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Abstract. Let C be a closed convex subset of a real Hilbert space H. Let T be a supper hybrid
mapping of C into H, let A be an inverse strongly monotone mapping of C' into H and let B be a
maximal monotone operator on H such that the domain of B is included in C. In this paper, we
introduce two iterative sequences by hybrid methods of finding a point of F(T) N (A+ B)~10, where
F(T) is the set of fixed points of T and (A+ B) 710 is the set of zero points of A+ B. Then, we prove
two strong convergence theorems in a Hilbert space. Using these results, we give some applications.
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1. INTRODUCTION

Let H be a real Hilbert space and let C' be a nonempty closed convex subset of H.
Let T be a mapping of C into H. Then, we denote by F(T) the set of fixed points
of T. For a constant o > 0, the mapping A : C' — H is said to be a-inverse strongly
monotone if

(@ —y, Az — Ay) > a || Az — Ay|®
for all z,y € C. An a-inverse strongly monotone mapping is also Lipschitz continuous
with a Lipschitz constant 1. A mapping S of C into H is nonexpansive if || Su—Sv|| <
|lu—v|| for all u,v € C. A mapping T : C' — H is said to be a strict pseudo-contraction
[6] if there exists a real number k& with 0 < k < 1 such that

1T = Ty|* < llo = yl* + k(I = T)z — (I = T)y|* (L.1)

for all x,y € C. We also call such a mapping T" a k-strict pseudo-contraction. A k-
strict pseudo-contraction T : C' — H is nonexpansive if k = 0. A mappingT : C — H
is quasi-nonexpansive if F(T) # 0 and ||[Tu — v|| < |ju — v| for all w € C and
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v € F(T). f S : C — H is a nonexpansive mapping, then I — § is %—inverse
strongly monotone, where I is the identity mapping on H. A nonexpansive mapping
S : C — H with F(S) # 0 is quasi-nonexpansive; see, for instance, [27]. We also know
that if T': C' — H is a k-strict pseudo-contraction with 0 < k < 1, then A=1—-T is
a 1%’“—s‘crict pseudo-contraction; see, for instance, Marino and Xu [18]. A mapping S
of C'into H is nonspreading if

2||Su — Sv||? < ||Su —v||* + ||Sv — ul|?
for all u,v € Cj see [15, 16]. A mapping S of C into H is hybrid if
3)|Su — Sv[|* < [|Su —[* + [[Sv = ul]® + [lu — v]/?

for all u,v € C; see [28]. Recently, Kocourek, Takahashi and Yao [14] introduced a
broad class of nonlinear mappings which contains nonexpansive mappings, nonspread-
ing mappings and hybrid mappings in a Hilbert space. They called such mappings
generalized hybrid mappings; see Section 2. Furthermore, they defined a class of
nonlinear mappings called super hybrid containing generalized hybrid mappings. We
know that a super bybrid mapping is not quasi-nonexpansive generally. A multi-
valued mapping B C H x H is said to be monotone if {(x — y,u —v) > 0 for all
x,y € H, uw € Bx and v € By. A monotone operator B on H is said to be maximal if
its graph is not properly contained in the graph of any other monotone operator on
H.

In this paper, we introduce two iterative sequences by hybrid methods of finding
a point of F(T) N (A + B)~'0, where T is a supper hybrid mapping, A is an inverse
strongly monotone mapping and B is a maximal monotone operator in a Hilbert
space. Then, we prove two strong convergence theorems in a Hilbert space. Using
these results, we obtain well-known, or new results.

2. PRELIMINARIES

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let H be a (real) Hilbert space with inner product (-,- ) and
norm | -||. We denote the strong convergence and the weak convergence of {x,} to
x € H by z,, = z and x,, — z, respectively. From [27], we know the following basic
equality. For z,y € H and A € R, we have

Az + (1= Nyl = Az ]? + (1= D)yl = A1 = N)|z —y]|*. (2.1)
We also know that for z,y,u,v € H,
2(z —y,u—v) =l — o> + |y — ul]® = [l —ul® = [ly — o> (2.2)

Let C be a nonempty closed convex subset of H and x € H. Then, we know that
there exists a unique nearest point z € C such that ||z — z|| = infycc ||z — y||. We
denote such a correspondence by z = Pox. The mapping P¢ is called the metric
projection of H onto C. It is known that P¢ is nonexpansive and

(x — Pox, Pox —u) >0

for all x € H and u € Cj see [27] for more details.
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For a sequence {C),} of nonempty closed convex subsets of a Hilbert space H, define
s-Li,C,, and w-Ls,,C,, as follows: x €s-Li,,C,, if and only if there exists {z,} C H such
that {x,} converges strongly to z and x,, € C,, for all n € N. Similarly, y ew-Ls,C,,
if and only if there exist a subsequence {C,,,} of {C,,} and a sequence {y;} C H such
that {y;} converges weakly to y and y; € C,,, for all i € N. If Cj satisfies

Cy =s-Li,,C,, =w-Ls,,C,,, (2.3)

it is said that {C,,} converges to Cj in the sense of Mosco [19] and we write Cy =M-
lim;, oo Cp. It is easy to show that if {C),} is nonincreasing with respect to inclusion,
then {C,} converges to N, C), in the sense of Mosco. For more details, see [19]. We
know the following theorem [35].

Theorem 2.1. Let H be a Hilbert space. Let {Cy,} be a sequence of nonempty closed
convez subsets of H. If Cy =M-lim,,_,, C,, exists and nonempty, then for each x € H,
{Pc,x} converges strongly to Pc,x, where Pc, and Pc, are the mertic projections of
H onto C,, and Cy, respectively.

Let H be a Hilbert space and let C' be a nonempty closed and convex subset of H.
Then, a mapping T : C' — H is called generalized hybrid [14] if there exist o, 5 € R
such that

a|Tz = Ty|* + (1 - a)|z - Ty|* < BTz — y|I* + (1 - B) |z -yl (2.4)

for all z,y € C. We call such a mapping an (o, ()-generalized hybrid mapping.
Notice that the mapping above covers several well-known mappings. For example, an
(a, B)-generalized hybrid mapping is nonexpansive for « = 1 and 8 = 0, nonspreading
for « = 2 and g = 1, and hybrid for a = % and g = % We can also show that if
x = Tx, then for any y € C,

alle = Tyl + (1 - a)|le = Ty||* < Blla -yl + 1 = B)|z - y?

and hence ||z —Ty|| < |lz—yl||. This means that an («, 8)-generalized hybrid mapping
with a fixed point is quasi-nonexpansive. We also know a more general class of
mappings than the class of generalized hybrid mappings in a Hilbert space. A mapping

S :C — H is called super hybrid [14] if there exist «, 8,7 € R such that

al|Sz — Syl* + (1 - a+ )|z - Sy|* <

(B+(B=a)y)Sz—yl* + (1= B~ (8 —a=1)y)]z -yl
+(a = B)yllz — Szl +lly - Syl (2.5)
for all z,y € C. We call such a mapping an (a, /3, 7)-super hybrid mapping. We
notice that an («, B, 0)-super hybrid mapping is («, §)-generalized hybrid. So,
the class of super hybrid mappings contains generalized hybrid mappings. A super
hybrid mapping is not quasi-nonexpansive generally. A mapping U : C' — H is called

extended hybrid [9] if there exist a, 8,7 € R such that
a(l+7)|Uz = Uyl + (1 = a(l +1))llz - Uyl
< (B+ar)|Uz —y|* + (1 = (B + )|z -yl (2.6)
—(a=B)rllz = Uz|* = rlly - Uyl
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for all z,y € C. We call such a mapping an (a, 3, r)-extended hybrid mapping.
Putting v = == in (2.5) with 1 +7 > 0, we get that for all z,y € C,

147
all S = SylP+ (1 - a+ =)l — Sy <
-r 2 2
(B+ (8- a)7)lISz —yl +(1—ﬁ—(6—a—1)1+ )iz =yl
+(a—F)q ||$—396||2+7||y— Syll*.

Since 1+ 7 > 0, we have
a(l+7)|[Sz = Sy|* + (1+r—a(l+7r)—r)|z—Sy|* <
(BQ+7) ~ (8= a)r) 1Sz~ gl + (147 = S+ 1)+ (8 - a = D)z — P
—(a = Pyrllz = Sz|* = rlly - Sy|*
and hence
a(l+7)[[Sz = Sy|* + (1 — a1l + )]z - Sy|* <
(B+ar)|ISz —y[* + (1= (8 + ar) |z - y|?
— (a = B)rllz = Szlf* —rlly — Sy|*.
This implies that S is («, 3, r)-extended hybrid. Similarly, if S is an («, 3, r)-extended

hybrid mapping with 1 + 7 > 0, then S is an («, 5, %)—super hybrid mapping. We
know the following important lemma from [32].

Lemma 2.2. Let H be a Hilbert space and let C' be a nonempty closed convex subset
of H. Let T : C' — H be a k-strict pseudo-contraction with 0 < k < 1. Then, T is a
(1,0, —k)-extended hybrid mapping.

If T:C — H is a k-strict pseudo—contraction with 0 <k <1, we have 1 — k > 0.
So, we have from Lemma 2.2 that T" is a (1,0, 1= k) supper hybrid mapping.
We know the following theorem from [34].

Theorem 2.3. Let C be a nonempty subset of a Hilbert space H and let o, 5 and
v be real numbers with v # 1. Let S and T be mappings of C into H such that
T = 1ivS + 1351. Then, S is (e, B, 7)-super hybrid if and only if T is («, B)-
generalized hybmd In this case, F(S) = F(T).

From [14], we know the following theorem for generalized hybrid mappings in a
Hilbert space.

Theorem 2.4. Let C be a nonempty closed convex subset of a Hilbert space H and
let T : C'— C be a generalized hybrid mapping. Then T has a fized point in C if and
only if {T"z} is bounded for some z € C.

As a direct consequence of Theorem 2.4, we have the following result.

Theorem 2.5. Let C' be nonempty bounded closed convex subset of a Hilbert space H
and let T be a generalized hybrid mapping from C' to itself. Then T has a fized point.
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Using Theorems 2.3 and 2.5, we have the following fixed point theorem [14] for
super hybrid mappings in a Hilbert space.

Theorem 2.6. Let C be a nonempty bounded closed convexr subset of a Hilbert space
H and let «, B and v be real numbers with v > 0. Let S : C — C be an («, S,
v )-super hybrid mapping. Then, S has a fized point in C.

The following lemma for generalized hybrid mappings in a Hilbert space is essencial
for proving our main theorems; see Takahashi, Yao and Kocourek [34].

Lemma 2.7. Let H be a Hilbert space and let C' be a nonempty closed convex subset
of H. LetT : C — H be a generalized hybrid mapping. If x, — z and x,, — Tz, — 0,
then z € F(T).

3. STRONG CONVERGENCE THEOREMS

In this section, using the hybrid method by Nakajo and Takahashi [20], we first
prove a strong convergence theorem for maximal monotone operators and super hybrid
mappings in a Hilbert space.

Theorem 3.1. Let H be a real Hilbert space and let C' be a nonempty convex closed
subset of H. Let « > 0. Let A : C — H be a-inverse strongly monotone, let
B :D(B) C C — 2% be mazimal monotone and let Jy = (I + AB)~! be the resolvent
of B for any A > 0. Let «v, 5 and ~y be real numbers with v # —1 and let S : C — H be
an (a, B, v)-super hybrid mapping such that F(S)N(A+ B)~1(0) # 0. Let {z,} C C
be a sequence generated by r1 =z € C and

zn = Jx, (I = A\A)z,,

Yn = any + (1 — an)(ﬁSzn + 15 %n);
Cn={2€C:|yn — 2| <llzn — 2|[},
Qn={2€C:(xy—2z,20—1x,) >0},

Tpi1 = PcannI, Vn € N,

where Pc,ng, 15 the metric projection of H onto C,, N Q, and {ay} C [0,1] and
{An} C (0,00) satisfy

0<a,<a<l and 0<b< )\, <c<22

for some a,b,c € R. Then, {x,} converges strongly to zo = Pp(s)n(a+B)-1(0)T, where
Prps)n(a+B)-1(0) is the metric projection of H onto F'(S) N (A + B)~1(0).

Proof. Put T = ﬁS + ﬁ]. Then, we have from Theorem 2.3 that T is an (c,
B)-generalized hybrid mapping of C' into H and F(S) = F(T). Since F(T) is closed
and convex, F(9) is closed and convex. We know that (A + B)~1(0) is closed and
convex [24]. Then, F(S) N (A + B)71(0) is closed and convex. So, there exists the
mertic projection of H onto F(S)N (A + B)~1(0). Furthermore, we have

Yn = anp + (1 —apn)Tz,
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for all n € N. Since
lyn — 2II* < [lzn — 2|12
<:>Hyn||2 - ||an2 - 2<yn — Tn, Z> < 0’

we have that C,,, @, and C,, N Q,, are closed and convex for all n € N. We next show
that C,, N Q,, is nonempty. Let z € F(T)N(A+ B)~1(0). Put 2, = Jx, (I — My A)zs,.
From z = Jy, (I — A\, A)z, we have from 0 < b < A, < ¢ < 2« that for any n € N,

Iz = 2117 = [|Jx, (I = AnA)zy — Ix, (I = AnA)z? (3.1)
<Nz = AAzy — 2 4+ N\ Az||?
= lzn — 2)|? = 20 (@n — 2, Azy — A2) + A2 || Az, — A2
< lwn — 2 = 20 | Az, — Az|® + A2 || Az, — Az
= [lzg — 2> + M (An — 2a) || Az, — Az
< e — 2]
Since T is quasi-nonexpansive, we have from (3.1) that
lyn = 211 = llan@n + (1 — an) Tz, — 2|
< O‘onnHQ + (1= an)|| Tz, — Z||2
< anllzn = 2[* + (1 — an)lzn — 22
< anllzn = 2l* + (1 - an)llzn — 2|
= [len — 2|

Thus we have z € C,, and hence F(T) N (A + B)~1(0) C C, for all n € N. Next,
we show by induction that F(T) N (A + B)~1(0) € C, N Q, for all n € N. From
F(T)N(A+ B)~Y(0) C @1, it follows that F(T)N (A+ B)~*(0) C C; N Q;. Suppose
that F(T) N (A + B)~Y(0) C Cx N Qg for some k € N. From z41 = Po,n, T, wWe
have
(g1 — 2,2 — Tpy1) 20, Vz € CrNQ.
Since F(T) N (A+ B)~1(0) € Cx N Qx, we also have
(Thi1 — 2,0 —xpy1) >0, Vze F(T)N(A+ B)~H0).

This implies F(T) N (A + B)™*(0) C Qx+1. So, we have F(T) N (A + B)~*(0) C
Ci+1 N Qp+1. By induction, we have F(T) N (A+ B)~1(0) c C,, N Q,, for all n € N.
This means that {z,} and {z,} are well-defined.

Since z, = Py, x and zp41 = Po,ng,* C Qn, we have from (2.2) that

0<2{(x —xp,Tp — Tpy1) (3.2)
— o = @1 ll2 = 12 = @l = 0 — Tpsa
< Nlo = @as1l? = llz - 2l
So, we get that

Iz = @nll® < |2 = 2] (3-3)
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Furthermore, since x, = Pg,z and z € F(T) N (A+ B)~*(0) C Q,, we have
Iz — @) < [l — 2. (3-4)

We have from (3.3) and (3.4) that lim,,_, ||z — 2, ||? exists. This implies that {x,}
is bounded. Hence, {y,}, {z»} and {T'z,} are also bounded. From (3.2), we have

20 = Znga|* < |2 = 2o |? = |2 — 20 ?
and hence
||$n - $7L+1|| — 0. (35)

From 2,41 € C,, we have that ||y, — 241l < ||#n — 2p4a]|. From (3.5), we have
lyn — Znt1]l = 0. So, we have

1y — Tall < lyn — Tagill + |Tns1 — 2ol — 0. (3.6)

From ||z, — ynl| = ||zn — anzn — (1 — an)Tzn]| = (1 — ap)l|zn — T2, ||, we also have
from 0 < o, < a < 1 that

1Tzn — xp| — 0. (3.7

Using (3.7), we show ||T'z, — z,| — 0. We have from (3.1) that for any z € F(T) N
(A+B)~H(0),
lyn = 2017 = llanan + (1 — on) Tz — 2|
< anllzn = 2”4+ (1 = an) |20 — 2|
< anllzn = 2* 4+ (1= an){llzn = 21° + Au(hn — 20) || Az — Az}
= Jlzn = 2l + (1 = ) A (An — 20) || Az, — Az

Thus we have

(1 —a)b2a — ) |Azn — Az|]* < (1 — o)A (20 — M) || Az — Az?
< lzn — 2I* = llyn — 2/
= (lzn = 21l + lyn — 2D lzn — 2] = llyn — 211)
< (lzn = 21l + llyn — 2[) |20 — yull-

From ||y, — x| — 0, we have that

nl;ngo Az, — Az|| = 0. (3.8)
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Since Jy, is firmly nonexpansive, we have that
20 = 211* = |5, (I = AnA)ay — Ix, (I = AnA)z?
<{zn—2z,(I—=MNA)z, — (I - X, A)z)

1
§{Hzn — 2P+ (I = A A)zp — (I = A A)z|
—lzn — 2 — (I = M)z, + (I — N\ A) 2%}

N

Slllzn = 2P 4l — 2P
—Nzn — 2 — (I = MpA)zy + (I — X, A)z ||}
= 2 lllzn — 2P 4l — 2P
— |20 — p + Az, — A2)|?}
= %{Hzn =22+ 2w — 201 = 120 — 2l
— 2\ (2 — Ty, Az, — AZ) — N2|| Az, — Az|?}.
Therefore, we have
Iz = 2* < llzn = 2lI* = |20 — za)?
— 2\ (2 — T, Ay — A2) — N2|| Az, — Az
So, we have
lym = 201 <a |20 = 2[I* + (1 = @) [ T2 — 2|
<ap [[on = 2[* + (1 = an) |20 — 2|
<an [|zn — Z||2 + (L —an){l|n — Z||2 —|l2n — anQ
— 22\ (2p — T, Ay — A2) — N2 || Ay — Asz}
<lan = 217 = (1 = @) [|20 = 2nll” = X(1 — @) | Az, — Az
=20 (1 = ap)(zp — zp, Az, — AZ).
This means that
(1=a) [lz0 = all® < & — 2" = [lgn — 2II”
+ [[Azn — Az|| {2¢|2n — x|l + * | Az, — A2}
< (lzn = 20+ llyn = 2[1) lzn — yall
+ | Az, — Az|| {2¢||2n — Tn|| + 2 || Az, — Az}

Since lim, o0 [|Az, — Az|| = 0, limy 00 |20 — ynll = 0, and {y, }, {2z} and {x,,} are
bounded, we have
lim ||z, — 2,|| = 0. (3.9)
n—oo

Since y, = anzy + (1 — @)1z, we have y, — Tz, = ap(zy, — Tz,). So, from (3.7)
we have
[y — Tzl = anllzn — Tzn|| — 0. (3.10)
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Since
lzn — Tznll < 20 — zoll + |20 — ynll + lyn — Tzl
from (3.6), (3.9) and (3.10) we have

2 — Tz — 0. (3.11)

Since {z,} is bounded, there exists a subsequence {z,,} C {x,} such that x,, — z*.
We have from (3.9) and z,, — z* that z,, — z*. From (3.11) and Lemma 2.7, we
have z* € F(T). Next, let us show z € (A + B)~1(0). From the definition of Jy, , we
have that
zn = Jx, (I = A\A)z,
& (I = Az, € (I 4+ MB)zy = zn + AnBzy,
S Xy — 2n — MAx, € \,Bz,
1

& )\—(mn — 2Zn — ApAx,) € Bz,
Since B is monotone, we have that for (u,v) € B,
1
(zn — u, /\—(mn —zn — MAz,) —v) >0
and hence
Tn — 2n
(2 — u, — (Az, +v)) > 0. (3.12)

An
Furthermore, since A is a-inverse strongly monotone,

(T, — 2, Axy, — AZ") > a|| Az, — Az*|2.

From z,, — z* and Axz,, — Az, we have (x,, — z*, Az,, — Az*) — 0 and hence
Az, — Az*. We also know from (3.12) that

lim (z,, — u, Tns —Zni _ (Az,, +v)) > 0.

i—00 An;
So, we have from z,, — z* that (z* — u,—Az* —v) > 0. Since B is maximal
monotone, we have (—Az*) € Bz* and hence 2* € (A + B)~1(0). So, we have z* €
F(T)Nn (A+ B)~Y0).

Put zp = PF(T)ﬂ(A#»B)*l(O):D Since zp = PF(T)ﬂ(A+B)*1(O)x C Cp,NQyp and 41 =

FPc, g, x, we have that

Iz = ni | < llw = 20l (3.13)
Since || - ||? is weakly lower semicontinuous, from x,, — z* we have that
lz — 2" |1 = ll=]|* — 2(z, 2*) + [|2"]1”

%)

< liminf(||z]|? - 2(z, 20,) + 20,
11— 00

2

= liminf ||z — z,,
71— 00

< [l — zol|*.



116 DAVID KUO AND WATARU TAKAHASHI

From the definition of 2y, we have z* = z5. So, we obtain z,, — z5. We finally show
that x,, — z9. We have

llzo — zn||* = [|20 — 2||® + ||z — 2 |* + 2(20 — v, 2 — 2,), Vn €N.
So, we have from (3.13) that
limsup [|20 — @, )% = limsup(||zo — z||? + ||z — 20 ||* + 2(20 — 2,2 — 2,,))
n— o0 n— oo
< limsup(||zo — z||* + ||l — 20|* + 2(20 — =, 2 — 2,,))
n—oo

= llzo — @[|* + |z — 20|1* + 2(20 — z, 2 — z0)
=0.

So, we obtain lim,_, ||z0 — 2| = 0. Hence, {z,} converges strongly to zo. This
completes the proof. O

Next, we prove a strong convergence theorem by the shrinking projection method
[30] for supper hybrid mappings in a Hilbert space.

Theorem 3.2. Let H be a real Hilbert space and let C' be a nonempty convex closed
subset of H. Let « > 0. Let A : C — H be a-inverse strongly monotone, let
B : D(B) C C — 2 be marimal monotone and let Jy = (I + AB)~! be the resolvent
of B for any A > 0. Let a, B and v be real numbers with v # —1 and let S : C — H
be an (a, 3, v)-super hybrid mapping such that F(S)N(A+B)~1(0) # 0. Let C; = C
and let {x,} C C be a sequence generated by x1 = x € C and

zn = J, (I = A\A)zy,
Yn = QnTn + (1 - an)(ﬁszﬂ + ﬁzn)’
Crt1={2€Cp: |lyn — 2[| < [lzn — 2[},

Tnt1 = Po, .z, YneN,

nt1
where Pg,, ., is the metric projection of H onto Cpi1, and {ay} C [0,1] and {\,} C
(0,00) are sequences such that

liminfa, <1 and 0<b< )\, <c<2a

n—oo

for some b,c € R. Then, {x,} converges strongly to zo = Pp(s)n(a+B)-1(0)T, where
Prp(s)n(a+B)-1(0) is the metric projection of H onto F'(S) N (A + B)~1(0).

Proof. Put T' = ﬁS + ﬁ]. Then, we have from Theorem 2.3 that T is an (a,
B)-generalized hybrid mapping of C into H and F(S) = F(T). Since F(T) is closed
and convex, so is F(S). We know that (A + B)71(0) is closed and convex. Then,
F(S)N (A4 B)7%(0) is closed and convex. So, there exists the mertic projection of
H onto F(S) N (A + B)~1(0). We shall show that C,, are closed and convex, and
F(T)N(A+ B)~1(0) C C, for all n € N. It is obvious from assumption that C; = C
is closed and convex, and F(T) N (A + B)~1(0) C Cy. Suppose that Cj is closed and
convex, and F(T)N(A+ B)~1(0) C Cy, for some k € N. From Nakajo and Takahashi
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[20], we know that for z € Cy,

lye — 211 < flax, — 2|12
=yl = llzwll® — 2{yx — zx, 2) < 0.
So, Ck41 is closed and convex. By induction, C,, are closed and convex for all n € N.
Put 2, = Jy,(I — \pA)zy and take z € F(T) N (A + B)71(0) € C. From z =
I, (I — A\, A)z, we have that
2k = 201* = (|70, (T = Me Az — I, (I = A A)z]® (3.14)
< lzp — ApAzp — 2 + A Az|?
= |lzk — 2|12 — 2\ (wk — 2, Azy, — A2) + A2 || Azy — Az
< lzx — 2))* — 22 || Ay, — Az|)* + A2 || Azy, — Az
= [lax — 2|* + MOk — 2a) [|[Azy, — Az|?
<l — 2%
Since T is quasi-nonexpansive, we have from (3.14) that
lys — 211 = llewwr + (1 — ag) Tz — 2|
< agllzg® + (1 — ap) || Tz, — 2|
< allar — 2[* + (1 — o) |l2n — 2|
< allzy = 2l” + (1 — an)|zy, — 22
= |lex — 2|
Hence, we have z € Cjy1. By induction, we have that F(T)N(A+ B)~1(0) C C,, for

all n € N. Since C), is nonempty, closed and convex, there exists the metric projection
Pc, of H onto Cy,. Thus, {z,} is well-defined. Furthermore, we have

Yn = @nZp + (1 —ap)Tz,

for all n € N.
Since {C,} is a nonincreasing sequence of nonempty closed convex subsets of H
with respect to inclusion, it follows that

n—oo

0#F(T)N(A+ B)"'(0) C M- lim C, = (") Cy. (3.15)
n=1
Put Cy =2, Cy. Then, by Theorem 2.1 we have that {Pc, z} converges strongly
to o = Pe,z, i.e.,
Ty = P,z — x0.

To complete the proof, it is sufficient to show that xo = Pr(r)na+B)-1(0)7-
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Since z,, = Pe,x and x,,41 = Pe,,,, @ € Cpy1 C Cy, we have from (2.2) that

1
0<2(x —xp, Ty, — Tpy1) (3.16)
= llo = zns1® = llz = @nl® = llzn — 2o
<l = @ngal® = llo = 2al*.
So, we get that
lz = 2l < ll2 = 2| (3.17)
Furthermore, since z,, = Pc,z and z € F(T) N (A + B)~(0) C C,, we have
lz = @nll* < |z — 2|, (3.18)

So, we have that lim,,_, ||z —z,||? exists. This implies that {z,,} is bounded. Hence,
{yn}, {zn} and {T'z,} are also bounded. From (3.16), we have

|20 — xn+1||2 <z - JUn-H”Q —|lz - anz
So, we have that
|20 — Tny1]®> = 0. (3.19)

From 41 € Cpt1, we also have that ||y, — Zn11]] < ||Tn — Tnt1]|- So, we get that
llyn, — na1]| — 0. Using this, we have

19n = znll < llyn = Zniall + 2041 = 2all = 0. (3.20)

From 0 < liminf, o a,, < 1, we have a subsequence {a,, } of {a, } such that «,,, —
and 0 <~ < 1. From

|20 = Ynll = [|[2n — anzn — (1 — an)T2n|| = (1 — an)||zn — Tzl
we have that
ITzn, — @, [| = 0. (3.21)

Using (3.21), let us show || Tz, — zp, || = 0. As in the proof of Theorem 3.1, we have
that for any z € F(T) N (A + B)~1(0),

lyn — 2[1* = llanzn + (1 — an) T2, — 2|2

< ap e, = 2|7 + (1= an) |20 — 2|

< ap flen = 2|7 + (1= an){lwn — 2 + (A0 — 20) | Az, — A2|*}

= [|&n — 2|I> + (1 — an)A(An — 2a) || Az, — Az

Thus, we have
(1= an)b(2a — ¢) || Azy — Az||> < (1 = o)A (20 — M) || Az — Az

< lzn = 21* = llyn — 2/
= (lzn = 2l + llyn = 2l (lzn — 2] = llyn — 21)
< (ln =20 + llyn = 2[) llzn — yall -
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From ||y, — x| — 0 and a,,; — -, we have that
lim ||Az,, — Az|| = 0. (3.22)
71— 00
Since Jy, is firmly nonexpansive, we have that
2 — 212 = 1, (T = An ) — I, (T = Ag )z
< <Zn -z, (I - )\nA)xn - (I - )\nA)Z>

1
§{Hzn — 2P+ (I = M A)zn — (I = A A)z|
—|lzn — 2 — (I = M)y, + (I — N A) 2%}

IN

1
Stz — 2|l + [Jan — 2|7
—lzn—2z— T = XAz, + (I — )\nA)zHQ}

1
5 tllzn = 2| + llzn — 2|2
—llzn = 2 + An(Az, — A2)|*}
1
= tllzn - 2| + [lzn — 2)12 = 120 — zall®
— 2\ (2 — Ty, Az, — AZ) — N2 Az, — Az|?}.
Therefore, we have
lzn = 2l” < llzn — 2[1* = 120 — zal®
— 22\ (2p — Ty, Ay — A2) — N2 || A, — Az|%
So, we have
lyn — 211> <au llzn — 21 + (1 — an) | Tz — 22
<ap [[en = 2|° + (1 = ap) |20 — 2|
2 2 2
<ap |z, = 2|I" + (1 = an){l|zn — 2[I” = [[2n — 2|
— W\ (2 — T, Ay — AZ) — N2 || Az, — Az|?}
<|lzn — ZH2 —(1=an) llzn — In”z - )‘n2(1 —ayn) || Az, — AZ”2
=20 (1 — ap){zn — zp, Az, — AZ).
This means that
2 2 2
(1 —an)ll2n — znll” < lzn = 2[I7 = [lyn — ||
+ Az, — Az[|{2¢ ||z — x| + 2 [ Az — A2}
< (llon = 2l + llyn — 21) lzn — yull
+ ||Az, — Az|| {2¢||2n — zn|| + 2 || Az, — Az||}.

Since lim; o0 [|Azy, — Az|| =0, limy o0 ||Tn — Ynll =0, an, = v < 1 and {yn}, {zn}
and {z,} are bounded, we have

nhﬁngo |2n; — Tn,|| = 0. (3.23)
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Since y, = anxy + (1 — ap)T 'z, we have y, — Tz, = an(x, — Tzp). So, from (3.21)
we have

[Yn; — Tz, || = n, | Tn, — Tz, || — 0. (3.24)
Since
20, = Tzn,ll < l2n, = @n, | + (|20, = ynill + lyn, — T2, ||,
from (3.20), (3.23) and (3.24) we have
lzn, = Tz, || — 0. (3.25)
Since z,, = Pc, © — xo, we have from (3.23) that 2,, — xo. So, zn, — 7. From

(3.25) and Lemma 2.7 we have 2o € F(T). Let us show zg € (A+ B)~(0). As in the
proof of Theorem 3.1, we have for (u,v) € B,

Tn — Zn
An
Furthermore, since A is a-inverse strongly monotone and z,,, = Pc, © — xo, we have

v ‘T

that Ax,, — Azg. So, we have from (3.26)
(o —u, —(Azo +v)) > 0. (3.27)

— (Az,, +v)) > 0. (3.26)

<ZTL —u,

Since B is maximal monotone, we have —Axy € Bxg and hence z¢ € (4 + B)~1(0).
So, we have 29 € F(T)N (A + B)~%(0). Put 29 = Pp(ryn(a+B)-1(0)T- Since zg =
Prryna+B)-10)% C Cry1 and 2,41 = Pe, T, we have that

o = 2l < llo - 2ol (3.28)
So, we have that
J& = 2ol = lim [lz — 2, [* < [z — 2]*.
n—oo

So, we get zp = xo. Hence, {x,} converges strongly to zp. This completes the
proof. O

4. APPLICATIONS

In this section, we give some applications. Let H be a Hilbert space and let f
be a proper lower semicontinuous convex function of H into (—oo0,00]. Then, the
subdifferential 0f of f is defined as follows:

Of()={z € H: f(z)+(2,y—x) < fy), y€ H}

for all z € H. From Rockafellar [22], we know that df is maximal monotone. Let C
be a closed convex subset of H and let i¢ be the indicator function of C| i.e.,

. 0, =ze€C,
io(w) = oo, xz¢C

Since i¢ is a proper lower semicontinuous convex function on H, the subdifferential
Oic of i¢ is a maximal monotone operator. So, we can define the resolvent Jy of dic
for A > 0, i.e.,

JIx = (I + \ic) tx
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for all x € H. We have that, for any x € H and u € C,

u=Jyr <=z €u-+t+ Nicu
<~z €u+ ANcu
<~ —u € AN¢cu
1
<:)X<x—u,v—u>§0, Yvel
= (z—u,v—u) <0, YveC
<— u = Per,

where Ncou is the normal cone to C' at u, i.e.,
Neu={z€ H:{z,v—u) <0, Yv e C}.
Similarly, if A : C' — H is a nonlinear mapping, then we have that for z € C,

€ (A+0ic) 1 (0) < 0 € Az + dicx
& —Ax € ONgx
& (—Az,y—2) <0, VYyel
sz e VI(A,O),

where VI(A,C) = {z € C : (Az,y —x) > 0, Vy € C}. This is called the set of
solutions of the variational inequality for A.

Now, using Theorem 3.1, we can obtain a strong convergence theorem for finding
a common element of the set of solutions of the variational inequality for an inverse
strongly-monotone mapping and the set of fixed points of a super hybrid mapping in
a Hilbert space.

Theorem 4.1. Let H be a Hilbert space and let C' be a closed convex subset of H.
Let a > 0 and let A be an a-inverse strongly-monotone mapping of C into H. Let «,
B and ~y be real numbers with v # —1 and let S : C' — H be an («, B, v)-super hybrid
mapping such that F(S) N (A + dic) 0= F(S)NVI(A,C)#0. Let {x,} CC be a
sequence generated by 1 =z € C' and

zn = Po(I — Ay A)zx,,

Yn = @pTyp + (1 — an)(ﬁSzn + ﬁzn),

Crn={2€C:|yn— 2| < llzn —2l},

Qn={2€C:{(xy—z,0—1x,) >0},

ZTn+1 = Po,nQ,z, YneN,

where Pc,ng, 1is the metric projection of H onto Cp, N @y, and {a,} C [0,1] and
{An} C (0,00) satisfy

0<a,<a<l and 0<b< )\, <c<22

for some a,b,c € R. Then, {x,} converges strongly to zo = Pp(s)nvi(a,c)®, where
Pr(s)nvia,c) is the metric projection of H onto F(S)NVI(A,C).
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Proof. Setting B = Jic in Theorem 3.1, we know that J,, = Pc for all A, with
0<a< )\, <b<2a. Sowe obtain the desired result by Theorem 3.1. O

Using Theorem 4.1, we get the following theorem for nonexpansive mappings and
strict pseudo-contractions in a Hilbert space.

Theorem 4.2. Let H be a Hilbert space and let C be a closed convexr subset of H.
Let T be a nonexpansive mapping of C into itself and let S be a k-strict pseudo-
contraction with 0 < k <1 of C into itself such that F(S)NF(T) # 0. Let {z,} C C
be a sequence generated by x1 = x € C and

zn = (1= Ap)zn + ATy,

Yn = ann + (1 —an){(1 — k)Sz, + kzn },

Co={2€C:|lyn — 2|l < [lzn — 2|1},

Qn={2€C:(zn -z —2,) 20},

Tpt1 = Pcannl', Vn € N,

where Pc, nq, is the metric projection of H onto C,, N Qy, and {ayn} C [0,1] and
{An} C (0,00) satisfy

0<a,<a<l and 0<b< A, <cx«l1

for some a,b,c € R. Then, {x,} converges strongly to zo = Ppsynr(r)T, where
Pr(s)nr(r) is the metric projection of H onto F(S) N F(T).

Proof. Put A=1—T in Theorem 4.1. Then, we know that A is a %—inverse strongly-
monotone operator. We also have that for all z € C,
Po(x — A\yAzx) = Po(x — A\ (I — T)x)
=Po((1 =Xz + A\ Tx)
=(1-=-X\)z+\Tx.

Furthermore, we have that

u € (A4 dic) 10 <= 0 € Au+ dicu
< 0€c€u—Tu+ Ncu
< Tu—u € Ncu
— (Tu—u,v—u) <0, VveC
<— PcTu=u
— Tu = u.

So, we obtain (A+dic) 10 = F(T). On the other hand, we know from Lemma 2.2 that
if S is a k-strict pseudo-contraction with 0 < k < 1, then S is a (1,0, —k)-extended

hybrid mapping and hence a (1,0, ﬁ)—supper hybrid mapping. Furthermore, we
have if v = ﬁ, then ﬁ =1—Fkand ﬁ = k. Thus, we get the desired result by

Theorem 4.1. O
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Next, using Theorem 3.1, we consider the problem for finding a common element
of the set of solutions of an equilibrium problem and the set of fixed points of a
nonexpansive mapping in a Hilbert space. Let C be a nonempty closed convex subset
of a Hilbert space and let f : C' x C — R be a bifunction satisfying the following
conditions:

(A1) f(z,z)=0forall z € C;

(A2) f is monotone, i.e. f(z,y)+ f(y,x) <0 for all z,y € C;

(A3) for all z,y,z € C,

limsup f(tz + (1 — t)z,y) < f(z,y);
10

(A4) for all z € C, f(z,-) is convex and lower semicontinuous.
Then, the equilibrium problem (with respect to C) is to find & € C such that
f(@.y)=0 (4.1)
for all y € C. The set of such solutions & is denoted by EP(f). The following lemma
appears implicitly in Blum and Oettli [4].

Lemma 4.3 (Blum and Oettli). Let C be a nonempty closed convex subset of H and
let f be a bifunction of C x C into R satisfying (A1) — (A4). Let r >0 and x € H.
Then, there exists z € C' such that

Fey)+ Hy =2z —2) 20, e O

The following lemma was also given in Combettes and Hirstoaga [7].

Lemma 4.4. Assume that f : C x C — R satisfies (A1) — (A4). For r > 0 and
x € H, define a mapping T, : H — C as follows:

Trx:{zeC:f(z,y)+i<y—z,z—x>>0, VyGC}.

Then, the following hold:
(1) T, is single-valued;
(2) T, is a firmly nonexpansive mapping, i.e., for all z,y € H,
Tz — Tf‘yHQ <(Trx —Tyy,x —y);
(3) F(T;) = EP(f);
(4) EP(f) is closed and convex.

We call such T, the resolvent of f for r > 0. Using Lemmas 4.3 and 4.4, we know
the following theorem from Takahashi, Takahashi and Toyoda [24]. See [2] for a more
general result.

Theorem 4.5. Let H be a Hilbert space and let C' be a nonempty closed convez subset
of H. Let f : C x C — R satisfy (A1) — (A4). Let Ay be a multivalued mapping of H
into itself defined by

A {{zEH:f(a:,y)Z(yac,z>, Yy e C}, x€C,
f']j:
0, x¢C.
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Then, EP(f) = A;l() and Ay is a mazimal monotone operator with D(Ay) C C.
Furthermore, for any x € H and r > 0, the resolvent T, of f coincides with the
resolvent of Ay; i.e.,

Trx=(I+rAf) o

Using Theorem 4.5, we obtain the following result which was proved by Takahashi
and Takahashi [23, Theorem 4.1].

Theorem 4.6. Let H be a real Hilbert space and let C' be a nonempty closed convex
subset of H. Let f be a bifunction from C x C to R satisfying (A1) — (A4) and let T},
be the resolvent of f for A > 0. Let S be a k-strict pseudo-contraction with 0 < k < 1
of C into itself such that F(S) N EP(f) # 0. Let {x,} C C be a sequence generated
by x1 =x € C and

zn =T\, Tn,

Yn = oy + (1 — an){(1 — k)Sz, + k2, },
Co={2€C:yn — 2| < llzn — 2|},
Qn={2€C:{xy—z,20—1x,) >0},
Tnt1 = Po,ng,t, VneN,

where P, ng, s the metric projection of H onto Cy N Qn, and {an} C [0,1] and
{An} € (0,00) satisfy

0<a,<a<l and 0<b< )\, <c

for some a,b,c € R. Then, {x,} converges strongly to zo = Pr(s)npp(s)T, where
Prsynep(f) 5 the metric projection of H onto F(S) N EP(f).

Proof. Put A =0 in Theorem 3.1. From Theorem 4.5 we also know that Jy, =T},
for all n € N. For a k-strict pseudo-contraction, we follow the proof of Theorem 4.2.
Thus, we obtain the desired result by Theorem 3.1. (|

As in the proofs of Theorems 4.1, 4.2 and 4.6, we also get similar results from
Theorem 3.2.
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