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Abstract. The purpose of the present paper is to study the existence of solutions to semilinear
evolution systems with nonlinear constraints. We establish new existence results using the fixed
point principles of Perov and Schauder, combined with the technique that uses matrices with the
spectral radius less than one and vector-valued norms. This vectorial approach is fruitful for the
treating of systems in general and allows the system nonlinearities to behave independently as much
as possible. Moreover, the constants from the Lipschitz or growth conditions are put into connection
with the support of the nonlinear operators expressing the constraints. The paper extends and
complements previous results from the literature.
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1. INTRODUCTION AND PRELIMINARIES

We are concerned with the existence and the uniqueness of solutions to the semi-
linear system of abstract evolution equations with constraints

' (t) + Alw(t) = fl (t7l‘ (t) 7y(t))

") + Agy(t) = fa (t,z (t),y(t))
zl (2. 9) e Y 0<t<T) (1.1)
g2 (xz,y) = 0.

Here, for each i = 1,2, the linear operator —A4; : D(4;) € X; — X, generates
a strongly continuous semigroup of contractions {S;(¢),t > 0} on the Banach space
(Xis|-x,) s fi 1 [0,T] x X1 x X — X; is a given function and g; : C ([0,T], X1) x
C ([0,7], X2) — X, is a nonlinear operator.

It is convenient that the constraints are written equivalently under the form of
nonlocal conditions

l‘(O):al [x,y], y(O):Oég [w,y}, (1'2)
where
ai [x,y]zgl (x,y)—l—x(O), Q2 [a?,y]zgg(x,y)—i-y(())-

In the literature, it has been given a particular attention and interest to different

classes of problems with nonlocal conditions. In this matter, we mention the papers
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[6]-[8], [15], [16]-[22], [28], [35], [38] and references therein. This type of problems
arise in the study of mathematical modeling of real processes, such as heat, fluid,
chemical or biological flow, where the nonlocal conditions can be seen as feedback
controls. Other discussions about the importance of nonlocal conditions in different
areas of applications, examples of evolution equations and systems with or without
delay, subjected to nonlocal initial conditions and references to other works dealing
with nonlocal problems can be found in [9], [21], [23], [26], [31], [33], [34].

The constraints (1.2) can be either of discrete type (or multi-point conditions), or
of continuous type expressed by continuous operators. Also, the nonlocal conditions
can be linear or nonlinear. For the case of nonlinear nonlocal conditions we mention
the recent paper [5], as well as [11], [13], [14], [24] and references therein.

In all cases, it is important to take into consideration the support of the nonlocal
conditions, that is the smallest interval [0,a] C [0,7] on which those conditions act
in the sense that whenever z,7 € C ([0,7], X;) and y,5 € C ([0,7T], X2),

[l‘,y} = O[JT,@], i = 1a2

z]10,a] = Zl[0,q]

The notion of support plays an essential role in the existence results for the nonlocal
problems, as shown in the paper [8]. More exactly, it was shown that it is necessary
to impose stronger conditions on the nonlinearities on the subinterval [0, a], compared
to those required on the rest of the interval [0,7]. As shown in the previous works
[2]-[5], [8], [18], [19], the integral system equivalent to the nonlocal problem is of
Fredholm type on the support [0,a] and of Volterra type on [a,T]. From a physical
point of view, on the time interval [0, a], the evolution process is subjected to some
constraints, and after ”"the moment a” it becomes free of any constraints.

In connection with the support of the nonlocal conditions, we shall consider a
special norm on C ([0,T],X;) (i =1,2), namely

|z], = max {|$|C([O,a],X7¢) , |x|ce([a’T]7Xi)} ,
where |.|C([0,a]7Xi) is the usual max norm on C ([0, a], X;),
z = max |x(t ,
=looa.x) = max 2]y,

while for any 6 > 0, ||, (q,79,x,) is the Bielecki norm on C'([a, T1, X;)

—0(t—a) )

\$|cg([a,T],Xi) = tg[m;] |z (t) x; €

In what follows, we look for global mild solutions on the interval [0,77], i.e. a pair
(z,y) € C([0,T], X1)x C([0,T], X2) satisfying the integral system

£(t) = S1(Don [z, y] + / Si(t - ) f1(s,2(5), y(s))ds
y(t) = Sa(t)anl, y] + / Sa(t — 5) fols, 2(5), y(s))ds.

This system can be viewed as a fixed point problem in C([0, 7], X1)x C([0,T], X2) for
the nonlinear operator N = (Ny, Ny) : C([0,T], X1)x C([0,T], X2) — C([0,T], X1)
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x C([0,T], X2) defined by

Ni(z,y)(t) = Si(t)aq [z, y] Jr/o S1(t = s)f1(s,2(s),y(s))ds,
(1.4)

Na(z,y)(t) = Sa(t)asz, y] +/0 Sa(t — ) f2(s, x(s), y(s))ds.

Basic notions and results from the semigroup theory that are frequently used in
our work can be found, for example, in [10], [12] and [32]. Next, we recall some basic
notions that are used in our vectorial approach. Details can be found in [1], [25]-[27],
[29] and [30].

By a wvector-valued metric on a set X we mean a mapping d : X x X — R’} such
that (i) d(x,y) = 0 if and only if x = y; (ii) d(x,y) = d(y,z) for all z,y € X and
(iil) d(z,y) < d(z,z) + d(z,y) for all z,y,z € X. Here by < we mean the natural
componentwise order relation of R™, more exactly, if r,s € R™, r = (r1,72,...,70),
s = (81,82, ..., Sn), then by r < s one means that r; <s; for i =1,2,...,n.

A set X together with a vector-valued metric d is called a generalized metric space.
For such a space, the notions of Cauchy sequence, convergence, completeness, open
and closed set are similar to those in usual metric spaces.

Similarly, we speak about a wvector-valued norm on a linear space X, as being a
mapping ||.|| : X = R} with ||z|| = 0 only for = 0; [|[Az|| = || [[z| for z € X, A € R,
and ||z + y|| < ||z|| + ||y|| for every z,y € X. To any vector-valued norm ||.|| one can
associate the vector-valued metric d (x,y) := ||x — y||, and one says that (X, ||.||) is a
generalized Banach space if X is complete with respect to d.

If (X, d) is a generalized metric space and N : X — X is any mapping, we say that
N is a generalized contraction (in Perov’s sense) provided that a (Lipschitz) matrix
M € M, ., (R;) exists such that its powers M¥ tend to the zero matrix 0 as k — 0,
and

d(N(z),N(y)) < Md(x,y) forall z,ye€ X.

For such kind of mappings the following generalization of Banach’s contraction prin-
ciple holds:

Theorem 1.1 (Perov). If (X,d) is a complete generalized metric space, then any
generalized contraction N : X — X with the Lipschitz matriz M has a unique fized
point x*, and

d(N*(z),2*) < M*(I — M)"'d(z, N(z)),
forallz e X and k € N.

There are known several characterizations of matrices like in Perov’s theorem (see
[25] and [30, pp 12, 88]). More exactly, for a matrix M € M, x, (R4), the following
statements are equivalent:

(a) M¥ =0 as k — oo;

(b) I — M is nonsingular and (I — M)~! =T+ M + M? + ... (where I stands for
the unit matrix of the same order as M);

(c) the eigenvalues of M are located inside the unit disc of the complex plane,
i.e. p(M) < 1, where p (M) is the spectral radius of M;
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(d) I — M is nonsingular and inverse-positive, i.e. (I — M)~! has nonnegative
entries.

Remark 1.2. Recal that in case n = 2, a matrix M € Mayxs (Ry) satisfies p(M) < 1
if and only if
tr M <min{2, 1+detM}.

The following almost obvious lemma will be used in the sequel.

Lemma 1.3. If A € My, (Ry) is a matriz with p(A) < 1, then p(A+ B) < 1 for
every matric B € My« (R}) whose elements are small enough.

The role of matrices with spectral radius less than one in the study of semilinear
operator systems was pointed out in [27], also in connection with other abstract
principles from nonlinear functional analysis.

Besides Perov’s fixed point theorem, in this work we shall also use the well-known
Schauder’s fixed point theorem.

2. MAIN RESULTS

Throughout this section, we assume that X; and A; are as in the previous section,
and that the interval [0,a], 0 < a < T is the support of the nonlocal conditions.

Our first result is an existence and uniqueness theorem for the case where the
nonlinearities f1, fo and mappings aj,as are continuous and satisfy the Lipschitz
conditions

ain(t) |r = Z|x, +aia(t) ly —7ly,, ift€l0,q]

bin(8) [z = T x, +bi2(t) |y = Ylx,, ift€la,T]

(2.1)
for all (z,y),(z,7) € X1 x X2 and some a;; € L' ([0,a],Ry), b;; € LP ([a,T],R4)
and p > 1, and

|ailz,y] — ailZ,Yllx, < Aa |z —Tloo,a,x,) T A2V = Vleo,a,x2) » (2.2)

for all z,7 € C'([0,T],X;) and y,5 € C([0,T], X2) and some A;; e Ry (4,5 =1,2).
Denote
Ci=sup {ISi®)| - te 0,7} (i=1,2),
where ||-|| stands for the norm of a continuous linear operator.

Assuming a vectorial condition involving the coefficients a;; and A;;, but indepen-
dent on the coefficients b;;, we have the following result:

Theorem 2.1. Assume that the conditions (2.1) and (2.2) hold. In addition assume
that the spectral radius of the matriz

My = {Ci (Aij + |a/ij|L1[O’a]):| (2.3)

4,7=1,2

is less than one. Then the problem (1.1) has a unique mild solution on [0,T].
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Proof. We shall apply Perov’s theorem in X = C([0,T], X1) x C([0,T], X2) endowed
with the vector norm ||| defined by

lull x = (=l > [yl.),
where u = (z,y) and for any z € C([0,T], X;),

2], = max {|z|C([0,a],Xi) ) |Z|C9([a,T],Xi)} :

Clearly, (X, ||.|[x) is a complete generalized metric space. Finding a mild solution
of problem (1.1) is equivalent to finding a fixed point of the nonlinear operator N =
(N1, N3) defined by (1.4). We have to prove that N is a generalized contraction, more
exactly that

IN(u) = N(@)||x < Mo |[u—7lx,

,7) € X and some matrix My with p (Mp) < 1. To this end,

for all u = (z,y), u= (T
= (Z,7y) be any two elements of X. For ¢t € [0,a], using (2.1) and

let u = (x,y), @
(2.2), we have

[N (w)(t) = Ni(@) ()] x, < [[S1(0)]] | [, 9] = e [7,7]| x,

+/ [151(t = s)ll [f1(s, 2(5), y(s)) — f1(s,7(s),7(5))| x, ds
0

< G (All 2 = Z|o((0,a),x0) T Ar2ly — ?|c([o7a]7x2)) +
401 [ () fals) = 5)x, + 01209 () = T, ) ds
0
< Gy (All + |a11|L1[0,a]) |z — E‘C([o,a},xl)

+C1 (Are + larz o) 1y = Fleqoax
Therefore, taking the supremum when t € [0, a] , we obtain

[Ny (z,y) — N1(fa?)|c([0,a],xl)
< male = Tleo.a,xn) T M2~ Vlogoa.x) - @4)

where
mlj = Cl (Alj + |a1j|L1[0’a]) 5 j = ].,2 (25)
Next, for ¢ € [a,T] and any 6 > 0, we have
[Ni(z,9)(t) = N (T, 9) (0| x, < 151D e [2,9] —an 7,7, (26)

+ /a 151(t = )l [f1(s,2(5), y(s)) — f1(s,7(s),5(s))| x, ds
0

+/ 151(t = s)|[ [f1(s, 2(s), y(s)) = f1(s,7(5), U(s))|x, ds-
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The sum of the first two terms can be estimated according to (2.4). As concerns the
last term, we have

/ [151(t = )l [f1(s, 2(5), y(s)) — f1(s,7(s),5(s))| x, ds (2.7)

< qLRm@m@—mw&+m@w@—mw&ws

= q(/%nwwugugufeﬁaw%ams
+/UMQy@—y@uﬁe“@¥“@w)

< G <|33 = Ty (011, x0) /at bur(s)e”*"ds

t
=Tl [ e ds).
a

Now Holder’s inequality gives

‘ 1J|LP T
b] 0(5 a)d a ] 0(t a)7 ] — 1’ 2.
/ ot (q0)"/*

Then (2.7) yields

1810t = )153(s,2(6),0(5)) ~ Fals,7(). T, d
o
(q@)l/q
Next (2.6) implies that

N (2, ) (1) — N (@, 5) (1),

< mu e = Tleo,a,x,) T M2 1Y = Flo(o,a),x2)

0(t—a) ]

(|b11‘LP[a7T] |z = Z| e, (0,11, T 1012l Loja,my 1V — ?|ce([a,T],X2)> e

1 - a7 —a
+ W (|511\Lp[a,T] |z — ‘T|Cg([a,T],X1) + ‘b12|LP[a,T] ly — y‘Cg([a,T],Xg)) e,

Dividing by /(7= and taking the supremum when ¢ € [a,T] we obtain

IN1(@,y) = N1(ZT W)l (a1, x0) < M1 1% = Tloo,0),x0) ™12 Y = Tle(o,a1,x2)

C1 _ _
W (\511|Lp[a,T] |z — f”|cg([a,T],x1) + |b12|Lp[a,T] ly — y|C’9([a,T],X2)) - (28)
Thus, from (2.4), (2.8), we have that
IN1(z,y) — Ni(Z,9)], < (m11 +na) [z —Z], + (ma2 + ni2) [y — 71, (2.9)
where o
1 .
Ny = —t (|b1j|sz wm)s d=12 (2.10)
(qa)l/q ( ))



SEMILINEAR EVOLUTION SYSTEMS 281

Similarly
INo(z,y) — Nao(Z,9)|, < (mor +n21) |z —T|, + (maz +n22) [y — 71, , (2.11)
where
Cs )
Maj = Cy (Agj + \a2j|L1[O,a]) , Noj = ( 0)1/(1 <|b2j|Lp[a7T]) y )= 1,2. (212)
q

Next, (2.9) and (2.11) can be put together under the vectorial form

Ni(z,y) — N1 (Z,7)], z—7T,
M) -MEal | e
|N2(z,y) — Na(T, )., ly —7l,

or equivalently,
[IN(u) = N@)| x < Mg |lu—1uly,
for all u = (z,y),u = (7,7) € X. Clearly My can be represented as My = My + M,
where
Mo = [misl; joy 55 Mi=[nigl j_; o
Since p (Mp) < 1, from Lemma 1.3 we have that p (My) < 1 for a large enough 6 > 0

making n;; as small as necessary. Therefore, Perov’s theorem applies and gives the
conclusion. O

If we assume that the operator N is completely continuous, we can weaken condi-
tions (2.1) and (2.2) to at most linear growth conditions. In this case, we can apply
Schauder’s fixed point theorem that guarantees the existence of the solution for our
studied problem, but not also the uniqueness.

Therefore, we give our second result assuming that the nonlinearities fi, fo and
the mappings a1, ao satisfy, instead of the Lipschitz conditions, some conditions of at
most linear growth, namely

ai1(t) [z x, +an(t) ylx, +ais(t), ifte€(0,d]
bir(t) [z|x, +bia(t) lylx, +bis(t),  ift€[a,T]

for all (z,y) € X1 x X5 and some a;; € L' ([0,a],Ry), b;j € LP ([a,T],Ry), p > 1,
and

iz, yllx, < A |2l o,0,x,) T A2 Yl c(o0,a,x2) T Aiss (2.14)
forallz € C ([0,7],X1),y € C([0,T],X2) and some A;; e Ry (1=1,2,5=1,2,3).
Theorem 2.2. Assume that conditions (2.13) and (2.14) are satisfied. If the spectral

radius of the matrixz (2.3) is less than one, then problem (1.1) has at least one mild
solution.

Proof. In order to apply Schauder’s fixed point principle, we need to find a nonempty
closed bounded convex set B C X such that

N(B) C B. (2.15)

We shall look for the set B under the form B := B; (0; R1) x By (0; Ry), where
B; (0; R;) is the closed ball of radius R; centered in the origin of the space C([0, T, X;),
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¢ = 1,2. Thus we have to find two positive numbers R;, Ry such that (2.15) holds.
Let u = (x,y) € X. For t € [0,a], using (2.13) and (2.14), we have

t
(N1 (u) ()] x, < 1510 | [z, 9]l x, +/0 181t = 8)I[ [f1(s,2(s), y(s))lx, ds
<Ci (All 1Zle(0,a1,x0) T A2 [¥le(o,01,x0) + A13> +
6 [ (an(6) (), + a12(6) (o), + an(s) ds
0
<C (Au + |‘111|L1(07a)> |~”U\c([o,a],x1) +Ch <A12 + |a12|L1(0,a)) ‘y|c([o,a],X2) + 0,
where C; := C} (A13 + |a13\L1(07a)> . Taking the supremum when ¢ € [0, a], we obtain

IN1(2, 9)| 0,01, x0) < ™1 1Tl o (0,01, x0) + ™2 [l o,a),x,) T C1s (2.16)
where mq;, j = 1,2 are given by (2.5). Next, for ¢ € [a,T] and any 6 > 0, we have

[N1(z,y)(1)|x,

< [Si@aalz, y]lx, + /Oa 151t = $)[ 1 f1(s, 2(s), y(5)) x, ds

+/ [151(t = )l [f1(s,2(5), y(s))| x, ds. (2.17)

Again, the sum of the first two terms can be estimated according to (2.16). For the
last term, we obtain

/ 153t = )] 11 (5 2(5), 4(5)) x, ds

t
< Cl/ (bra(s) |z(s)|x, + br2(s) [y(s)] x, + brs(s)) ds
t
< Cl/ bi1(s) [=(s)lx, e 0(sa)fls=a) g
¢ t t
+C4 / bia(s) [y(s)|y, e P Vs + ¢y / bi3(s)ds
<

¢ t

Cq |$|C€([a7T]’X1)/ bi1(s)e? = Vds 4+ Cy |y|C€([a7T]’X2)/ bia(s)e? = Dds
a a

+Cl |b13‘Ll(a,T) .

Now, using Holder’s inequality, we deduce that

t
/ 151t = )| 12 (5 2(5), 4(5)) x, ds
o
(¢0)"
+Cl |b13|L1(a,T) .

0(t—a
<|bll|Lp(a,T) |x‘09([a,T],X1) + ‘b12|L”(a7T) |y|09([a7T],X2)) et



SEMILINEAR EVOLUTION SYSTEMS 283

Thus, (2.17) becomes

N1 (2, 1) (D) x, < mat |2l oo, x0) T ™12 19]c 0,0, x0) + Co
Cy
(46)""
+C1 |bslpra ) -

0(t—a)

+ <|b11|LP(a,T) |x‘09([a,T],X1) + ‘b12|LP(a,T) |y|09([a,T],X2)) el

Dividing by ("= and taking the supremum when ¢ € [a, T], we obtain

N, )6y o, x0) < 1 12 00,01, 300 F ™12 1Yl 10,01,x5) + C
Cq
(9"
+C1 |bslpr ) -

+ (\b11|LP(a,T) %l (011, x0) T 1012 10 (0, ) |y|Cg([a,T],X2)) (2.18)

Therefore, from (2.16) and (2.18) we have
[Ni(2,9)], < (max +nua) |o], + (ma2 + ni2) lyl, + C1, (2.19)

where we have denoted C; := C; +C} \b13|L1(a 7) and nq;,j = 1,2 are given by (2.10).
Similarly,

|Na(z, )|, < (ma1 + no1) x|, + (maz + na2) [yl, + Co, (2.20)

where Cy := C5 (A23 + |a23|L1(0,a) + |b23|L1(a’T)> and moj,nej,j = 1,2 are given by
(2.12).
Now, (2.19) and (2.20) can be put together as

[N1(z,y)l, <M |z, N El ’

[ Na(z, )], lyl. C»
where My = My + M; is given by (2.3) and has the spectral radius less than one
according to the hypotheses of the theorem.

In what follows, we look for two positive numbers Ry, Ry such that if |z|, <
R1,|yl, < Ra, then |Ni(z,y)|, < Ri,|Na(z,y)|, < Rs. To this end, it is sufficient
that
Ry

Ry

[eh
Cs
Since p (Mp) < 1, from Lemma 1.3 we have that p (Mp) < 1 for a large enough 6 > 0.

Then the matrix I — My is invertible and its inverse (I — Mg)f1 has nonnegative
elements and thus

Ry
Ry

My .

(e

C

R )
> (I - My) (2.21)

Ry

Therefore we can take Rj, Ry the numbers corresponding to the equality in (2.21).
Thus Schauder’s fixed point theorem can be applied and gives the conclusion. O
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Sufficient conditions for the complete continuity of the operator N, as well as for
the mild solutions to be classical solutions can be found in the literature, for example
in [10], [32].

We note that Theorem 2.1 and Theorem 2.2 can be easily extended to the general n-
dimensional case, when the assumption about the spectral radius of the corresponding
matrix of order n can be checked using computer algebra programs such as Maple,
Mathematica or Sage.

We conclude this paper by two examples illustrating our main results.

Example 2.1. Let us consider the semilinear transport system
u' (t) +dy - Vu (t) = ar(t) sinu(t) + by (¢)v(t)
V' (t) + do - Vo (t) = aa(t)u(t) + ba(t) cosv(t)

T/2
u(0) = /0 [miu(s) + nyv(s)] ds (2:22)

T/2
v (0) = /0 [mau(s) + nav(s)] ds,

where dy,dy € R™; a;,b; € C ([0, T],Ry); mi,n; € Ry, for i =1,2.
In this case, for each i = 1,2, we may take
Xi = Lri (Rn), T Z 1,

and A; the directional derivative operator along direction d;,

- ou
Au = di-Vu= e
i d; - Vu de .
Jj=1
D(4;) = {ueLl"(R"):d;-VueL" (R")}.

Notice that here Vu is the gradient of w in the sense of distributions, and in (2.22) by
sinu (t) we mean the function z — sin (v (¢) (z)) . The meaning of coswv (t) is similar.
According to [32, p. 88], the operator —A; generates even a Cy-group of isometries,
namely

Si(u(x)=u(x—1td;)), uwel (R"), teR, zeR"

Hence C; = 1. For this example, we have

filt,u(t),v(t)) = a1(t)sinu(t) + by (t)v(t),
fa(t,u(t),v(t)) az(t)u(t) + ba(t) cosv(t),

T/2
apfu,v] = /0 [myu(s) + nyv(s)]ds,

T/2
aglu,v] = / [mau(s) + nov(s)] ds.
0
Also, in this case a = T'/2, while f, fa satisfy (2.1) with

a1 = ai'[O,T/2] y  Gi2 = bi|[0,T/2] )

bi1 = ai|[T/2,T]7 biz = bi‘[T/Q,T]'
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In addition, the mappings a1, ay satisfy (2.2) with
A11 = Tm1/2, A12 = Tn1/2, A21 = CZ—‘TTLQ/Q7 A22 = Tn2/2
Then

My = [Ci (Aij + |aij|Ll[0’“]>L,j:1}2 (2.23)

Tma/2+ a1l a0/ Tra/2+ b1l prg 7o)

Tma/2 + |az| 1o 1/9) Tn2/2+ b2l g 12

Therefore, according to Theorem 2.1, if the spectral radius of the matrix My is less
than one, then the problem (2.22) has a unique mild solution in C ([0,T], L™ (R™))
xC ([0,T],L"™ (R™)).

The next example illustrates the existence result given by Theorem 2.2.

Example 2.2. Consider the semilinear transport system
w (t) +dy - Vu(t) = a1 (t)u (t)sin (u () +v (t) + b (t)v(t) + 1 (t)
V' (t) + da - Vo (t) = aa(t)u(t) + ba(t)v(t) cos (u (t) + v(t)) + c2 (t)

T/2
u(0) = /0 [maiu(s) + niv(s)] ds (2.24)

T/2
v (0) = /0 [mau(s) + nov(s)] ds,

where dy,dy € R™; a;,b;,¢, € C([0,T],Ry); mi,n; € Ry, fori=1,2.

If the spectral radius of the matrix (2.23) is less than one, then the problem (2.24)
has at least one mild solution in C ([0,T], L™ (R™)) xC ([0,T], L™ (R™)).

Notice that the nonlinearities fi; and fy from this example do not satisfy conditions
(2.1) and therefore Theorem 2.1 does not apply.
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