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1. INTRODUCTION AND PRELIMINARIES

An orthogonality space (X, L) is a real vector space X with dim X > 2 together
with a binary relation L satisfying some axioms similar to the ones in [11].

There are several orthogonality notions on a real normed space such as Birkhoff-
James, Boussouis, (semi-)inner product, Singer, Carlsson, area, unitary—Boussouis,
Roberts, Pythagorean, isosceles and Diminnie (see, e.g., [1, 2]). But here, we present
the orthogonality concept introduced by J. Rtz [20]. This is given in the following
definition.

Suppose that X is a real vector space (or an algebra) with dim X > 2 and L is a
binary relation on X with the following properties:

(O1) totality of L for zero: L 0,0 L z for all x € X;

(O2) independence: if z,y € X — {0}, L y, then z,y are linearly independent;

(O3) homogeneity: if z,y € X, x L y, then ax L By for all a, 8 € R;

(O4) the Thalesian property: if P is a 2—dimensional subspace (subalgebra) of X,
x € Pand A € Ry,

then there exists u, € P such that x L u, and z + u, L Az — u,.

The pair (X, 1) is called an orthogonality space (algebra). By an orthogonality
normed space (normed algebra) we mean an orthogonality space (algebra) having a
normed structure.
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The first result on the stability of functional equations was given in 1941 by Hyers
[12] who proved the following theorem:
Let X and Y be Banach spaces. If e > 0 and f: X — Y be a mapping such that

If(x+y)— @) - fy)l <e

for all z,y € X and some € > 0, then, there exists a unique additive mapping
T : X — Y such that

[f(z) = T(2)] <e

for all z € X. This was a first answer given to a question proposed by S.M. Ulam
in a talk at a conference at the Wisconsin University in 1940 and it represents the
starting point of the Hyers—Ulam stability theory of functional equations (see [23]).
The subject was later strongly developed by many authors. Consider f: X — Y to
be a mapping such that f(tz) is continuous in ¢ € R for each fixed z € X. Assume
that there exist constants e > 0 and p € [0,1) such that

1f(@+y) = Flz) = I < ell” +lyll”)

for all z,y € X. Th.M. Rassias [19] showed that there exists a unique R-linear
mapping 7 : X — Y such that

2¢e

1) - T@) < 5=,

[P

for all x € X. A generalization of the theorem of Th.M. Rassias was obtained by
Gavruta [8] by replacing the unbounded Cauchy difference by a general control func-
tion ¢ : X x X — [0,00) in the spirit of Rassias approach.

There are cases in which each approximate mapping is actually a true mapping. In
such cases, we say that the functional equation is hyperstable. Indeed, a functional
equation is hyperstable if every solution satisfying the equation approximately is an
exact solution of it. For the history and various aspects of this theory we refer the
reader to papers [4, 5, 9, 10, 18, 21, 22].

The orthogonal Cauchy functional equation f(z+y) = f(x)+ f(y), x L y in which
1 is an abstract orthogonality relation was first investigated in [11]. A generalized
version of Cauchy equation is the equation of Pexider type fi(z +vy) = fa(z) + f5(y).
Jun et. al. [14, 15] obtained the Hyers-Ulam stability of this Pexider equation.

Let (A, L) be an orthogonality normed algebra and B be an A-bimodule. A map-
ping d : A — B is an orthogonally ring derivation if d is an orthogonally additive
mapping satisfying

d(zy) = zd(y) + d(z)y (L.1)

for all x,y € A with z | y. Moreover, a mapping d : A — B is said to be an orthog-
onally Jordan ring derivation, if d is an orthogonally additive mapping satisfying

d(zy + yx) = zd(y) + d(x)y + yd(x) + d(y)> (1.2)
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for all z,y € A with x L y. In particular, we may define orthogonally derivations
associated to the Pexiderized Cauchy functional equation.

Definition 1.1. Let (A, L) be an orthogonality normed algebra and B be an A-
bimodule and let f,g,h : A — B be mappings satisfying the system

f(z+y) =g(x) + h(y),

f(zy) = zg(y) + h(z)y
for all z,y € A with = L y, then we call it an orthogonal Pexiderized ring derivation
system of equations. Moreover, if the mappings f, g, h satisfy the system

f(x+y) =g(x) + h(y),

flzy +yz) = 2g(y) + M(@)y +yg(z) + h(y)z
for all z,y € A with x | y, we call it an orthogonal Pexiderized Jordan ring derivation
system of equations.

At the first, the stability problem for derivations was studied by Semrl in [21].
Then, the topic of approximate derivations, or the stability of the equations of deriva-
tion, was taken up by a number of mathematicians (see [3, 7]).

In 1991, J. Baker [6] used the Banach fixed point theorem for prove the Hyers—
Ulam stability. The method was generalized in [17]. We recall this fundamental result
as follows.

Theorem 1.2 (Banach contraction principle). Let (X, m) be a complete generalized
metric space and consider a mapping T : X — X as a strictly contractive mapping,
that is

m(Ta, Ty) < Lm(z.y)

for all z,y € X and for some (Lipschitz constant) 0 < L < 1. Then
e T has one and only one fized point x* = T (z*);
e x* is globally attractive, that is, nhﬁn;(} Tz = x* for any starting point © € X;
e One has the following estimation inequalities for all x € X and n >0
m(T"x,x*) < L"m(z,z*),
m(T"z, z*) < 2 L"m(T"z, T" ),

m(z,z*) < ZArm(z, Tx).

Theorem 1.3 (The Alternative of Fixed Point [16]). Suppose that we are given
a complete generalized metric space (X, m) and a strictly contractive mapping T :
X — X with Lipschitz constant L. Then, for each given element x € X, either
m(T"x, T 1x) = 400 for all nonnegative integers n or there exists a positive integer
no such that m(T"z, T" 'z) < 400 for all n > ng. If the second alternative holds,
then

* The sequence (T"x) is convergent to a fized point y* of T';

* y* is the unique fixed point of T in the set Y = {y € X, m(T™x,y) < +00};

*m(y,y*) < =pm(y,Ty) ,y €Y.

In this paper, we apply the above—mentioned fixed point method to prove the
Hyers—Ulam stability property for the orthogonal derivations in orthogonality Banach
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algebras associated to the Pexiderized Cauchy functional equation. Throughout this
paper, let A be an orthogonality Banach algebra and B a Banach .A-bimodule.
2. THE ORTHOGONAL PEXIDER RING DERIVATION

In the following theorem, by applying the fixed point method (Theorem 1.3), we
will prove the Hyers—Ulam stability and hyperstability properties for the orthogonal
Pexider ring derivation.

Theorem 2.1. Suppose that f,g,h : A — B are mappings fulfilling the system of
functional inequalities

1f(x+y)—g(x) — b < e(z,y), (2.1)

1/ (zy) — zg(y) — h(@)yll < o(z,y), (2.2)
where @, ¢ : X x X — [0,00) are mappings such that

o(2Mx, 2™ y)

T 23)
oni oni
fim P&y 6@ 2Yy) (2.4)
n—o0 ang n—oo ALY

for all x,y € A with x L y, where j € {—1,1}. If f is an odd mapping, ©(0,0) =
#(0,0) = 0 and there exists 0 < L = L(j) < 1 such that for any fixed x € A and some
uy € A with x 1 u,, the mapping

x =z, ug) =@ <x+um Iur) +¢<07xu”>

2 72 2
T+ Ug T Ug T —Ug
+‘p< 2 ’0>+‘P<2’ 2)“"(2’ 2 )
x Uy —Uy
+20 (270)+<p(0,2)+90(0, ; ) (2.5)
has the property
i L Yo
Yz, uy) < L2 1/}(2j, 57 ), (2.6)
then there exists a unique orthogonally ring derivation d : A — B such that
d < L=
1F(@) @)l < T, u),
L=
lg(z) = 9(0) — d(@)l| < T—7 ¥ (@ us) +¢(2,0), (2.7)
L

(@) = h(0) = d(@)] < T

Proof. Let E = {e: A— B|e(0) =0}. For any fixed x € A and some u, € A with
x L ug, define m: E x E — [0,00] by

mier, e2) = mf{K ER, : [le1(z) — es(2)] < Kw(z,ux)}.



ON THE ORTHOGONAL PEXIDER DERIVATIONS 331

As usual inf O = oo. It is easy to see that (E, m) is a complete generalized metric
space. Let us consider the linear mapping 7' : E — E, Te(z) = %6(23'90) for all
x € A. T is a strictly contractive mapping with the Lipschitz constant L. Indeed, for
given ey and es in F such that m(ey, e2) < oo and any K > 0 satisfying m(eq, es) < K
and any fixed z € A and some u, € A with uy, = au, (o € R) and © L u,, we have

ler(z) —er(2)]| < Ko (2, uq)

1 . 1 . 1 . .
= llg5e1(27) = ea(@a)l < S Kb(2w, 2u,)

1 A 1 _
= lgyer(Pa) — gres(@ )] < LK(2, )
= m(Te1,Tes) < LK.
Put K = m(ey, e2)+ L for positive integers n. Then m(Tey, Tez) < L(m(e1,e2)+ 1).
Letting n — oo gives
m(Tey,Tey) < Lm(ey,ez)

for all e1,e0 € E.
Since ¢(0,0) = ¢(0,0) = 0, putting z,y = 0 in (2.1) and (2.2), we get

f(0) =0, ¢g(0) + h(0) =0. (2.8)

For every x,y € A, z,y L 0. So we can put y = 0 and = = 0 in (2.1), respectively, to
obtain

1f(2) = g(2) = hO)|| < »(x,0),

1/(y) = 9(0) = h(®)]| < ¢(0,9)
and by (2.8), we conclude that

1£(z) = (9(x) — 9(0) || < (=, 0), (2.9)

1 (y) — (h(y) = MO0)) || < ¢(0,y) (2.10)
for all z,y € A.
Let 2 € A be fixed. By (Oy4) there exists u, € A such that L u,, z+u; L o —uy
and uq, = au, for all a € R. Hence

1f (@ + uz) = g(x) = huz) || < (2, ug). (2.11)
By (O3), L —u, and so
1f(x = ug) = g(x) = h(—ue)|| < o(x, —uz). (2.12)
Replacing  and y by « + u, and « — u, in (2.1), we have
1£(22) = g(@ + ) — h(z — w) | < (@ + gy — ). (2.13)

Substituting « 4 u, for  in (2.9) and x — u, for y in (2.10), respectively, one gets the
inequalities

1f (@ +uz) = (9(z + us) = g(0))|| < @@ + uz,0), (2.14)
1f(z = us) = (h(z = uz) = h(0))]] < @(0,2 — uz). (2.15)
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Thus the triangle inequality and inequalities (2.13), (2.14) and (2.15) yield

1f(22) — f(z +us) — f@ —ua)|| <[ f(22) — 9(2 + us) — Az — us) | (2.16)
+1f (@ + uz) = (9(z + uz) — g(0))]]
+ 1 f(@ —us) = (h(z - us) = h(0))]|
< (x4 Uug,x —ug) + p(x + ug, 0) + (0,2 — uy).

It follows from (2.1), (2.10), (2.11), (2.12), oddness of f and triangle inequality that
12f(x) = f(z + us) — fz — ua)||
<@ + ) = g(x) = hug)|| + 1 (2 = ua) — g(x) = h(—us)]|
+2[f(x) = (9(x) = g(O) | + || f (uz) — 9(0) — A(ur )|
+ [1f (=uz) = 9(0) = h(—ua)|
< @@, uz) + (@, —uz) + 20(2,0) + ¢(0, uz) + (0, —us). (2.17)

Now, combining (2.16) and (2.17), we have

1f(22) = 2f(2)]] < o(x + va, @ — ug) + (2 + Uz, 0)
+ (0,2 — uz) + @(z,uz) + (2, —uy)
+ 2p(x,0) + ©(0, ug) + (0, —uy). (2.18)

Using (2.5) and (2.6), we can reduce (2.18) to

1£(2) = 5 £ < 592, 20) < Lz, ue),

that is, m(f,Tf) < L = L* < oco. Moreover, replacing z in (2.18) by % implies the
appropriate inequality for j = —1

21 3)] < v

that is, m(f,Tf) <1 = L° < co. By Theorem 1.3, there exists a mapping d : A — B
which is the fixed point of T" and satisfies

d(x) = fim 1277

n—o0 2”j ’

since lim m(T"f,d) = 0. The mapping d is the unique fixed point of T in the set
n—oo
M ={e€ E:m(f,e) <oco}. Using Theorem 1.3 we get

m(f,d) < T=—=m(f,T)

which yields
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Further, inequalities (2.9) and (2.10) imply that
lg(x) = g(0) = d(@)I| < [ /(=) — (9(x) — g(O))[| + | (=) — d(=)]|

(@, uz) + ¢(2,0),

IN

Ih(z) = h(0) = d(@)[| < || f(2) = (h(z) — R(O))[| + | f(2) — d(=)]|

IN

as desired.
It follows from the inequalities (2.9) and (2.10) that

|27 £(2" ) — 27" (9(2" ) — 9(0))]] < 27 Vp(2 2, 0),

1277 f(2"x) — 27" (h(2"z) — h(0)) ]| < 27" (0,2 x)
for all z € A and n € N, whence

d(x) = tim &P =90 _

n— 00 onj n— 00 onj

Let 2,y € A with x L y. (O3) ensures 2™z | 2™y for all n € N and from (2.1), (2.3)
and (2.19), we obtain

27 F(2" (z 4+ y)) =27 (9(2Mz) — g(0)) — 27" (R(2™y) — h(0))||
=27 f(2M (z +y)) — 27 g(2Mx) — 27T R(2Vy)|
< 2—7Lj¢(27ij’ 2njy).

(2.19)

Therefore from n — oo, one establishes d(z + y) — d(x) — d(y) = 0. Hence d is
orthogonally additive.

In addition, we claim that the mapping d satisfies the functional equation (1.1).
Define r : A x A — B by r(z,y) = f(zy) — xg(y) — h(x)y for all z,y € A with z L y.
Condition (2.4) implies that

_r(2Mry)
Jim ST =0, (2.20)
Utilizing the relations (2.19) and (2.20), one obtains
CfEay) L f(@vny)
dlzy) = lim =0 = m =5
~ i 2g(y) + RV )y + r(2M 2, y)

_ 1 h(2Mz) - r(2Ma,y)
= lim (xg(y)+ i YT~ om;

=zg(y) +d(x)y + lim @y. (2.21)
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Set = 0 in (2.21). Since d(0) =0 and 0 L y for all y € A, we may conclude that

Hence
d(zy) = zg(y) + d(x)y (2.22)
for all z,y € A with z L y.
Now, let 2,y € A with L y and n € N be fixed. Using (2.22) and orthogonal
additivity of d, one can easily show that
zg(2™y) + 2" d(x)y = xg(2™y) + d(x)2"y
= d(x(2"jy)) = d((2"jx)y)
= 2"ag(y) +d(2" )y
= 2"ag(y) + 2" d(z)y.

If we compare the above relation with (2.22), we get

9(2"y)
o =agly) (2.23)
and so
_9(2"y)
d(zy) =z T + d(x)y.
Taking the limit as n — oo, we see that
d(zy) = zd(y) + lim x@ + d(z)y. (2.24)

n—oo 2MJ

g(0) _ 0.

ons =

Letting y = 0 in (2.24), we may infer that lim z
n— oo

Therefore, d(zy) = xd(y) + d(x)y. The proof of Theorem 2.1 is now complete.

In particular, given ¢(z,y) = e(||z[|” + [[y|[*) and ¢(z,y) = Ol|z|*||y[|* for €,6 >0
and some real numbers p, ¢, s in the main theorem, one gets the following corollary
(as a consequence of Rassias theorem).

Corollary 2.2. Let j € {—1,1} and f,g,h : A — B be mappings satisfying

1z +y) —g(x) = h)l < e(llzl” + llyll”),

1f (zy) — zg(y) — h@)yll < Ofl=(|1*][y]*

for all x,y € A with x L y, €,0 > 0 and real numbers p,q,s such that p,q < 1 for
j=1and p,q > 1 for j = —1. If f is an odd mapping, then there exists a unique
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orthogonally ring derivation d : A — B such that
J(1+J)(p 1)

-2z
d( )|| < T Cle + well? + 2llz — ua|[” + 4|z ][ + 4l|us "),
—d(=)]|

) —
) —
](1+_‘I)(P 1)
{ o Clle+ s’ 4 2z — ug [P + 4|2 + 4fu[”) + (Ilwllp)}, (2.25)
) - )|

J(1+];(P 1)
S5{1_2]@—»<2|sc+uw||p+2||ac—um|f°+4||acp+4||ugg||ff’> <||x||P>}

If (=

llg(x

I (x

for any fired x € A and some u, € A with x L u,.

Proof. Let ¢(z,y) = e(||z[|” + [|y||?) and ¢(z,y) = 0|[|*||y[|*.
Clearly, ¢(0,0) = ¢(0,0) = 0. It follows from the hypotheses of the corollary that

(2" x, 2" y)

i = 1 nj(p—1) p Py
Am = Jim €2 (ll]” + [[yl|”) = o,
onJ )
tim DY) iy g gniaD ey = 0
n—00 nj n—oo

for all z,y € A with « L y, that is, the conditions (2.3) and (2.4) in the Theorem 2.1
are sharp here. Since the inequality
277922, V) = 207 Ve 2w+ uo | + 2w — uo | + 4l2|” + 4flu|?)
< 2]’(1)*1)1#(:5,“1)

holds for any fixed x € A, some u, € A with 1 u;, € > 0 and real numbers p such
that p < 1 for j = 1 and p > 1 for j = —1, we see that the inequality (2.6) in the
Theorem 2.1 holds with L = 27"~ Now, by (2.7) we conclude the assertion of this
corollary.

Next, we are going to establish the hyperstability of the orthogonal Pexider ring
derivation.

Corollary 2.3. Assume that f,g,h: A — B are mappings satisfying the system
1z +y) = g(x) = hy)| < el2,y),

1f (zy) —zg(y) — A=)y < bz, ),
where ¢, ¢ : A x A — [0,00) are mappings such that

nj nj
i £V, 2"y)
n—o00 onj
91 91
TGS ) B Gt ) (2.26)
n—00 2mJ n—00 onj
for all x,y € A with x L y, where j € {—1,1}. Let g(0) = h(0) = 0 and B be a
Banach A-bimodule without order, i.e. Ax =0 or A = 0 implies that x = 0. If f
is an odd mapping, v(0,0) = ¢(0,0) = 0 and there exists 0 < L = L(j) < 1 such that

:0,
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for any fixzed x € A and some u, € A with x L u,, the mapping ¥ ((2.5) in Theorem
2.1) has the property

i L Yz

then the mappings g, h are orthogonally ring derivations. Moreover, if either (0, x) =
0 or ¢(x,0) =0 for all x € A, then [ is orthogonally ring derivation.
Proof. According to Theorem 2.1, there exists an orthogonally ring derivation d :
A — B such that
o f@Ye) o g(2Mr) L h(2V)
W)= T = e T T 227
for all z € A, Since ¢g(0) = h(0) = 0. By applying (2.27) in (2.23) we conclude that
z(d(y) — g(y)) = 0 for all z,y € A. Therefore, g = d.

Let x,y € A with L y and r be the mapping defined in Theorem 2.1. Tt follows
from (2.26) that

nj
lim (®:2™y)
n—00 onj

Using the above relation and (2.27), we obtain
d(zy) = zd(y) + h(x)y. (2.28)

Similarly to the corresponding proof of Theorem 2.1, we have

h(2™ x)
g Y = M@)y.
By applying (2.27) in the previous relation we conclude that h = d.
Now, we only need to show that f is orthogonally ring derivation. Applying the
last hypothesis of this corollary to the either relation (2.9) or relation (2.10), we get
indeed the desired result.

=0.

3. THE ORTHOGONAL PEXIDER JORDAN RING DERIVATION

In this section, we will apply the fixed point method for proving the Hyers—Ulam
stability and hyperstability of the orthogonal Pexiderized Jordan ring derivation sys-
tem of equations.

Theorem 3.1. Suppose that f,g,h : A — B are mappings satisfying the following
system of functional inequalities

1z +y) —g(x) = h(y)l < lz,y), (3.1)

1f (zy + ya) — xg(y) — h(z)y — yg(z) — h(y)z| < oz, y), (3.2)
where ¢, ¢ : A x A — [0,00) are mappings such that

(2, 2" y)

nh—>ngo ALY = 07
nj nj
i 2@YTy) L 6@ 2%y) (3.3)

n— o0 ALY n— oo onj



ON THE ORTHOGONAL PEXIDER DERIVATIONS 337

for all z,y € A with x L y, where j € {—1,1}. If f is an odd mapping, ¢©(0,0) =
#(0,0) = 0 and there exists 0 < L = L(j) < 1 such that for any fixzed x € A and some
uy € A with x L u,, the mapping v ((2.5) in Theorem 2.1) has the property

T Uy

w(m7ul’) S L2]1/J(277 27)7

then there ezists a unique orthogonally Jordan ring derivation d : A — B such that

1+j

L=
I7(0) = o)l < $= 70 ),
lo(e) — 9(0) — d(@)]| < T Z(, u) + (. 0),

1) = h(0) — d@)] < T—

Proof. Letting x,y = 0 in (3.1) and (3.2), we get
f0)=0 , ¢(0)+h(0)=0.

Applying the similar argument to the corresponding part of Theorem 2.1, we conclude
that there exists a unique orthogonally additive mapping d : A — B which is the fixed
point of T" and satisfies

==
2
17(@) = (@)l € T, u)
Moreover,
nj njp) nj) —
sy — i L2 g —g0) @ —hO)
n—o00 onj n— o0 ong n—oo onj

Now, we are going to show that the mapping d satisfies the functional equation
(1.2). Define r: Ax A — Bby r(z,y) = fxy +yx) —2g9(y) — h(z)y —yg(x) — h(y)x
for all z,y € A with L y. Tt follows from (3.3) that

nj
i 7(2729)

n— oo ALY

Making use of (3.4) and (3.5), we get

(M ey +ya)) F(@Mz)y +y(2Mx))
dlwy +yz) = lim ——— = lim_ o
i 27 w9(y) + (2 @)y + yg(27 ) + h(y)2"w + (2", y)
n—o00 anj

L h(2" ) g(2™x)
= lim (fcg(y)+ AR AT

=0. (3.5)

+ e+ L0

2

= 2g(y) + d(2)y + yd(z) + h(y)z + lim <h(0)y N yg(0)> .

(3.6)
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Let = 0 in (3.6). Employing the orthogonal additivity of d and the fact that 0 L y
for all y € A, one proves that lim,,_, (h(o)y + y%) = 0. Hence,

d(zy + yx) = 2g(y) + d(z)y + yd(z) + h(y)z (3.7)

for all x,y € A with z L y.
Now let z,y € Awith z L y and n € N be fixed. By (3.7) and orthogonal additivity
of d, it can be shown that

2g(2"y) + 2 d(x)y+2" yd(x) + h(2Vy)x
=xg(2"y) + d(x)2" y + 2" yd(x) + h(2"y)z
= d(x(2"y) + (2"y)z) = d((2V2)y +y(2" 1))
= 2Mgg(y) +d(2Vx)y + yd(2V ) + h(y)2™ x
= 2"xg(y) + 2™ d(x)y + 2" yd(x) + h(y)2™ =

and then 4 ,
9(2"y) | h(2Vy)
Comparing the above relation with (3.7), we get
2nj h 2n,j
d(xy 4+ yz) = xg(any) +d(z)y + yd(z) + (Qij)
Sending n to infinity, we obtain
_ - 9(0) . h(0)
d(zy + yz) = zd(y) + WILH;O Toms T d(z)y + yd(z) + d(y)z + nh_>ngo i & (3.8)
Putting y = 0 in (3.8), one gets
o 9(0) o h(0)
Ay T ey 7 =0

Whence, d(zy + yz) = zd(y) + d(x)y + yd(x) + d(y)z. This completes the proof of the
theorem.

As a special case, if one takes ¢(z,y) = e(||z||” + ||y||P) and ¢(z,y) = 0]|z||?]ly||®
for €,0 > 0 and some real numbers p, g, s in Theorem 3.1, then one has the following
corollary (as a consequence of Rassias theorem).

Corollary 3.2. Let f,g,h : A — B be mappings satisfying
1z +y) —g(x) = h(y)|l < e(llz[I” + lylI”),

If(zy +yx) — xg(y) — h(x)y — yg(x) — h(y)z| < 0||[|?||yl®

for all x,y € A with x L y, €,0 > 0 and real numbers p,q,s such that p,q < 1 for
j=1and p,q > 1 for j = —1. If f is an odd mapping, then there exists a unique
conditional Jordan ring derivation d : A — B such that (2.25) in Corollary 2.2 is
sharp here for any fived x € A and some u, € A with x 1 u,, where j € {—1,1}.

Proof. The proof of this corollary is omitted as similar to the proof of Corollary 2.2.
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We now present the hyperstability result concerning the orthogonal Pexider Jordan
ring derivation. The proof is similar to that of Corollary 2.3 and we omit it.
Corollary 3.3. Assume that f,g,h: A — B are mappings satisfying the system
1z +y) —g(x) = h(y)l < ¢lz,y),

1f (zy + yx) — 2g(y) — M(@)y — yg(z) — h(y)z| < d(x,y),
where ¢, ¢ : A x A — [0,00) are mappings such that
p(2V2,2y)

P

2nj 2nj
i 2ZPBY) o 6@:2YY)
n—o00 2nJ n—o00 2mJ

for all z,y € A with x L y, where j € {—1,1}. Let g(0) = h(0) = 0 and B be a
Banach A-bimodule without order, i.e. Ax =0 or v A = 0 implies that x = 0. If f
is an odd mapping, ¢(0,0) = ¢(0,0) = 0 and there exists 0 < L = L(j) < 1 such that
for any fixzed x € A and some u, € A with x L u,, the mapping ¥ ((2.5) in Theorem
2.1) has the property

ip (X %)

blaus) < 12w (5555,
then the mappings g, h are orthogonally Jordan ring derivations. Moreover, if ei-
ther ©(0,z) = 0 or ¢(xz,0) = 0 for all x € A, then f is orthogonally Jordan ring

dertvation.
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