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Abstract. The purpose of this paper is to establish a general existence of equilibrium for generalized
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1. INTRODUCTION

The existence of equilibrium plays an important part in the study of markets.
Since the existence of equilibrium in a generalized game with compact strategy sets
in R™ was proved in a seminal paper of Debreu [3], there are many generalizations
of Debreu’s theorem from two main respects. On one hand, the convexity structure
of underlying space has lots of generalizations. Some existence theorems of general-
ized game were obtained by Yuan and Tarafdar [39], Ding and Yuan [9], Mehta et
al. [20], Lin and Ansari [18], Yuan [37], Hou[15] and Yuan [38] in topological vec-
tor space. Since Horvath [13, 14] introduced H-space by replacing convex hull by
contract subset, there are many generalizations of the concept of convex subsets of
topological vector space, for example, G-convex space [30] and FC-space [4]. As a
result, many authors established existence theorems of generalized game in H-space,
G-convex space and F'C-space, respectively, for example, Tan et al. [31], Wu [34],
Chowdhury et al. [2], Ding and Xia [8], Ding [5], Ding and Wang [7], Ding and Feng
[6]. In 2006, Park [22] introduced the abstract convex space, which include convex
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subsets in topological vector space, H-space, G-convex space and F'C-space as spe-
cial case. Abstract convex space will be the framework of this paper. On the other
hand, the lower section of the preference correspondence or constrained correspon-
dence is majorized by some characteristics of mapping. Since Borglin and Keiding [1]
introduced the notion of K F-majorized mapping which was majorized by the corre-
spondence with open lower section, there have appeared many majorized mappings
with open, compactly open, transfer open or transfer compactly open lower section,
for example, Yuan and Tarafdar [39], Ding and Yuan [9], Mehta et al.[20], Lin and
Ansari [18], Yuan [37], Tan et al. [31], Wu [34], Chowdhury et al. [2], Ding and Xia
[8], Ding [5], Ding and Wang [7], Ding and Feng [6], Du and Deng [10], Yang and
Deng [35]. In 2010, Luc [19] introduced the notion of unionly open valued mapping,
which includes open valued mapping and transfer open valued mapping as special
case. In the paper, by using approximate technique for unionly open set-valued map-
ping in abstract convex space, We should introduce new notions of %4 ¢g-mapping and
U 4 p-majorized mapping which are majorized by some mappings with unionly open
lower section. Firstly, We prove new fixed point theorems in abstract convex space.
Secondly, we obtain the existence theorems of maximal element for %4-mapping and
% s-majorized mapping. Finally, we apply these results to establish general existence
theorems of equilibrium for qualitative game and generalized game with infinite set
of players, without compactness hypotheses in the abstract convex space. Our results
unify the corresponding results in the existing literatures.

2. PRELIMINARIES

Let X be a nonempty subset of topological space E. We shall denote by 2% the
family of all subsets of X, by (X) the family of all nonempty finite subsets of X, by
intg(X) the interior of X in F, and by clg(X) the closure of X in E.

If X and Y are topological space and T, : X — 2 are two mappings, for any
DcXandyeVY,let S(D)=UzepS(z) and S~ (y) = {r € X : y € S(x)}. The dom
S denotes the domain of S, i.e., dom S ={z € X : S(x) #0}, and TN S : X — 2Y
is a mapping defined by (T'N S)(x) = T(x) N S(z) for each x € X. The graph of T is
the set Gr(T') = {(x,y) € X xY :y € T(z)} and the mapping T : X — 2V is defined
by T(x) = {y € Y : (x,9) € clxxy(Gr(T))}. The mapping cl T : X — 2Y is defined
by (cl T)(x) = cly(T(z)) for each x € X.

Let X be a nonempty set and Y be a topological space. The mapping F : X — 2V
is said to be transfer open valued on X if

Uzey F(7) = Uzexinty (F(z))
The mapping G : X — 2V is said to be unionly open valued on X if
inty (Uzex G(2)) = Usexinty (G()).
It is easy to prove that transfer open valued mapping must be unionly open valued.

Moreover, we can obtain the following results.

Proposition 2.1. Let X be a nonempty subset of topological space E and Y be a
topological space. If the mapping S : X — 2Y is unionly open valued with Y = S(X),
then the mapping S is transfer open valued on X.
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Proof. Since S is unionly open valued on X, then inty (UyexS(x)) = Uzexinty (S(x)).
By Y = S(X) = UgexS(x), thus Uzex S(z) = Ugexinty (S(z)), S is transfer open
valued on X. This completes the proof. O

Proposition 2.2. Let X be a nonempty subset of topological space E and Y be a
topological space. For eachi € I = {1,2,--- ,n}, the mapping S; : X — 2Y is unionly
open valued on X, then the mapping NI'_1S; is also unionly open valued on X.

Proof. It is clear that Uze xinty (N7_15;(z)) C inty (Uzex (NI1.5;:(x))), thus we only
need to prove that inty (Ugzex (NI15:(2))) C Ugexinty (NP, S:(x)).
If z ¢ Ugexinty (NP, S;(x)), for each z € X,

z & inty (M, 5i(2)), 2 € cly (YA\(NiL,5i(x))) = cly (UiZ, (Y\Si(2))),
then for each neighborhood N, of z, there exists a iy € I, such that
Nz 0 (Y\Sjy (x)) # 0.
That is z € cly (Y\S;, (), i.e. z ¢inty (S, (z)).
Since S;, is unionly open, then z ¢ U e xinty (S, (2)) = inty (Uzex (S, (2))),
but Uzex (NP1S;(2)) C UrexSi, (), thus z ¢ inty (Uzex (NP5 (x))).

That is inty (Uzex (NP15:(x))) C Uzexinty (N7_,.5;(x)). This completes the proof.
(|

The following notions and lemmas were introduced by Park in [22, 23, 24].

Definition 2.1. An abstract convex space (E, D;T') consists of a topological space E,
a nonempty set D and a mapping T : (D) — 2F with nonempty value T s :=T'(A) for
each A € (D).

For any D’ C D, the I'-convex hull of D’ is denoted and defined by

corD' = U{T4|A e (D)} CE

A subset X of E is called a I'-convex subset of (E, D;T) relative to D’ if for any
N € (D), we have 'y C X, that is corD’ C X. Then (X, D’;T|(psy) is called a
I-convex subspace of (E, D;T).

When D C E, the space is denoted by (E D D;T"). In such a case, a subset X of

E is said to be I'-convex if cor(X N D) C X; in other words, X is I'-convex relative
toD'=XnND. Ut E=D,let (E;T")=(E,E;T).
Definition 2.2. [23] Let (E,D;T') be an abstract convex space. If a mapping G :
D — 2F satisfies
Iy CG(A) = | Gly) forall Ac (D)
yeEA
then G is called a KKM mapping.

Definition 2.3. [23] The partial KKM principle for an abstract convex space
(E, D;T) is the statement that, for any closed-valued KKM mapping G : D — 2F | the
family {G(y)}yep has the finite intersection property.
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Lemma 2.1. [24] Let (F,
I-convex subspace. If (E,
(X,D;1T).

D;T) be an abstract convex space and (X,D';T) be an
D;T) satisfies the partial KKM principle, then so does
Lemma 2.2. [23] Let (E,D;T') be an abstract convexr space satisfying the partial
KKM principle and S : D — 2F be a mapping such that

(i) for each z € X, S(z) is open;

(ii) E = J,cp S(2) for some M € (D).

Then there exists a finite subset N € (D) such that 'y N[, oy S(2) # 0.

By using the notion of unionly open mapping, we should introduce new notions of
U 4 p-mapping and %4 g-majorized mapping, that are majorized some mappings with
unionly open lower section.

Definition 2.4. Let X be a topological space and Y be a nmonempty subset of an
abstract conver space (E;T). Let 6 : X —'Y be a single valued mapping and P : X —
2Y be a set-valued mapping. Then
(i) P is said to be U4 9-mapping if there exists a mapping ¢ : X — 2Y such that

(a) for each x € X, P(x) C ¢(x) and 0(x) ¢ co r(¢(z)) CY;

(b) the mapping ¢~ : Y — 2% is unionly open valued on Y .
(i1) (Yz; Ny) is said to be an ap-majorant of P at x €dom P if N, is an open
neighborhood of x in X and the mapping v, : X — 2Y satisfies

(a) for each z € Ny, and 0(2) ¢ cor (¥, (2));

(b) for each z € X, P(2z) C ¢z(2);

(¢) the mapping ¥, : Y — 2% is unionly open valued on Y .
(#i3) P is said to be an U4 p-majorized mapping if for each x € dom P, there exists
an Ua o-majorant (Yy; Ny) of P at x.

Remark 2.1. The notion of %4 g-mapping (resp., %4 p-majorized mapping), which
includes the notion of a mapping being of class £ (resp., -Z-majorized mapping)
introduced by Yuan [38], and the notion of a mapping being of class £ (resp.,
5 p,-majorized mapping) introduced by Ding and Xia [8] as special case. These
notions also generalize the corresponding notions in Tan et al. [31], Hou [16], Yang
and Deng [35], Ding and Yuan [9].

In this paper, we shall deal mainly with either the case (I) X =Y and X is an
abstract convex space and # = Ix , which is the identity mapping on X, or the case
(I1) X = T;er X; and 6 = m; : X — X; is the projection of X onto X; and X; is an
abstract convex space. In both case (I) and (II), we shall write %4 in place of Za g .

3. FIXED POINT THEOREMS

Let X be a topological space and T : X — 2% be a mapping. A point & € X is
called a fixed point of T if there exists a point & € X such that & € T(Z).

In the section, we should prove some new fixed point theorems in noncompact
abstract convex space.

Theorem 3.1. Let (X;I') be an abstract convex space satisfying the partial KKM
principle and the mappings S, T : X — 2% be such that
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(i) for each x € X, S(x) C T(x);
(ii) the mapping S~ : X — 2% is transfer open valued and for each v € K, S(x) # 0;
(i) there exists a nonempty compact subset K of X such that either (a) or (b) hold.
(a) and (b) are expressed as follows.

(a) X\K C W{intx (T~ (2)),z € M} for some M € (X);

(b) for each N € (X), there exists a compact I'-convex subset Ly of X containing
N such that

Ly\K C | J{intx (T~ (x)) : z € Ly}

then there exists a point & € X such that & €cor(T'(Z)).

Proof. By (ii) and (i), K C U,ex(S7(2)) = Uzexintx(S™(2)) C U exintx (T~ (2)),
then there exists a finite set N € (X) such that

K cUW{intx (T~ (2)) : z € N}. (3.1)
By (iii), if (a) holds, then
X =Wintx(T(z)): 2€ MUN}.
By Lemma 2.2, there exists a set A € (X), such that T'y N[, intx (T (2)) # 0.
Put 2 € T'a N(),c4intx(T7(2)), then for each z € A, & € intx (T~ (2)) C T (2),
that is A C T'(£), thus I'y C cor(T'(2)). Since & € I'4, then & € cop(T(Z)).

T
If (b) holds, there exists a compact I'-convex subset Ly of X containing N such
that

Ly\K Cc Wintx (T~ (2)) : z € Ly}
By (3.1),
LyNK cU{intx(T(2)):2€ N} C Wintx(T(2)) : 2 € Ly}
then
Ly c UW{intx (T (2)) : z € Ly}
Since Ly is compact, thus there exists a finite set A € (Ly) such that
Ly =UW{intx(T7(2))N Ly : z € A}.

Define I : (Ly) — 2%, by T, = T'c N Ly for each C € (Ly), then (Ly;I”) is an
I-convex subspace of (X;I') and satisfies the partial KKM principle by Lemma 2.1.
Let T': Ly — 25 by T'(2) = intx (T~ (2)) N Ly for each z € Ly, It is easy to prove
that the all the hypotheses of Lemma 2.2 are satisfied. By Lemma 2.2, there exists
a finite set B € (Ly) such that T’ N(,c5T"(2) # 0. Let & € T, N(,c5T'(2),
then for each z € B, 2 € T'(2) = intx (T~ (2)) N Ly C T~ (z), that is B C T'(&) and
I'p Ccor(T'(z)). Since & € I'y =T N Ly C I'p, thus & €cop(T(2)). This completes
the proof. O

Remark 3.1. Theorem 3.1 extends Theorem 3.1 of Ding and Wang [7] from FC-
space to abstract convex space. It is easy to check that Theorem 3.1 also generalizes
Theorem 2.3 of Chowdhury et al. [2], Theorem 4.1 of Park [25] and Corollary 12.1 of
Park [26] with more weaker hypotheses.
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For a topological space (X, 7), the compactly generated extension of the topology
7 is the new topology consisting of all compactly closed [resp., open] subsets. In this
way, we have the following modified form of Theorem 3.1.

Theorem 3.2. Let (X;I') be an abstract convex space satisfying the partial KKM
principle and the mappings S, T : X — 2% be such that
(i) for each x € X, S(x) C T(x);
(ii) the mapping S~ : X — 2% is transfer compactly open valued on X and for x € K,
S(x) #0 ;
(iii) there exists a nonempty compact subset K of X such that either (a) or (b). (a)
and (b) are expressed as follows.

(a) X\K C H{intx (T (2)),z € M} for some M € (X);

(b) for each N € (X), there exists a compact I'-convex subset Ly of X containing
N such that

Ly\K C | J{intx(T™(x)) : z € Ly}
then there exists a point & € X such that & €cor(T()).

Proof. Replace the topology of X by its compactly generated extension, then (X;T")
with this new topology is another abstract convex space. All the hypotheses of
Theorem 3.1 are satisfied. By Theorem 3.1, there exists a point £ € X such that
Z €cor(T()). O

Remark 3.2. Theorem 3.2 generalizes Theorem 3.1 of Ding and Feng [6] and Theo-
rem 2.4 of Chowdhury [2].

By using Proposition 2.1 and Theorem 3.1, we can derive the following fixed pointed
theorem.

Corollary 3.1. Let (X;T') be an abstract convexr space satisfying the partial KKM
principle and the mappings S, T : X — 2% be such that
(i) for each x € X, S(x) # 0 and S(z) C T'(z);
(ii) the mapping S~ : X — 2% is unionly open valued on X and X = S(X);
(iii) there exists a nonempty compact subset K of X such that either (a) or (b). (a)
and (b) are expressed as follows.

(a) X\K C W{intx (T~ (2)),z € M} for some M € (X);

(b) for each N € (X), there exists a compact I'-convex subset Ly of X containing
N such that

Ly\K | J{intx (T~ (x)) : z € Ly}
then there exists a point & € X such that & €cor(T(&)).
Remark 3.3. Corollary 3.1 generalizes Theorem 3.3 of Park [27] and Theorem 5.4
of Park [28] under weaken assumptions.

4. EXISTENCE OF MAXIMAL ELEMENT

Let X be a topological space and T : X — 2% be a mapping. A point & € X is
called a maximal element of T' if T'(%) = ().
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In the section, we shall establish some new existence theorems of maximal element
for % 4-mapping and Z4-majorized mapping defined on noncompact abstract convex
space.

Theorem 4.1. Let (X;T') be an abstract convex space satisfying the partial KKM
principle and K be a nonempty compact subset of X. Suppose that P : X — 2% is
an Ua-mapping such that

(i) for each N € (X), there exists a compact I'-convex subset Ly of X containing
N such that

LN\EK C | J{intx (P~ (y)) : y € Ly}
Then there exists a point & € X such that P(z) = 0.

Proof. Since P is an % 4-mapping, then there exists a mapping ¢ : X — 2% such that

(a) for each x € X, P(x) C ¥(z) and z ¢ co r(¢(z)) C X;

(b) the mapping 1~ : X — 2% is unionly open valued on X.

Suppose for each z € X, P(z) # 0. By (a), ¥(z) # 0 for each z € X, then
X = ¢(X). By (i) and (a), for each N € (X), there exists a compact abstract
convex subset Ly of X containing N such that Ly\K C U{intx (P~ (y)) :y € Ly} C
U{intx (¢~ (y)) : y € Ly }. Therefore, P and 1 satisfy all the hypotheses of Corollary
3.1. By Corollary 3.1, there exists a point & € K such that Z €cor(¢(Z)), that
contradicts with condition (a). Hence there exists a point & € X such that P(z) = 0.
This completes the proof. O

Remark 4.1. The condition (i) of Theorem 4.1 can be replaced by the following
statement: (i)’ for each N € (D), there exists a compact abstract convex subset Ly
of X containing N such that for each x € Ly\K, there exists a point § € Ly such
that z € intx (P~ (7)).

Indeed, for each N € (D), there exists a compact abstract convex subset Ly
of X containing N such that for each © € Ly\K, there exists § € Ly such
that = €intx (P~ (7)), thus € U{intx(P (y)) : y € Ly}, that is Ly\K C
Wintx (P~ (y)) : y € Ly}. Thus Theorem 4.1 includes Theorem 3.1 of Yang and
Deng [35] as special case. Moreover, Theorem 4.1 generalizes Theorem 1 of Kim [17],
Theorem 5.1 of Ding and Wang [7] and Theorem 3.1 of Chowdhury et al. [2].

Theorem 4.2. Let (X;T) be a Housdorff and paracompact abstract convexr space
satisfying the partial KKM principle and K be a nonempty compact subset of X. Let
P: X — 2% be an %a-majorized mapping such that

(i) for each N € (X), there exists a compact I'-convex subset Ly of X containing
N such that

Ly\K C | J{intx(P~(y)) :y € Ln}.
then there exists a point & € X such that P(z) = 0.

Proof. Suppose P(x) # () for each x € X, that is dom P = X. Since P is an %x-
majorized mapping, for each x € X, let N, be an open neighborhood of x in X and
¥z : X — 2% be mapping such that
(1) for each z € N, z ¢ cor(¢.(2));
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(2) for each z € X, P(z) C 9¥z(2);
(3) the mapping ¥, : X — 2% is unionly open valued on X.

Since X is Housdorff and paracompact, then X is regular. For each x € X, there
exists an open neighborhood G, of z in X such that clxG, C N,. By Theorem
VIII.1.4 of Dugundji [11], the open covering {G,} of X has an open precise neighbor-
hood finite refinement {G”}. Given any x € X, we define the mapping v, : X — 2%
by

Yo (2) if z €clxGl;
Uy (2) = . ,
X if z € X\clxGY.
then we have
(i) by (3.1), P(z) C ¥ (z) for each z € X;
(ii) for each y € X, the set
o) (y) = {z€cxG, 1y vu(2)t U{z € X\cIxG, 1y € X}
= [(cxG5) Ny ()] U (X\elx G)
= ¥ (y) U(X\cxGy)
By dom P = X and (2), then dom v, = X, thus ¢, is transfer open valued by
Proposition 2.1. It is easy to check that (1))~ is transfer open valued. Now define
i X — 2% by
P(z) = N, Yl (z) for each z€ X
xTE

(a) For each z € X, then there exists a point # € X such that z €clxG’, so that
P! (2) = ¥.(2) and hence 1(z) C 9, (2). By (3.1), we have z ¢cor(¢(z)).

(b) Now we prove that P(z) C 9(z) for each z € X. Indeed, for each x € X, if
z € X\clx G, then ¥ (z) = X, so P(z) C ¢, (2); if z €clx G, we have z €clxG], C
clxGy C Ny, by (3.1), P(z) C ¥,(2) C 9¥.(2). It follows that P(z) C ¢, (z) for all
x € X, thus P(2) C Nzextl(2) = ¥(2).

(¢) Finally we show that the mapping 1~ : X — 2% is transfer open valued on X.
Indeed, let yo € X be such that ¥~ (yo) # 0. Given a point u such that

u€eYP (yo) ={2€ X :yo €Y(2)}.
Since {G)} is a neighborhood finite refinement, there exists an open neighborhood
M, of win X such that {z € X : M, NG, # 0} = {x1,22, -+ ,z,}. Note that for
each z € X with « ¢ {x1,22, - ,2,}, 0 = M,NG, = M, NclxGl, so ¢, (z) = X for
z € M. Then we have ¥(2) = Neext,(2) = Nj_ ¥, (2) for all z € M,. It follows
that

V) = {zeX ey ={zeXpe 0 vi(z)}
O {zeM,:y € IQX%ZJ;(Z)}
= {z€Muiyoe N V()
= M.n{zeX:ye N vl ()}

= M,0 [0 @) ()]
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then M, N (Uyexintx| rrﬁl(w;h)_(y)]) C Uyexintx (¥~ (y)). Since (¥}, )~ is transfer

open valued on X by (1£), then NP, (¢}, )~ is transfer open by Proposition 2.2, that
is Uyexintix [ A (64,)7 ()] = Uyex[ A, (62,)7 (). Note yo € vlu) = Mz, (64,) ()
w € L (14,)" (uo), then w € M (Uyex | A (8,)7 (). this u € Uyexintx (6™ (1))
Hence Uyext™ (y) = Uyexintx (1)~ (y)). This shows that ¢~ : Y — 2% is transfer
open valued on X. Therefore, all the hypotheses of Theorem 3.1 are satisfied. By
Theorem 3.1, there exists a point Z € X such that Z €cor(y(Z)), that contradicts
with condition (a). Thus there exists a point & € X such that P(#) = (. This
completes the proof. O

Remark 4.2. Theorem 4.2 improves and generalizes Theorem 3.3 of Ding and Xia [8]
from G-convex space to abstract convex space. Theorem 4.2 also generalizes Theorem
3.3 of Yang and Deng [35], Theorem 2.3 of Ding and Yuan [9].

5. EQUILIBRIUM OF ABSTRACT ECONOMY

Let I be a finite or infinite set of players. For each i € I, let its strategy set X;
be nonempty subset of an abstract convex space with X = [[,.; X;. Pi: X — 2X:
be the preference correspondence of i-th player. Following the notion of Gale and
Mas-Colell [12], the collection A = (X;; P;);cr will be called a qualitative game. A
point Z € X is said to be an equilibrium of the qualitative game, if P;(£) = @ for each
i€l

A generalized game (=abstract economy) is a quadruples family

A= (X5 A5 By Picr

where [ is a finite or infinite set of players such that for each i € I, X; is a nonempty
subset of an abstract convex space with X = Hie 1 Xio Ay Bt X — 2%i are the
constraint correspondences and P; : X — 2%¢ is the preference correspondence. When
I'={1,2,--- N}, where N is a positive integer, A = (X;; A;; B;; P;);er is also called
an N-person game. Particularly, if T = {1}, A = (X; A; B; P) is said to be one person
game. An equilibrium of the generalized game A is a point & € X such that for each
i €1,%; =m(2) € By(2) and A;(2) N Py(2) = 0.

The notion of abstract economy in abstract convex space is the natural extension
of the abstract economy introduced by Nash [21], Tarafdar [33], Yang and Deng [35],
Borglin and Keiding [1], Yannelis and Prabhakar[36].

The following Lemma shows the product of a family of abstract convex space is
also an abstract convex space.

Lemma 5.1. [23, 29] Let {(X;, D;; Ti) bier be a family of abstract convex spaces. Let
X =11 X; be equipped with the product topology and D := Il;c1D;. For eachi € I,
let m; © D — D; be the projection. For each A € (D), define I'(A) := IL;c;T;i(m;(A4)).
Then (X, D;T") is an abstract convex space.

We now apply Theorem 4.1 to establish a new existence theorem of equilibrium for
one person game in abstract convex space.
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Theorem 5.1. Let (X;T') be an abstract convex space satisfying the partial KKM
principle and K be a compact subset of X. Suppose the mappings A, B, P : X — 2%
satisfy

(i) the mapping A~ : X — 2% is transfer open valued on X ;

(i) dom P = X and P is an %a-mapping;

(iii) for each N € (X), there exists a compact I'-convezr subset Ly of X containing
N such that

Ly\EK C | J{intx((ANP)"(y)) : y € Ly}
Then there exists a point & € K such that & € B(#) and A(Z) N P(2) = 0.

Proof. Let W = {x € X : ¢ B(x)}, then W is open in X. Define Q : X — 2% by

| P(2) ifxeW,;
@) = { Al) N P() ifzd W

By (ii), P is an %-mapping, then there exists a mapping 1 : X — 2% such that
(a) for each z € X,P(x) C ¢¥(x) and x ¢cor(¢(z));

(b) the mapping 9~ : X — 2% is unionly open valued on X.

Define ¥ : X — 2% by

| Y(z) ifeeW;
Y(w) = { Alz) N d(x) ifad W,

Then we have

(a’) by (a), for each z € X, Q(z) C ¥(x), if z € W, x ¢cor(¢(z))=cor(¥(z)); if
x ¢ W, by A(z) Ny(x) C Y(x), x ¢cor(¢(x) N A(z)) =cor(¥(z)), thus z ¢cor(¥(x))
for each = € X

(V') for each y € X,

UV (y={zeX:ycP(x))={zeW:yey(z)}U{r e X\W:y e A(x)NyY(x)}

=[N WUXAW)NY~(y) NA™(y)] = WU A" (y)| N e~ (y).
By (i), we can obtain that WUA™(y) is transfer open, then the mapping ¥~ : X — 2%
is unionly open valued on X by (b) and Proposition 2.2. This shows that @ is an
% s-mapping. By the definition of @ and condition (ii), for each N € (X), there exists
a compact I'-convex subset Ly of X containing N such that

LN\K c W{intx((ANP) (y)):y€ Ly} C UW{intx(Q (y)) : y € Ly}

Hence all the hypotheses of Theorem 4.1 are satisfied. By Theorem 4.1, there exists
a point # € X such that Q(#) = (). By the definition of @ and condition (iii), ¢ W,
that is # € B(Z) and A(%) N P(&) = (. This completes the proof. O

Remark 5.1. Theorem 5.1 improves Theorem 5.1 of Ding and Feng [6] from two
aspects.

(i) The underlying space changes from FC-space to abstract convex space;

(ii) The preference correspondence P is an %4-mapping mapping instead of the £
class mapping.

Moreover, Theorem 5.1 generalizes Theorem 3.2 of Ding and Yuan [9] from topological
vector space to abstract convex space under weaken assumptions.
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From Theorem 4.2, we can derive the following existence of equilibrium for quali-
tative game.

Theorem 5.2. Let A = (X;; P;)ier be a qualitative game, For each i € I, suppose
the following conditions are satisfied

(i) (Xi;T3)icr is a family of paracompact abstract convex space such that (X;T') sat-
isfies the partial KKM principle and K is a nonempty compact subset of X ;

(ii) Py : X — 2% is an %a-majorized mapping;

(1)) W, = {x € X : Py(z) # 0} is open in X;

(iv) for each N € (X), there exists a compact I'-convex subset Ly of X containing N
such that

L\K © | Jintx (P (m:(y)) : y € Lu}.
Then A has an equilibrium point in K.

Proof. Foreachx € X, let I(x) = {i € I : P;(z) # 0}. Define a mapping P/ : X — 2%
by P/(x) = m; (Py(z)) = Hjer ;2 X; @ P;(x) for each x € X, where the mapping
7 : X — X, is projection of X onto X;. Furthermore, define the mapping P : X — 2%
by

i€l(x)

0 if I(z) =
Then for each z € X, P(x) # 0 if and only if I(x) # ). We shall show that P is an
WU a-majorized mapping. For each x € X with P(z) # 0, let i € I(x) with P;(z) # 0,
by (ii) , let N, be an open neighborhood of x in X and 1; , : X — 2%¢ be mapping
such that
(a) for each z € Ny, 2z; ¢cor(v;..(2));
(b) for each z € X, Pi(z) C ¢ 4(2);
(c) the mapping v, , : X; — 2% is unionly open valued on Xj;.
By (iii), we may assume that N, C W;, hence P;(z) # () and i € I(z) for all z € N,.
Now define the mapping 1, : X — 2% by

Ya(2) =7, (Yix(2)) for each z € X.

N Pl(x) if I(x) #0;
p(@:{ (@) i 1)

Then we have

(a’) for each z € Ny, by (a), z ¢cor(V(2)) ;

(¥) for each = € X, by (b), P(=) = Nier(o) P/() € Pl(=) = 77 (P(2)) € 77 (.0(2)) =
b (2);

(¢) for cach y € X, 5 () = {2 € X 1y € u(2)} = {2 € X : s € u(2)} = ¥s (05)
is unionly open in X by (b).

(a), (b) and (c) show that P is an %4-majorized mapping. By P~ (y) = P; (m(y))
and condition (iv), for each N € (X), there exists a compact abstract convex subset
Ly of X containing N such that

Ly\K C Wintx (P (m(y)) :y € Ly} = U{intx (P (y)) : y € Ln}.
Hence all the hypotheses of Theorem 4.2 are satisfied. By Theorem 4.2, there exists

a point & € X such that P(2) = (. That implies that [(2) = 0, thus P;(&) = 0 for
each 7 € I. This completes the proof. O
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Remark 5.2. Theorem 5.2 generalizes Theorem 6.2 of Ding and Wang [7] in which
the Zp-majorized mapping is replaced by Z4-mapping mapping.

By using Theorem 5.2, we can obtain the following equilibrium existence theorem
for a noncompact generalized game.

Theorem 5.3. Let A = (X;; A;; Bi; Pi)icr be a generalized game. Let K be a compact
subset of X. Suppose that for each i € I,
(i) (X;;T;) is a paracompact abstract convex space such that (X;T) satisfies the partial
KKM principle;
(i1) for each y € X;, A; (y) is transfer open in X;
(1)) W, = {zx € X : (A; N P;)(x) # 0} is open in X;
(iv) dom P; = X and P; : X — 2% is an %a-majorized mapping;
(v) for each N € (X), there exists a compact I'-convex subset Ly of X containing N
such that
Ly\K c | J{intx((AinP)~(mi(y))) : y € Ly}
Then A has an equilibrium point T in K.

Proof. For each i € I, let F; = {x € X : x; ¢ B;(z)}, then F; is open in X. Define
Qi X — 2% by

Qi(w) = { Ai(z) N Pi(x) ifx ¢ F
We shall prove that the qualitative game A’ = (X, Q;);er satisfies all the hypotheses
of Theorem 5.2. For each ¢ € I, we have that the set

{zeX:Qi(x)#0} = {zeF:P(zx)#0tU{re X\F: (4 nNPF)(z)# 0}

= FuU [(X\Fz) n Wl} =F,UW;
is open in X and hence the condition (iii) of Theorem 5.2 is satisfied. By (v), for each
x € X, there exist an open neighborhood N, of z in X and a mapping t; , : X — 2%
such that
(a) for each z € Ny, z; ¢cor(¥;..(2));
(b) for each z € X, Pi(z) C v »(2);
(c) the mapping ¢, , + X; — 2% is unionly open valued on X;.
Define ¥, ,, : X — 2%i by

_ ] ie(2) if z € Fy;
Now for each z € X with Q;(z) # 0, the set U, = N, is open in X. Then
(') by (a), for each z € Uy, if z € Uy N F;, z ¢cor (¢ 4(2)) =cop (¥, .(2)); if z €
Uz N (X\F), by Ai(2) Nthia(2) C Yia(2), 2 ¢cor(Ai(2) N tie(2)) =cor(¥ie(2)) ,
that is z ¢ co p(¥; (%)) for each z € U,;
(0') by (b), for each z € X, Q;(z) C U, ,(2);
(') for each y € X,
\IJ;x(y) = {Z €eX: /S \Ijz,a:(z)} = {Z € Fz ‘Y e "/}z,z(‘r)}

{z € X\F;:y € ¢ ,(2)NAi(2)}
= Y. (y)N[EUA ()

C
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By (i), it is easy to check that W; U A7 (y) is transfer open, then the mapping ¥, :
X — 2% is unionly open valued on X by (c) and Proposition 2.2. Thus Q; is an
U a-majorized mapping. By the definition of @ and condition (vi), for each N € (X),
there exists a compact abstract convex subset Ly of X containing N such that

Ly\K C Wintx((A; N P) " (mi(y)) :y € Ly} C UW{intx (Q; (mi(y)) : y € Ly}

Hence, all the hypotheses of Theorem 5.2 are satisfied. By Theorem 5.2, there exists
a point & € X such that Q;(Z) = 0(i € I). By the definition of Q;, & € X\F;, that is
for all i € I, #; € B;(2) and A;(#) N P;(2) = 0. This completes the proof. O

Remark 5.3. Theorem 5.3 greatly improves Theorem 2.2 of Hou [16] from three
aspects.

(i) The underlying space changes from topological vector space to abstract convex
space;

(ii) The preference correspondence P; is an %4-majorized mapping instead of the
Z*-majorized mapping;

(iii) The constraint correspondence A; has transfer open lower section instead of
open.

Moreover, Theorem 5.3 also generalizes Theorem 3.1 of Yuan [38], Theorem 6.1 of
Yannelis and Prabhakar [36] under weaken hypotheses.
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