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Babeş-Bolyai University of Cluj-Napoca, Department of Mathematics
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1. Preliminaries

There are many technique in the fixed point theory of nonself operators (see [7],
[3], [5], [9], [15], [16], ...). An interesting result is given in [11] (see also, [8] and [12]).
This result read as follows:

Theorem 1.1. Let (X, d) be a complete metric space, Y ⊂ X a nonempty closed
subset and f : Y → X be a ϕ-contraction, where ϕ is a comparison function. We
suppose that there exists a bounded sequence (xn)n∈N∗ such that fn (xn) is defined for
all n ∈ N∗. Then f has a unique fixed point x∗ and fn (xn) → x∗.

A new technique of proof for this result was given in [18] and extended with respect
to the data dependence of the fixed point, with more conclusions and other new results
for nonself generalized contractions.

In case of Theorem 1.1, we have the following result:

Theorem 1.2. Let f : Y → X be as in Theorem 1.1, where ϕ is a strict comparison
function. Then:

(a) d (fn (xn) , x∗) ≤ ϕ (d (xn, x∗)), ∀n ∈ N∗;
(b) d (x, x∗) ≤ θϕ (d (x, f (x))), ∀x ∈ Y ;
(c) Let g : Y → X be such that:

(1) there exists η > 0 such that d (f (x) , g (x)) ≤ η, ∀x ∈ Y ;
(2) Fg 6= ∅.

Then
d (x∗, y∗) ≤ θϕ (η) ,∀y∗ ∈ Fg.
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The purpose of this paper is to extend the technique and the results given in [18]
to the case of nonself generalized contractions on gauge spaces.

1.1. Notations. We use the following symbols N = {0, 1, 2, ...}, N∗ = {1, 2, 3, ...},
R+ = {x ∈ R | x ≥ 0}, R∗+ = {x ∈ R | x > 0}.

A gauge space is a set endowed with a gauge structure induced by a family {di : i ∈
I} of pseudo-metrics, where I is a directed set. The basic definitions and properties
of gauge spaces may be found, for example, in [2].

Let
(
X, (di)i∈I

)
be a metric a gauge space. We will use the following symbols:

P (X) = {Y | Y ⊂ X}, P (X) = {Y ⊂ X | Y 6= ∅}, Pb(X) := {Y ∈
P (X) | Y is bounded}, Pcl(X) := {Y ∈ P (X) | Y is closed}, Pb,cl(X) := Pb(X) ∩
Pcl(X).
If f : X → X is an operator then Ff := {x ∈ X| x = f (x)} denotes the fixed point
set of the operator f . In the case when the operator f has an unique fixed point
x∗ ∈ X then we write Ff = {x∗}.

The diameter functional δi : P (X) → R+ ∪ {+∞} is defined by

δi(A) := sup{di(a, b) | a, b ∈ A}, i ∈ I.

1.2. Comparison functions. Let ϕ : R+ → R+ be a function. We consider the
following conditions relative to ϕ:

(iϕ) ϕ is increasing;
(iiϕ) ϕ (t) < t, ∀t > 0;
(iiiϕ) ϕ (0) = 0;
(ivϕ) ϕn (t) → 0 as n →∞, ∀t ∈ R+;
(vϕ) t− ϕ (t) →∞ as t →∞;

(viϕ)
∞∑

n=0
ϕn (t) < +∞, ∀t ∈ R+.

Definition 1.3. (I.A. Rus [13]) By definition the function ϕ is a comparison function
if it satisfies the conditions (iϕ) and (ivϕ).

Definition 1.4. A comparison function is:
(a) strict comparison function if it satisfies the condition (vϕ);
(b) strong comparison function if it satisfies the condition (viϕ).

It is clear that if ϕ is a comparison function then ϕ (t) < t, ∀t > 0, and ϕ (0) = 0.

If ϕ is a strong comparison function then the functions ϕ and
∞∑

n=0
ϕn are continuous

in t = 0. For example, if ϕ (t) := at, t ∈ R+, a ∈ [0; 1[, then ϕ is a strict and strong
comparison function and ϕ (t) := t

1+t , t ∈ R+, is a strict comparison function which
is not a strong comparison function.

Let ϕ : R+ → R+ be a strict comparison function. In this case we define the
function θϕ : R+ → R+, defined by,

θϕ (t) = sup {s ∈ R+ | s− ϕ (s) ≤ t} .

We remark that θϕ is increasing and θϕ (t) → 0 as t → 0. The function θϕ appears
when we study the data dependence of the fixed points.

For more considerations on comparison functions see [13], [17] and [4].
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2. A fixed point theorem for nonself ϕ-contractions

Let
(
X, (di)i∈I

)
be a gauge space, Y ∈ Pcl (X) and f : Y → X be an operator.

Definition 2.1. An operator f : Y → X is a nonself ϕ-contractions if for every i ∈ I
there exists a comparison function ϕi : R+ → R+ such that

di (f (x) , f (y)) ≤ ϕi (di (x, y)) , ∀x, y ∈ Y.

We have:

Theorem 2.2. Let
(
X, (di)i∈I

)
be a complete gauge space, Y ⊂ X a nonempty

bounded closed subset and f : Y → X a continuous operator. We suppose that:
(i) f is a nonself ϕ-contractions;
(ii) there exists a sequence (xn)n∈N∗ in Y such that fn (xn) is defined for all

n ∈ N∗;
Then:

(a) Ff = {x∗};
(b) fn−1 (xn) → x∗ and fn (xn) → x∗ as n → +∞;
(c) if ϕi are strict comparison function for all i ∈ I then

di (x, x∗) ≤ θϕi
(di (x, f (x))) ,∀x ∈ Y, ∀i ∈ I.

(d) Let g : Y → X be such that:
(1) for all i ∈ I there exists ηi > 0 such that di (f (x) , g (x)) ≤ ηi, ∀x ∈ Y ;
(2) Fg 6= ∅.

Then
di (x∗, y∗) ≤ θϕi (ηi) ,∀y∗ ∈ Fg, ∀i ∈ I.

Proof. (a) + (b). We consider the following standard construction in the fixed
point theory for the nonself operators (see for example [6]). Let Y1 := f (Y ),
Y2 := f (Y1 ∩ Y ), ..., Yn+1 := f (Yn ∩ Y ), n ∈ N∗. We remark that:

(1) Yn+1 ⊂ Yn, ∀n ∈ N∗;
(2) fn (xn) ∈ Yn, ∀n ∈ N∗, so Yn 6= ∅, ∀n ∈ N∗.

Since f is a nonself ϕ-contraction it follows that for every i ∈ I

δi (f (B)) ≤ ϕi (δ (B)) , ∀B ∈ Pb (Y ) .

From the properties of ϕi and δi we have

δi (Yn+1) = δi

(
f (Yn ∩ Y )

)
= δi (f (Yn ∩ Y )) ≤ δi (f (Yn)) ≤

≤ ϕi (δi (Yn)) ≤ ... ≤ ϕn+1
i (δi (Y )) → 0, as n → +∞.

From Cantor intersection lemma we have

Y∞ :=
⋂
n∈N

Yn 6= ∅, δi (Y∞) = 0 and f (Y∞ ∩ Y ) ⊂ Y∞.

From Y∞ 6= ∅ and δi (Y∞) = 0, ∀i ∈ I, we have that Y∞ = {x∗}. On the other
hand fn (xn) ∈ Yn and fn−1 (xn) ∈ Yn−1 ∩ Y . This implies that {fn (xn)}n∈N and
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fn−1 (xn)

}
n∈N are fundamental sequences. Since Yn, n ∈ N∗, are closed, it follows

that
fn−1 (xn) → x∗ and fn (xn) → x∗ as n → +∞.

Since f is continuous then fn (xn) → f (x∗), so f (x∗) = x∗.
(c). The conclusion (c) follows from the following estimation:

di (x, x∗) ≤ di (x, f (x))+di (f (x) , x∗) ≤ di (x, f (x))+ϕi (di (x, x∗)) , ∀x ∈ Y, ∀i ∈ I.

So,
di (x, x∗)− ϕi (d (x, x∗)) ≤ di (x, f (x)) , ∀x ∈ Y, ∀i ∈ I.

(d). Let y∗ ∈ Fg then from (c) it follows that

di (x∗, y∗) ≤ θϕi (di (y∗, f (y∗))) = θϕi (di (g (y∗) , f (y∗))) ≤ θϕi (ηi) , ∀i ∈ I. �

2.1. Maximal displacement functional. Let
(
X, (di)i∈I

)
be a gauge space, Y ∈

Pcl (X) and f : Y → X be a continuous nonself operator. By the maximal dis-
placement functional corresponding to f and di, i ∈ I, we understand the functional
Ef,i : P (Y ) → R+ ∪ {+∞} defined by

Ef,i (A) := sup {di (x, f (x)) | x ∈ A} ,

We have that:
(i) A,B ∈ P (Y ), A ⊂ B imply Ef,i (A) ≤ Ef,i (B);
(ii) Ef,i (A) = Ef,i

(
A

)
for all A ∈ P (Y ).

Definition 2.3. An operator f : Y → X is a nonself graphic contraction if for every
i ∈ I there exists αi ∈ [0; 1[ such that if x ∈ Y , f (x) ∈ Y imply

di

(
f2 (x) , f (x)

)
≤ αidi (x, f (x)) , ∀i ∈ I.

Example 2.4. If f : Y → X is contraction, then f is graphic contraction.

Example 2.5. If f : Y → X is Kannan operator, i.e., for every i ∈ I there exists
αi ∈

[
0; 1

2

[
such that

di (f (x) , f (y)) ≤ αi [di (x, f (x)) + di (y, f (y))] , ∀x, y ∈ Y, ∀i ∈ I,

then f is graphic contraction.

Proof. Let i ∈ I, x ∈ Y such that f (x) ∈ Y then

di

(
f2 (x) , f (x)

)
≤ αi

[
di

(
f (x) , f2 (x)

)
+ di (x, f (x))

]
,

so,
di

(
f2 (x) , f (x)

)
≤ αi

1− αi
di (x, f (x)) �

We also have the following auxiliary result.

Lemma 2.6. Let
(
X, (di)i∈I

)
be a gauge space, Y ∈ Pcl (X) and f : Y → X be a

continuous graphic contraction. Then:
(a) Ef,i (f (A)) ≤ αi · Ef,i (A), for all A ⊂ Y with f (A) ⊂ Y , ∀i ∈ I;
(b) Ef,i (f (A) ∩ Y ) ≤ αiEf,i (A), for all A ⊂ Y with f (A) ∩ Y 6= ∅, ∀i ∈ I.
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Proof. (a) Let A ⊂ Y with f (A) ⊂ Y . Then

Ef,i (f (A)) = sup {di (x, f (x)) | x ∈ f (A)}
= sup

{
di

(
f (u) , f2 (u)

)
| u ∈ A

}
≤ αi · sup {di (u, f (u)) | u ∈ A} = αi · Ef,i (A)

(b) We have

Ef,i (f (A) ∩ Y ) = sup {di (x, f (x)) | x ∈ f (A) ∩ Y }
= sup

{
di

(
f (u) , f2 (u)

)
| u ∈ A, f (u) ∈ Y

}
≤ αi · sup {di (u, f (u)) | u ∈ A} = αi · Ef,i (A)

�

3. A fixed point theorem for nonself Kannan operators

The following theorem is the main result of this section.

Theorem 3.1. Let
(
X, (di)i∈I

)
be a complete gauge space, Y ⊂ X a nonempty

bounded closed subset and f : Y → X a continuous operator. We suppose that:
(i) f is a nonself Kannan operator;
(ii) there exists a sequence (xn)n∈N∗ in Y such that fn (xn) is defined for all

n ∈ N∗;
(iii) Ef,i (Y ) < +∞, ∀i ∈ I.

Then, the following conclusions hold:
(a) Ff = {x∗};
(b) fn−1 (xn) → x∗ and fn (xn) → x∗ as n → +∞;
(c) di (x, x∗) ≤ (1 + αi) di (x, f (x)), ∀x ∈ Y , ∀i ∈ I;
(d) di

(
fn−1 (xn) , x∗

)
≤ αn−1

i (1− αi)
1−n (1 + αi) di (xn, f (xn)), ∀n ∈ N∗,

∀i ∈ I;
(e) Let g : Y → X be such that:

(1) for every i ∈ I there exists ηi > 0 such that di (f (x) , g (x)) ≤ ηi, ∀x ∈ Y ;
(2) Fg 6= ∅.
Then, we have di (x∗, y∗) ≤ (1 + αi) ηi,∀y∗ ∈ Fg, ∀i ∈ I.

Proof. (a) + (b). Let Y1 := f (Y ), Y2 := f (Y1 ∩ Y ), ..., Yn+1 := f (Yn ∩ Y ), n ∈ N∗.
We remark that Yn+1 ⊂ Yn and fn (xn) ∈ Yn, so Yn 6= ∅, n ∈ N∗.
Since f is Kannan operator, from Example 2.5 and Lemma 2.6, we have that:

δi (Yn+1) = δi

(
f (Yn ∩ Y )

)
= δi (f (Yn ∩ Y )) ≤ 2αi · Ef,i (Yn ∩ Y )

= 2αi · Ef,i

(
f (Yn−1 ∩ Y ) ∩ Y

)
= 2αi · Ef,i (f (Yn−1 ∩ Y ) ∩ Y )

≤ 2α2
i

1− αi
Ef,i (Yn−1 ∩ Y ) ≤ ... ≤ 2αn+1

i

(1− αi)
n Ef,i (Y ) → 0, n → +∞,∀i ∈ I.

Now, the rest of the proof is similar with the proof of Theorem 2.2.
(c). Let x ∈ Y . From the definition of the Kannan operator we have:

di (x, x∗) ≤ di (x, f (x))+di (f (x) , x∗) ≤ di (x, f (x))+αidi (x, f (x)) , ∀x ∈ Y, ∀i ∈ I.
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(d) and (e) follow from (c). �
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