)}.
= k>0 >
(H1) f: JxX — X is a continuous function.
(H2) There exist a continuous bounded function P : J — RT and a continuous

nondecreasing function ¢ : J — R¥ such that

It w)l < P)e(lul), t€J, ueX, o)
and )
BN | e
"o ;F(%_l)t_/l (=) 'P(s)ds < oc.

We put || Plloc = sup| P(t)]
(H3) A: J—= X is continuous and satisfies the estimate
[A®5x) < alt), t =0,

for some continuous bounded function a : J — R such that
ti

oL R
a = ;F(ail)t/(tz s) a(s)ds < co.

i—1

We set ||allco = supla(t)].
>0



MULTI-ORDERS IMPULSIVE FDE 417

(H4) The functions I, : X — X are continuous and there exists a sequence of positive
numbers {Ag},~; such that

k()] < Ak, we X,

and
k>1
(Hs) There exists a constant p > 0 such that
[yoll + A+ a”p +p*p(p) < p. (2.2)

Next, consider the impulsive differential equation of fractional multi-orders
“Dily(t) = Ay (t) + f(ty(), t € kN [0,n], k=0,1,..,my,
k
y(0) =yo € X, (2:3)
y(t) =y () + Le(y(ty)), k=1,2,...,my.

To be more rigorous we define a solution to the problem (2.3) as follows
Definition 2.2. A function y € PC([0,n],X) is said to be a solution to the problem
(2.3) if CDiiy (t) exists for t € J, N[0,n], for each k = 0,...,m,, and satisfies the
equation CDtOZ“‘+ y(t) = A@)y(t) + f(t,y(t)) fort € J.N[0,n], for each k=0,...,m,
and the conditions

y(0) =yo € X,
{mﬁﬁiuw+a@@w,k:Lzmm% (2.4)

Next, we state and prove a useful equivalence between problem (2.3) and certain
integral equation.
Let h € C(R*, X) and consider the fractional differential equation

DR y(t) = h(t), te Jen[0,n],k=0,..,m, (2.5)

We refer to (2.5)-(2.4) as (pb), we have the following result:
Lemma 2.1. A function y € PC([0,n],X) is a solution to the problem (pb) if and
only if it satisfies the following integral equation

t
Yo + 71“((110) [t —s)*™ 1 h(s)ds , t € [0,t1]

0

tq

k
p0 =4 w0+ Xy [ (9 h(s)ds

i—1

(t — s)2 ~1h(s)ds + ﬁ: Ly(t;)), te Juyn[0,n], k=1,..,m,.
- (2.6)

_|_
Fe

T(ow)

Proof. Let y be a solution to problem (pb) and let t € [0,¢1], then we have

y(t) =yo + F(;O) /(t — 5)* 71 (s)ds.
0
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If t € (t1, t2] N[0, n], then

1) = u(t) + s [ (=™ hs
i)+ D) + s [0 he)d
=0+ B() + gy [ (=™ b
0

L —5)* I n(s)ds

ty

+

If ¢t € (t2,t3] N[0, n], then we get once again
t

[ 2= thispas

ta

1

y(t) =y(t3) + T(a)

= 3lt7) + Bao(13) + gy [ (6= ) ()

/tl—SaO 1h )d
0

=yo + L(y(t7)) + La(y(

1 i a;—1 1 / az—1
+ F(al)t/(tg —s) h(s)ds + (o) /(t —s) h(s)ds,

and more generally, if t € J,N[0,n], k=1,..,m,, then we get

k ti

y(t) = yo + Z o) / (t; — s)* = " h(s)ds

ti—1

1 ar—1 - . -
+ Tar) /(t —5) h(s)ds + ZL(y(ti )-

e =1

Conversely, assume that y satisfies (2.6). If ¢t € [0,¢1] N [0,n], then y(0) = yo.
Next, since the Caputo’s derivative of a constant is zero, then we merely obtain
CDf;’jr y(t) = h(t), t € JyN[0,n], k=0,1,..,my,. On the other hand, one can easily
verify that

y(t5) =y (te) + Lely(ty)),  k=1,..,mn,
which completes the proof. O
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The next Theorem is a piecewise continuous version of the famous Ascoli-Arzela’s
theorem. It is essentially needed in the proof of our main result.

Theorem 2.1. [25] Let X be a Banach space and W a subset of PC([0,n],X).
Then W s relatively compact if the following conditions are satisfied:

(i) W is a uniformly bounded subset of PC([0,n], X);

(it) W is equicontinuous in (tg,tkt1), k=0,1,...,mp, where tog =0, ty,,,., =n;
(i53) W(t) = {u(t) | ue W, t € Ji}, W(tE) = {u(tf) : u e W} and W(t,) =

{u(ty) : we W} are relatively compact subsets of X, where J: = [0,n]\ {tx} ="

3. MAIN RESULTS

We will establish in this section the global existence of at least one bounded so-
lution to the problem (1.1) by using Schauder’s fixed point theorem combined with
certain continuation process based on Arzela-Ascoli’s Theorem. Our main result is
the following

Theorem 3.1. If the hypotheses (H1) — (Hs) are satisfied, then problem (1.1) has at
least one bounded solution y € PC(J, X).

Proof. The proof will be given in two parts:
Part I. We begin by showing that problem (2.3) has a solution

yn € PC([0,n], X)
satisfying ||yn|ln < p, for any n > 1+ [¢1]. We set
O(t,y(1)) = Ay (t) + f(t,y(t)),
and for each t € J, N [0,n], k =0,1,...,m,, we define the mapping
F : PC([0,n],X) — PC([0,n],X)
by
Yo + ﬁ Oft(t —5) 1 d(s,y(s))ds , t € [0,t1],

t;

k
Yo + Zl ﬁ J (ti = s)¥ 71 0(s, y(s))ds
1= t

Li—1

+p(ik)tj(t —5)* 1 (s, y(s))ds + zk: Liy(t))),

=1

te JynN[0,n], k=1,..,m,.

Our main goal is to show that the mapping F has a fixed point which is a solution
to the problem (2.3). Indeed, let

¢ :{y € PC([O,TL] 7X)’ Hylln < p}v

be the closed ball of PC([0,n],X) centered at 0 and with radius p defined in (Hs).
It is clear that C is a closed and convex subset of PC(]0,n], X).

We proceed in several steps:

Step 1. F maps C into itself.
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Let y € C, then for ¢ € [0, t1], we have
. t
B < — [ (t—s)™ Y@ d
IFEDOI < ol + 7 / (1 — )70 (s, y(5)) s
lyoll +a™p + p*¢(p)
p.
Moreover, for each t € J, N[0,n], k=0,1,...,m,, we have

<
<

t;

S
IEDO < Il + 3 g [ =970 ()]s

ti—1

t
1
— —5) | 9( Ii(
+F(ak)/(t 8)™ 7 H|D(s, y(s \|ds+§||

t .
k+1 %
o

<loll + A+ 3 g [ (=9 (su(s)ds

ti—1
173

/ (t: — )21~ B(s, y(s))[ds

i—1

1

041 1)

< lyoll + A+ Z
1=1

i

< llgoll + A+ p ZF / (t: — 5)~ ~a(s)ds

t;

i=1 ti—1

< Ilwoll + A +a"p+p e(p).

Thus
[Fylln < llyoll + A+ a”p+p e(p) < p, (3.1)
showing that FC C C.
Step 2. Let us prove that F is continuous. Indeed, consider a sequence {yq}q>1
such that y, — y, in PC([0,n], X), when ¢ — co. Then, for any ¢t € [0,%;], we have
t
t—8) D (s, y,(s)) — D(s, y(s))|ds
frey [ (= 19w () ~ 2.5
0
n
1 (sup [lA(s)(ya(s)) — y(s))
s€[0,n]

+ sup || f(s,5q(5)) = £(s,5(s))D)-

s€[0,n]

1(Fyq) () = (Fy)@)] <
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Since f and A are continuous, then
|Fyq — Fylln = 0, g = 0.
Next, for each t € J, N [0,n], k =1,...,m,, we have

ti

k
IFu)® = FOI < Y g [ =)™ 18(0.5,(5)) = Do, y(e)) s

ti—1

- — )P (s 1. (s)) — P(s.y(s s
+F(ak)/(t )R D (s, g()) — (s, y(s))|1d

tr

k
+ DIk (wa (1)) = In(y (&)

< M( sup [[A(s)(yq(s)) — y(s))|l
s€[0,n]
+ :}(l)p] 1£(s594(s)) = f(s,9()))

k
2 I wa(1) = Liw(E)

The continuity of the functions f, A, I;, for i =1,...,k, implies that
| Fyq — Fylln = 0, ¢ = o0,

which establishes the continuity of F.
Step 3. F maps C into an equicontinuous family of PC([0,n],X).
Let 0 <7 <7 <ty and y € C, then

[(Fy)(72) = (Fy)(n)] < T(ag) /I (r2 = 8)® 7" = (11— 5)* 7| @(s,y(5))||ds

1 — g)o—l s, y(s S
+m/(72 Jeo 1| @(s, y(s)) | d

T1

sollyll + 1 Pllso 7 . .
 lallsly] F(ﬂm)n w<||y||>/|(72_s)o L (= )% Lds
0
lalloollyl] + | Pllocie(ly) /
+ Too) (T2 —8) ds.

T1

Hence

[Py~ Fy) ()| < 1=t [ Plele)

F/

(170 — 757 + 2(19 — 11)%°).
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Obviously, the right-hand side of the above inequality tends to zero as 71 — 79,
therefore FC is equicontinuous in the interval [0, ¢1].

More generally, regarding the interval J, N [0,n], k = 1,....m,, if y € C, then for
every Ty, To satisfying ¢, < 7 < 7o < tx41, we obtain the following estimate

1Fo)m) — Fyr)l| < Noop TIPUoo@lo) o oy g7, ryyen

T/
+ > IEEE)),

71 <t; <72

which shows once again that FC is equicontinuous in the interval J N [0,n], for
k=1,...,mp,.

Thanks to the finite dimension assumption of X condition (iii) of Theorem 2.1 is
obviously satisfied. As a consequence of the steps 1-3 together with the fact that X
is of finite dimension we conclude by the PC-type Arzela-Ascoli theorem that F is
completely continuous.

Accordingly, in virtue of Schauder’s fixed point theorem F has a fixed point ¥, in C
which is a bounded solution to the problem (2.3) satisfying

ynlln < p.

Next, in order to extend the foregoing existence result from the finite interval J,,, n >
1 4 [t1] to the positive half ray we use certain continuation process which can be
described as follows:
Part II. Continuation process. Let {n;},;>0 be an increasing sequence of integer
numbers satisfying

ng=0<n; <ng <..<n;<..Too.

For each j € N*, we define the function u;(t) as follows:

y;(t), tel0, ny
u;(t) = 3.2
]() { yj(nj)7 te[”j? OO), ( )
where y;(t) is the piecewise continuous solution on the interval [0, n;] obtained in the
above steps. It is easy to see that

HuJH’fh Spv .7 EN*7
and for each j € N*, u; satisfies the following integral equation for t € J;N[0, nq], k =

1, 2,...,my,

k b
; = o ;— 8) % T D (s, uy)ds
ui(®) = W;F(“i-”t/f& (s, )
! t — 8) 1D (s, u;)ds y i(uj(t;
+r<ak>/“ o) 0o u)ds 3 (a6

Following the above steps we can prove that the sequence {u; };>1 is relatively compact
in PC([0, ni],X), so there is an infinite proper subset N; of N* and a function
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vy € PC([0, ny], X) such that
uj = v, in PC([0, n1],X), as j — oo, (through Nj).

We notice that
||u]||”2 S P .] S N17

and since the sequence {u;(t), j € N1} is relatively compact in PC([0, ng], X), then
there exists an infinite proper subset Ny of N7 and a function v, € PC([0, nsg], X)
such that

uj — vy in PC([0, nsl, X), as j — oo, (through N3).

Continuing in this way we obtain a sequence of decreasing subsets {N;};>1 satisfying

Nij1 C Ny, for every [ > 1, and a sequence of piecewise continuous functions {v;};>1
such that, for each [ = 1,2, ..., we have

(1) v € PC([0, ny], X),

(2) {uj, j € Ni} — v in PC([0, ny], X), as j — oo, (through N),

(3) vi41 = v; on the interval [0, n;] since Niy1 C Ny,

(4) For each | € N*, the subsequence {u;, j € N;} satisfies the following integral
equation

k b
u(t) = yoJrZﬁ /(ti*S)ai*rl@(s,ug‘)ds (3-3)
#t — 8) (s, uy)ds y (g (t;
i [ 9 R s+ YL 67),

2 i=1

for every t € J, N[0, ny].
Next, define a function y : J = [0,00) — X as follows

y(t) =u(t), te (n-1,ml, 1=1,2,..

It follows that y € PC(J, X) and ||y(¢)|| < p, t € J. Furthermore, letting j — oo in
(3.3), we obtain the following integral equation
173

a 1 a;_1—1
ult) = yoJer /(tifs) =171 (s, 0y(s))ds (3.5)

i—1
t

k
/ (t - 5)10(s, u(s))ds + 3 L)),
=1

tk

+

F(Oék)
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for every t € Ji N [0,m]. Now since we have v;(s) = y(s), for every s € (nj_1,ny],
l=1,2,..., then equation (3.5) merely becomes

ti

y(t) = yo+ Z T(a / (t; — 8)* 171 D(s, y(s))ds

ti—1

t

1 / 1

+—— [ (=) P(s ))ds + Ii( , te JpN[0,ny

Ry J €= 9™ 0 Z 0,
tr

from which we infer that y satisfies problem (1.1). Accordingly, y is a piecewise

continuous bounded solution to the given problem which completes the proof of the

main theorem. O

Here is a concrete example illustrating the above global existence theorem.

4. EXAMPLE

Let ap = l 3+k, k =0,1,... and consider the problem

o eft/2 e—t
CDtofy(t) = S—y(t) + SHly®)|2, t € Jo = [0, 7]
y(0) =1/6,
aw e—t,/z et
CDREY(1) = S5y(t) + o ly()[2, ¢ € Ty = (b, (k + D)7

y((km)*) = y(km) — ey b= 1,2,

Here

o—t/2

—t
z, f(t,z) = 61—0|x|1/2, for every (t,z) € J x R,

t 1
()= ————, k=, k=1,2,...
k:() ]{32(4+t), k ]{72’ PR=P)
It is clear that hypotheses (Ho)— (H3) are satisfied with

e /2 et 1 1
alt) = = P = 5 ellul) = [®]% 1Pl = 150 lalle = 7

On the other hand, we have

A(t)x =

ti

I 1
o - t. — aj—1—1 =54
p 10 Z F(Olifl) / ( 2 5) & S

=1

ti—1
ti

1 ©  _—(G-1)7
¢ / (t; — s)*—1"1ds < 0.231 56 < oo.

< -
- 10 i1 ].—‘(Oél',l)

ti—1
Proceeding in the same manner we find that
tq
1 s
> / (t; — s)*1"le73ds < 0.34963 < oo.

i=1 (O‘”_l)t_
i—1

a* =

—
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In addition, we have

2

A=Y n=Y =" <

k>1 k>1

Regarding condition (#5) we notice that we have

1 x?
Ioll + A+ a™p+p"(p) < ¢ + - +0.34963p + 0.23156/p < p,

which is satisfied for any p > 3.45. Since all the assumptions of Theorem 3.1 are
satisfied, then problem (4.1) has a bounded global solution on J.
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