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1. INTRODUCTION

In 1929, Knaster, Kuratowski and Mazurkiewicz [1] first established the classical
KKM theorem in the setting of finite dimensional spaces. In 1961, Fan [2] generalized
the classical KKM theorem from finite dimensional spaces to infinite dimensional
Hausdorff topological vector spaces and established the following FKKM theorem.
Theorem A. Let X be a arbitrary subset of a Hausdorff topological vector space
Y. To each z € X, let a closed set F(z) in'Y be given such that the following two
conditions are satisfied:

(i) the convex hull of any finite subset {xq, ..., xn} of X is contained in \J;_, F(x;);

(ii) F(x) is compact for at least one v € X.

Then N,ex F(x) # 0.

Since then, a lot of generalized KKM type theorems and their applications have
been studied by many authors (see, for example, [3-7] and references therein). Lin
and Wan [8] proved some KKM type theorems in the framework of convex spaces.
By using these results, they derived some existence theorems of solutions to general-
ized vector equilibrium problems under suitable assumptions. Pathak and Khan [9]
introduced a new class of set-valued mappings called D-KKM mappings and proved a
general D-KKM theorem in convex spaces. At the same time, they applied this the-
orem to getting some existence results for maximal elements, generalized variational
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inequalities, and price equilibria. Recently, by applying a generalized KKM theorem,
Balaj and Lin [10] established some existence theorems of solutions to variational
relation problems in convex spaces with applications to fixed point theorems, gener-
alized maximal element theorems, a generalized coincidence theorem, and a section
theorem. They also showed that these existence theorems of solutions to variational
relation problems are equivalent to the generalized KKM theorem.

It is well known that the linear and convex assumptions play a crucial role in most
known KKM theorems and applications, which strictly restricts applications of the
KKM principle. In 1983, Horvath [11] gave a purely topological version of the general-
ized KKM theorem in which the convex assumptions were replaced by contractibility
and introduced the concept of H-space. Motivated by Horvath’s work, Bardaro and
Ceppitelli [12] proved a generalized H-KKM theorem under much weaker conditions
and applied it to establishing minimax inequalities without compact and convex hy-
potheses for functions taking values in ordered topological vector spaces. Later on,
Verma [13] generalized H-space by introducing the concept of G-H-space and obtained
an intersection theorem involving I-G-H-KKM mapping in G-H-spaces. He also ap-
plied this theorem to the theory of a new class of generalized minimax inequalities
in the setting of G-H-spaces. Kalmoun and Riahi [14] proved some topological KKM
theorems in the framework of G-convex spaces which do not have any linear structure
and gave applications to greatest element, fixed point, and vector saddle point prob-
lems. Recently, Lin and Yao [15] introduced the concept of pseudo H-space which
concludes the spaces mentioned above as special cases and obtained a general Pe-
leg KKM theorem in pseudo H-spaces. As applications of this Peleg KKM theorem,
they derived some new results for fixed point theorem and the system of variational
inequalities.

Motivated and inspired by these recent works on KKM theorems, in this paper, we
prove some new W-GPH-KKM theorems in pseudo H-spaces without any linear and
convex structure. As applications, some new coincidence theorems, maximal element
theorems, and existence theorems of solutions to generalized equilibrium problems
are obtained in pseudo H-spaces.

2. PRELIMINARIES

Let X be a set. We shall denote by 2% the family of all subsets of X, by (X) the
family of nonempty finite subsets of X. For any A € (X), we shall denote by |A| the
cardinality of A. If A is a subset of a topological space X, then int A and A stand for
the interior and the closure of A, respectively. If A is a subset of a vector space, we
shall denote by co A the convex hull of A. Let A,, denote the standard n-dimensional
simplex with vertices {eg,e1,...,e,}. For a nonempty subset J C {0,1,...,n}, let
A jj—1 denote the convex hull of the vertices {e; : j € J}.

Let X and Y be two nonempty sets and let 7' : X — 2¥ be a set-valued mapping.
Then the set-valued mappings 77! : Y — 2% and T* : Y — 2% are respectively
defined by T7(y) = {zr € X : y € T(x)} and T*(y) = X \ T 1(y) for each y € Y.
T¢: X — 2Y is defined by T¢(z) = Y\ T(x) for each x € X. Let T(Xy) = Uzex, T ()
for any Xy C X. Note that the graph of T is the set {(z,y) € XxY :y € T(z)}. Given
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a nonempty set Z and two set-valued mappings 7' : X — 2¥ and S : Y — 27, the
composition SoT : X — 27 is defined by (SoT)(z) = S(T(z)) = U{S(y) : y € T(z)}
for each x € X. Let X and Y be two topological spaces. A set-valued mapping
S : X — 2Y is called to be upper semicontinuous (resp., lower semicontinuous) at
x € X if for each open set V C Y with S(x) C V (resp., S(x) NV # ), there exists
an open neighborhood U(z) of z such that S(z') C V (resp., S(z') NV # 0) for all
r e U(z). S is said to be upper semicontinuous (resp., lower semicontinuous) on X
if S is upper semicontinuous (resp., lower semicontinuous) at each point of X.
Lemma 2.1. ([16]). Let X and Y be two topological spaces and S : X — 2Y be a
set-valued mapping. Then S is lower semicontinuous at x € X if and only if for any
y € S(z) and for any net {x,} in X converging to x, there is a net {ys} such that
Yo € S(20) for every a and {y,} converges to y.
Lemma 2.2. ([17]). Let X and Y be two topological spaces and S : X — 2Y be a
set-valued mapping with compact values. Then S is upper semicontinuous at x € X if
and only if for any net {x,} in X converging to x and any net {yo} with yo € S(z4s),
there exists y € S(x) and a subnet {yg} C {ya} such that {yz} converges to y.

A subset A of a topological space X is said to be compactly closed (resp., compactly
open) in X if for each nonempty compact subset C' C X, ANC is closed (resp., open)
in C. The compact closure and the compact interior of A (see [18]) are defined by

ccl A= m{B : A C B and B is compactly closed in X} and

cint A = U{B : B C A and B is compactly open in X},

respectively. It is easy to see that ccl(X \ A) = X \ cintA, ccl A (resp., cint A )
is compactly closed (resp., compactly open) in X, and A is compactly closed (resp.,
compactly open) if and only if A = ccl A (resp., A = cint A). For each nonempty
compact subset C' of X, we have (ccl A)NC = clg (ANC) and (cint A)NC =
inte (ANC), where cle (ANC) and inte (AN C) denote the closure and the interior
of ANC in C, respectively.
Definition 2.1. ([18]). Let X be a topological space, ¥ be a nonempty set, and
let F:Y — 2% be a set-valued mapping. F is said to be transfer compactly closed-
valued (resp., transfer compactly open-valued) on Y if for each y € Y and for each
nonempty compact subset C of X, = ¢ F(y) N C (resp., z € F(y) N C) implies that
there exists ¥ € Y such that = ¢ clo(F(y )N C) (resp., z € inte(F(y') N C)).

From the above definition, we can easily verify that F' is transfer compactly closed-
valued if and only if F¢ is transfer compactly open-valued.
Definition 2.2. ([19]). Let X be a topological space, D be a nonempty set. A triple
(X, D;¢n) is said to be a pseudo H-space if for each N = {do, ...,d,} € (D) where
some elements in N may be same, there exists an upper semicontinuous set-valued
mapping ¢y : A, — 2% with nonempty compact values. When D C X, the space is
denoted by (X D D;¢n). In case X = D, let (X;¢n) := (X, X;0n).

Let AC D and B CY. B issaid to be a pseudo H-subspace of (X, D; pn) relative
to A if for each N = {dy, ...,d,} € (D) and for each {d;,,...,d;,} € AN{do,...,dn},
we have pn(Ag) C B, where Ay = co({ejy, .-, €i, }). We note that if A is nonempty
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and B is a pseudo H-subspace of (X, D;¢n) relative to A, then B is automatically
nonempty. When A = B, B is said to be a pseudo H-subspace of (X 2 D;pn).
Remark 2.1. It is worthwhile noticing that convex subsets of topological vector
spaces, Lassonde’s convex spaces in [20], H-spaces introduced by Horvath [11], G-
convex spaces introduced by Park and Kim [21], L-convex spaces introduced by Ben-
El-Mechaiekh et al. [22], G-H-spaces introduced by Verma [13], GFC-spaces due to
Khanh et al. [23], F'C-spaces due to Ding [24], and many other topological spaces
with abstract convex structure (see, for example, [25-26] and references therein) are
all particular forms of pseudo H-spaces.

Lemma 2.3. Let I be any index set. For each i € I, let (X;, D;;pn,) be a pseudo
H-space. Let X = [[,c; Xi, D = [l;c; Di, and on = [I;c; ¢~ Then (X, D;on) is
also a pseudo H-space.

Proof. Let X be equipped with the product topology and for each i € I, let m; :
X — X, be the projection of X onto X;. For any given N = {dy,...,d,} € (D), let
N; = mi(N) = {mi(do), ..., mi(dp)}. Since each (X;, D;;pn,) is a pseudo H-space, it
follows that there exists an upper semicontinuous set-valued mapping oy, : A, — 2%
with nonempty compact values. Define a set-valued mapping ¢y : A, — 2% by

en(z) = HgaN(z) for each z € A,,.
iel

By Lemma 3 of Fan [27], ¢ is an upper semicontinuous set-valued mapping with
nonempty compact values. Therefore, (X, D; ¢y ) is also a pseudo H-space.
Definition 2.3. Let (X, D;¢n) be a pseudo H-space and Y be a topological space.
The class B (X, D,Y) of better admissible mappings is defined as follows: a set-valued
mapping T : X — 2¥ belongs to g(X, D,Y) if and only if T is upper semicontinuous
mapping with compact values such that for any N = {dy,...,d,} € (D) and for any
continuous mapping ¢ : T'(¢n(An)) — Ay, the composition YoT|, (A, 00N : Ap —
247 has a fixed point. When X = D, we shall write g(X, Y) instead of E(X7 D,Y).

The class B (X, D,Y) unifies and extends many important classes of mappings, for
example, the class UE (X,Y) of Park [21], the class A(Y, X) of Ben-El-Mechaiekh et
al. [22] and the class B(Y, X) of Ding [24].
Definition 2.4. Let (X, D;pyn) be a pseudo H-space and Y be a nonempty set.
Let S: D — 2Y and T : X — 2¥ be two set-valued mappings. S is said to be a
W-GPH-KKM mapping with respect to T if for each N = {dy, ...,d,} € (D) and each
{diy, -, di,} € N, we have T(pn(Ag)) C U;?:OS(dij).
Remark 2.2. Definition 2.4 generalizes the generalized R-KKM mapping of Verma
[13] and the R-KKM mapping of Deng and Xia [28] to pseudo H-spaces.

3. W-GPH-KKM THEOREMS

In this section, we shall establish some new W-GPH-KKM theorems in pseudo
H-spaces, which are needed in the sequel.
Theorem 3.1. Let (X,D;pn) be a pseudo H-space, Y be a Hausdorff topological
space. Let S : D — 2Y, R: D = 2% and T € g(X,D,Y) be three set-valued
mappings such that
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(i) for each d € D, S(d) is compactly closed;

(ii) S is @ W-GPH-KKM mapping with respect to T';

(iil) there exists a nonempty compact subset K of Y such that either

(iii1) Ngen, S(d) € K for some No € (D); or

(illp) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) is a compact pseudo H-subspace of (X, D;n) relative to Ly and

(ToR)(Ly)N( (] S

deLn

Then T(X) N K N (Nyep S(d)) # 0.
Proof. We prove Theorem 3.1 in the following two cases:
Case (iii;). Suppose that the conclusion of Theorem 3.1 does not hold. Then we
have T(X)NK C Uyep S€(d) and thus, T(X)NK = e p(S(d)NT(X)NK). Since
T(X) N K is compact and each S¢(d) is compactly open, it follows that there exists
N; € (D) such that

TX)NK = [ (S°(d)n c | s (3.1)

deN; deNy

By (iii;), we have

T(X)\K CY\K < | 5°d) for some Ny € (D). (3.2)
deN,
Then it follows from (3.1) and (3.2) that
T(X) =(TX)\K)U(TX)nK)C | 5a), (3.3)
deN

where N = NgUN; = {do, ...,d,} € (D). By the definition of a pseudo H-space, there
exists an upper semicontinuous set-valued mapping ¢y : A, — 2% with nonempty
compact values. By Proposition 3.1.11 of Aubin and Ekeland [29], we know that
©n(A,) is compact subset of X. Since T is an upper semicontinuous set-valued
mapping with compact values, it follows from Proposition 3.1.11 of Aubin and Ekeland
[29] again that T'(pn(A,)) is compact subset of Y. By (3.3), we have

T(pn(An) CT(X) € | 5°()

deN

and thus, T(pn (An)) = Ugen (S()NT (o (An))), Le., {SU(d)NT (pn(An)) : d € N}
is an open cover of the compact set T'(¢n(Ay)). Let {A;}7, be the partition of unity
subordinated to this cover. Define a continuous mapping ¢ : T(pn(A,)) = A, by
P(y) = >y Ni(y)e; foreach y € T(pn(Ay,)). Since T € B(X,D,Y), the composition
mapping ¢ o T'|,, (a,) © ¢n has a fixed point 29 € A,; that is, 20 € 1 o T|,(a,) ©
on(20). Let § € T(pn(z0)) such that zg = ¢ (7). Then we have

= > A@es € Ayg)-1,

JE€JI ()
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where J(7) = {j € {0,...,n} : \;(7) # 0}. By (ii), we have the following:

7 € T(en(@®(®))
C T(en(Apsg)-1))
c U s
JEJ(@)

Hence, there exists j € J(¥) such that 7 € S(d;). On the other hand, by the definitions
of J(y ) and the partition {\;}_,, we have
y € S5%d;) NT(en(An))
= (Y\S(d) N T(en(An))
c Y \S5(dy),
which is a contradiction. Therefore, the conclusion of Theorem 3.1 holds.
Case (iiiz). Suppose that the conclusion of Theorem 3.1 is false. Then we have

D = TX)NKN(()S(d)
deD

() (T(X)N K N S(d)).
deD

y (i), {T(X)N K NS(d):de D} is a family of closed sets in K. Then there exists
€ (D) such that
0 = (@X)nKnNS(d)
deN
= T(X)nKn([) S(d)

deN

that is, T(X) N (Ngen S(d)) € Y\ K. By (ivz), there is a subset Ly of D containing
N such that R(Ly) is a compact pseudo H-subspace of (X, D; @) relative to Ly
and
(ToR)(Ly)N( () S(d
deLy
Since (T o R)(Ln) N (Naery S(d)) T(X) N (Nyen S(d)) € Y\ K, it follows that
(T o R)(Ln) N (Nyer, S(d)) = 0. Therefore, we have

(ToR)(Ly) S | Sd). (3.4)
deLn

Since T is upper semicontinuous with compact values and R(L y) is compact, it follows
from Proposition 3.1.11 of Aubin and Ekeland [29] that (T'oR)(Ly) is compact subset
of Y. Thus, by (3.4), there exists M = {do, ...,dn } € (Ly) such that

(ToR)(Ly) = |J (Te R)(Lx) N S°(d)).
deM

Observe that R(Ly) is a pseudo H-subspace of (X, D;¢n) relative to Ly and so
(R(Ln), Ln; pn) is also a pseudo H-space. Then there exists an upper semicontinuous



W-GPH-KKM THEOREMS IN PSEUDO H-SPACES AND THEIR APPLICATIONS 149

set-valued mapping ¢ : Ay — 28N with nonempty compact values. We may
assume that {\;}", is the partition of unity subordinated to the open cover {(7T o
R)(Ln)NS°(d) : d € M}, which implies that

for each i € {0,1,...,m}, \;: (T o R)(Ly) — [0, 1] is continuous;

for each i € {0,1,...,m},\i(y) > 0=y € (T o R)(Ln)NSd);
Yo Xi(y) =1 for each y € (T'o R)(Ly).

Furthermore, we define a continuous mapping ¢ : (T o R)(Ly) — A,, by w(y) =
St o Xi(y)e; for each y € (T'o R)(Ly). Let T = T|r(Ly)- Since T' € E(X D,Y), i
obviously follows that 7" € B(R(Lx), Ly,Y). Then the COmpObltIOH Yol |<P1W(Am)
o s Ay — 287 has a fixed point zg € A,,; that is, zg € 1 o T’ loar(Am) © Pr(20)-
Let 7 € T'(¢ar(20)) such that zo = (7). Then we have

20=0@) = Y. N@e; € Aug)-1,
jeJ(@)

where J(G) = {j € {0,...,m} : \;(7) # 0}. Let 8" := S|,. By (ii), it is easy to see
that S is a W-GPH-KKM mapping with respect to 7. Thus, we have the following:

7 € T(om((@))
C T (om(Aysg)-1))
c U Sy

JEJ(Y)

Hence, there exists j € J(7) such that 7 € S'(d;). On the other hand, by the
definitions of J(g) and the partition {\;}7,, we have
g € S%d)N(ToR)(Ly)
= (Y\S(d))N(ToR)(Ln)
Y\ S5(d;)
= Y\S'(d),

N

which is a contradiction. Therefore, the conclusion of Theorem 3.1 holds.

Remark 3.1. (1) Theorem 3.1 generalizes Theorem 3.3 of Yang and Deng [30] in
the following ways: (a) from FC-spaces to pseudo H-spaces; (b) from two set-valued
mappings to three set-valued mappings; (c) from UK (X,Y) to E(X, D,Y); in turn,
it also generalizes Theorem 3 of Park and Kim [21] in several aspects.

(2) (ii) of Theorem 3.1 can be replaced by the following equivalent condition:

(i) for each y € Y, T*(y) is a pseudo H-subspace of (X, D; py) relative to S*(y).
Proof. (ii)=(ii)": Let N = {do,...,d,} € (D) and {d,,,...,d;,} € N N S*(y). Then
{digy s di} € D\ STHy). Thus, y ¢ Uj_y S(dy,). Since T(on(Ax)) € Uj_o S(d,),
it follows that y ¢ T(pn(Ag)); that is, T71(y) N pn(A) = 0. Therefore, we have
Pn(Ak) € X\T7Hy) = T*(y)-
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(i) =(ii): Let N = {do,...,dn} € (D), {diy,....d;,} € N, and y € T(on(Ar)).
Then there exists x € pn(Ag) such that y € T(x). So, we have

z € T (y) Non(Ar) = (Y \T(y) Non(Ar) # 0.

This means that pn(Agx) € T*(y). By (i)', we have {di,,....,d;,} € N N S*(y)
and hence, {d;,,...,d;,} N (D \ S*(y)) # 0, ie., {dig,..,di, } N S7H(y) # 0. Let
d € {diy,-.,di, } N S71(y). Then y € S(d) C U?:o S(d;;), which implies that

T(pn(Ar) € Uj_oS(di).
Theorem 3.2. Let (X,D;pn) be a pseudo H-space, Y be a Hausdorff topological
space. Let S : D — 2Y, R: D — 2% and T € g(X,D,Y) be three set-valued
mappings such that

(i) S is transfer compactly closed-valued;

(ii) for each N = {do,...,dn} € (D) and each {d;,,...,di,} C N, T(pn(Ak)) C
Ué?zoccl S(di;);

(iii) there exists a nonempty compact subset K of Y such that either

(iii1) Ngen, ccl S(d) C K for some No € (D); or

(illp) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) is a compact pseudo H-subspace of (X, D;pn) relative to Ly and

(ToR)(Ly)N( [ cc S(d) € K.
deLn

Then T(X) N K N (Nyep S(d)) # 0.
Proof. Define a set-valued mapping S:D —2Y by g(d) = ccl S(d) for each d €
D. Then for each d € D, S (d) is compactly closed. By using the same argument
as that used in the proof of Theorem 3.1, we can easily prove that T(X) N K N
(Naep ccl S(d)) # 0. So, it suffices to prove T(X) N K N ((Nyep ccl S(d)) = T(X)N
K N (Nyep S(d)). Clearly, T(X) N K N (Nyep S(d) € T(X) N K N (Nyep ccl S(d)).

If T(X)N KN (Ngepeel S(d)) € T(X) N K N ((yepS(d)), then there exists y €

T(X)NKN(Ngepccl S(d)) such that y ¢ T(X)NKN(yep S(d)). Since S is transfer
TNk (S(d)NT(X)N
K)), which is a contradiction. Hence, T(X) N K N ((Nyep S(d)) # 0, This completes
the proof.
Remark 3.2. (1) Theorem 3.2 generalizes and improves Theorem 2.1 of Kalmoun
and Riahi [14] in the following ways: (a) from G-convex spaces to pseudo H-spaces;
(b) D needs not to be a subset of X; (c) from UL (X,Y) to B(X,D,Y); (d) from
TG-KKM mappings to W-GPH-KKM mappings; (e) (iii;) and (iiiz) are weaker than
(i) and (ii) of Theorem 2.1 of Kalmoun and Riahi [14], respectively. Theorem 3.2 also
generalizes Theorem 3.2 of Fang and Huang [31] in several aspects.

(2) We have shown that Theorem 3.1 implies Theorem 3.2. It is obvious that
Theorem 3.2 implies Theorem 3.1. Therefore, Theorem 3.1 is equivalent to Theorem
3.2.

compactly closed-valued, there exists a d € D such that y & cl
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4. COINCIDENCE AND MAXIMAL ELEMENT THEOREMS

Theorem 4.1. Let (X, D;pn) be a pseudo H-space and'Y be a Hausdorff topological
space. Let G, H:Y = 2P R: D = 2%, and T € g(X,D,Y) be four set-valued
mappings such that

(i) for each d € D, H='(d) is compactly open;

(ii) for each x € X, y € T(x), R(G(y)) is a pseudo H-space of (X, D;pn) relative
to H(y);
(iii) there exists a nonempty compact subset K of Y such that T(X)NK C H~Y(D);
(iv) either
E%V ) Naen, ¥ \ H™1(d)) € K for some Ny € (D); or

1
ivg) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) is a compact pseudo H-subspace of (X, D;pn) relative to Ly and

(To RY(Lw) 0 ( () (Y \ H~X(d))) C K.
deLn
Then there exists (Z,d,y) € X x D x Y such that T € R(d), d € G(y), y € T(T).
Proof. Define a set-valued mapping S : D — 2¥ by S(d) = Y \ H=1(d) for each
d € D. By (i), each S(d) is compactly closed. Thus, (i) of Theorem 3.1 is satisfied.
It is easy to see that (ivy) and (ivg) imply that (iii;) and (iiiz) of Theorem 3.1 hold,
respectively. By (iii), we have

T(X)NEN(()Sd)<H Y (D)N([) S(d)=0.
deD deD
Hence, by Theorem 3.1, (ii) of this theorem must be violated; that is, S is not W-GPH-
KKM mapping with respect to T, which implies that there exist N = {dp,...,d,} €
(D) and {d;,, ..., d;, } € N such that
k
T(on(Ar) € | JO\H(dy)).
§=0
Therefore, we can choose some point T € ¢n(Ag) and § € T(Z) such that 7 ¢
Y\ H™!(d;,) for all j =0,...,k; that is, y € H'(d;,) for all j =0,...,k. By (ii), we
have
T € pn(Ak) € R(G(Y)).

Hence, there exists d € G(7) such that Z € R(d). This completes the proof.

When X = D and R is the identity mapping on X, we can obtain the following
theorem.
Theorem 4.2. Let (X;¢n) be a pseudo H-space and Y be a Hausdorff topological
space. Let G, H:Y — 2%, and T € E(X,Y) be three set-valued mappings such that

(i) for each x € X, H~Y(z) is compactly open;

(i) for each x € X, y € T(x), G(y) is a pseudo H-space of (X;@n) relative to
H(y);

(iii) there exists a nonempty compact subset K of Y such that T(X)NK C H}(X);

(iv) either

(iv1) Naen, Y\ H'(2)) € K for some No € (X); or
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(ivy) for each N € (X), there exists a compact pseudo H-subspace Ly of (X;¢onN)
containing N such that

T(Ly)N () (V\H(2) C K.

z€ELN

Then there exists (T,7) € X XY such that T € G(y) and § € T(T).
Remark 4.1. Theorem 4.2 generalizes Theorem 1 of Browder [32], Theorem 1 of
Tarafdar [33], Theorem 2.3 of Mehta and Sessa [34], and Theorem 4.3 of Balaj and
Lin [10] from topological vector spaces to pseudo H-spaces without any linear and
convex structure. By setting F(z) = H !(z) for each x € X, Theorem 4.2 can
be restated with the conclusion that there exists a point (Z,7) € X x Y such that
y € T(Z) N F(Z). Thus, Theorem 4.2 generalizes Theorem 3.1 of Yang and Deng [30]
in several aspects: (a) from FC-spaces to pseudo H-spaces; (b) from UK (X,Y) to
B(X,Y); (c) from two set-valued mappings to three set-valued mappings.
Theorem 4.3. Let (X, D;¢n) be a pseudo H-space andY be a Hausdorff topological
space. Let G, H:Y — 2P, R: D — 2X and T € E(X,D,Y) be four set-valued
mappings such that

(i) for each d € D, H='(d) is compactly open;

(ii) for each x € X, y € T(x), R(G(y)) is a pseudo H-space of (X, D;pn) relative
to (cint H=1)"1(y);

(iil) there exists a nonempty compact subset K of Y such that T(X) N K C
cint H—1(D);

(iv) either

(iv1) Naen, (Y \ cint H='(d)) € K for some Ny € (D); or

(iva) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) is a compact pseudo H-subspace of (X, D;pn) relative to Ly and

(ToR)(Ly)N( ] (V\cint H'(d))) C K.
deLn

Then there exists (Z,d,y) € X x D x Y such that T € R(d), d € G(y), y € T(T).
Proof. Define a set-valued mapping H : Y — 22 by H(y) = (cint H~1)~1(y) for each
y €Y. Then by (i), we have H~*(d) = cint H'(d) = H(d) for each d € D, which
is compactly open. Hence, (i) of Theorem 4.1 is satisfied. By (ii), for each x € X,
y € T(z), R(G(y)) is a pseudo H-space of (X, D; gy ) relative to H(y). By (iii), there
exists a nonempty compact subset K of Y such that T(X)N K C IA{T*I(D). Suppose
that (ivy) holds. Then by (iv1), we have [, (Y\H~1(d)) C K for some Ny € (D).
If (ive) is satisfied, then by (ivs), for each N € (D), there exists a subset Ly of D
containing N such that R(Ly) is a compact pseudo H-subspace of (X, D; pn) relative
to Ly and

(ToR)(Ly)N( () (Y\H () CK.
deLn

Thus, all the requirements of Theorem 4.1 are satisfied. Therefore, by Theorem 4.1,
there exists (Z,d,y) € X x D x Y such that Z € R(d), d € G(y), ¥ € T(T).
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Remark 4.2. (1) We have shown that Theorem 4.1 implies Theorem 4.3. It is
obvious that Theorem 4.3 implies Theorem 4.1. Therefore, Theorem 4.1 is equivalent
to Theorem 4.3.

(2) Theorem 4.3 generalizes Theorem 3.1 of Fang and Huang [31] in the following
aspects: (a) from FC-spaces to pseudo H-spaces; (b) from B(Y, X) to E(X,D,Y);
(¢) from two set-valued mappings to four set-valued mappings; (d) (iii) and (ivy) are
weaker than (ii) and (iii) of Theorem 3.1 of Fang and Huang [31], respectively.
Theorem 4.4. Let (X,D;pn) be a pseudo H-space, Y be a Hausdorff topological
space, and K CY be a nonempty and compact set. Let H:Y — 2P R: D — 2X,
and T € E(X7 D,Y) be three set-valued mappings such that

(i) for each d € D, H='(d) is compactly open;

(ii) for each N = {do, ...,dn} € (D) and each {d;,,...,d;,,} C N,

k
T(pn(Ak)) m =0;

(iil) one of the following conditions holds:

(iliy) there ewists No € (D) such that Y \ K C Uzen, H(d);

(iiip) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) is a compact pseudo H-subspace of (X, D;n) relative to Ly and

(ToR)(Ly)\K C | J H™'(d).

deELn

Then there exists a point § € T(X) N K such that H(7) = 0.
Proof. Define a set-valued mapping S : D — 2¥ by S(d) = Y \ H~1(d) for each
d € D. By (ii), we have T(pn(Ag)) C U?:o S(di;) for each N = {dy,...,d,} € (D)
and each {d;,,...,d;,} € N, which implies that S is a W-GPH-KKM mapping with
respect to T'. It follows from (iii;) that

N S@ = () ¥\HE (@)

de Ny deNg
= v\ |JHE
deNy
Y\ (Y \K) =K.

N

By (iiiz), we have, for each N € (D), there exists a subset Ly of D containing N
such that R(Ly) is a compact pseudo H-subspace of (X, D; py) relative to Ly and

(ToR)(Ly)N( () S (ToR)(Ly)N(Y\ |J B
deLN deLn

C (ToR)(Ln)NY\((ToR)(Ln)\K))

C K.

It is clear that (i) implies that (i) of Theorem 3.1 holds. Therefore, the set-valued
mappings S, R, and T satisfy all the requirements of Theorem 3.1, and hence, by
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Theorem 3.1, we have

D # TX)NKN(() S(d)
deD

= TX)NKnY\ [ JH

deD

Then there exists ¥ € T(X) N K such that § ¢ H~!(d) for each d € D; that is,
d ¢ H(y) for each d € D, which implies that H(y) = (0. This completes the proof.

By using Theorem 3.2 and the similar argument as in the proof of Theorem 4.4,
we can obtain the following maximal element theorem. We omit the proof.
Theorem 4.5. Let (X,D;pn) be a pseudo H-space, Y be a Hausdorff topological
space, and K C'Y be nonempty and compact. Let H : Y — 2P R :D — 2%, and
T € B(X,D,Y) be three set-valued mappings such that

(i) H=Y: D — 2Y is transfer compactly open-valued;

(ii) for each N = {dg, ...,d,} € (D) and each {d;,,...,d;;, } C N,

T(pn(Ag)) m cint H™'(dy;)) = 0;

7=0

(iil) one of the following conditions holds:

(iliy) there ewists No € (D) such that Y \ K C Jyey, cint H'(d);

(ilie) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) is a compact pseudo H-subspace of (X, D;on) relative to Ly and

(ToR)(Ly)\K C | J cint H™'(d).
deLn

Then there exists a point y € T(X) N K such that H(y) = 0.

Remark 4.3. (1) Even X = D and R is the identity mapping on X, Theorem 4.5
generalizes Theorem 2.2 of Ding [24] from FC-spaces to pseudo H-spaces; in turn,
Theorem 4.5 also generalizes Theorem 2.1 of Shen [35], Theorem 2 of Tulcea [36], and
Theorem 5.1 of Yannelis and Prabhakar [37] in several aspects.

(2) Theorem 4.4 is equivalent to Theorem 4.5. Firstly, we show that Theorem 4.5
implies Theorem 4.4. Suppose that all the conditions of Theorem 4.4 are satisfied.
Since H~! is compactly open-valued, it follows that H~! is transfer compactly open-
valued and H~!(y) = cint H 1(y) for each y € Y. It is easy to check that the
other conditions of Theorem 4.5 hold and hence, by Theorem 4.5, there exists a point
y € T(X) N K such that H(y) = (. Secondly, we prove that Theorem 4.4 implies
Theorem 4.5. Suppose that all the conditions of Theorem 4.5 are fulfilled. Define a
set-valued mapping H:Y — 2P by ( ) = (cint H=1)"Y(y) for each y € Y. Then
H~(d) = cint H=1(d) for each d € D and so, each H1(d) is compactly open. It is
easy to see that the other conditions of Theorem 4.4 are satisfied. Hence, by Theorem
4.4, there exists a point ¥ € T'(X) N K such that H(y) = (cint H~1)~1(y) = 0. Now,
we prove that H(y) = (). Suppose the contrary. Then H(y) # (. Taking d € H (%)
leads to j € H~!(d) N K. Since H~! is transfer compactly open-valued, there exists




W-GPH-KKM THEOREMS IN PSEUDO H-SPACES AND THEIR APPLICATIONS 155

d € D such that
gecint H(d)NK Ccint H (d);

that is, d € (cint H~1)~'(7), which contradicts (cint H~1)~*(7) = . Therefore, we
have H(y) = 0.
Theorem 4.6. Let I be any index set, Y be a Hausdorff topological space, and K CY
be nonempty and compact. For each i € I, let (X;, Di; ¢n,) be a pseudo H-space. Let
X =TIl Xi, D =[l;e;r Di, and on = [[;c; on, such that (X, D;on) is a pseudo
H-space defined as in Lemma 2.3. Let R: D — 2%, T ¢ g(X,D,Y), and for each
ic€l, Hy:Y — 2P be a set-valued mapping such that

(i) H; ' : D; — 2Y is transfer compactly open-valued;

(ii) for each y € Y, I(y) ={i € I : H;(y) # 0} is finite;

(iil) for each N = {dy,...,dn} € <D> and each {dpg,...;dm, } C N,

T(pn(Ag)) m cint H; m;))) = 0;

(iv) one of the following condztzons holds:

(ivy) there exists No € (D) such that for eachy € Y \ K, there exists d € Ny such
that for each i € I(y), y € cint H; ' (m;(d));

(ivy) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) is a compact pseudo H-subspace of (X, D;¢n) relative to Ly and for each y €
(ToR)(Ly)\K, there exists d € Ly such that for eachi € I(y), y € cint H[l(m(c’iv)),

Then there exists § € T(X) N K such that H;(y) = 0 for each i € I.

Proof. Define a set-valued mapping H : Y — 2P by

[ Miery Hiw), it I(y) #0,
H(y) _{ 0, it I(y) = 0

where H;(y) = m; '(H;(y)) for each y € Y. Then I(y) # 0 if and only if H(y) # 0.
We shall show that H~! : D — 2Y is transfer compactly open-valued. Indeed, for
each d € D and for each nonempty compact subset C of Y, if y € H~1(d)NC, then for
each i € I(y), y € H; ' (mi(d))NC. Since each H; ! is transfer compactly open-valued,
there exists d; € D; such that

b

“H(d;) N C) for each i € I(y). (4.1)

For each i € I(y), let d = (d*, d;), where d’ € D' = [1;4; Dj is a fixed element. Now,
we have

Yy € inteo (H-i

=1 — — ’ _
yeH, (d) @ deH/y)=mr"(Hiy)
& d; € Hi(y) and d* € D'
& yeH'(d;) and d' € D",
This shows that H, _1(8) = H;'(d;) for each fixed d* € D'. Therefore, combining
(4.1), we have

y € m inte ( z/ (d)ynaC). (4.2)
i€1(y)
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By (ii), I(y) is finite and hence, by (4.2), we have
/_l —_— p—
yeinte () H, (d)NC)=intc (H'(d)NC).
i€1(y)

Hence, H~? is transfer compactly open-valued and so (i) of Theorem 4.5 holds.

Let y € Y with H(y) # 0. Then there exists i € I(y) such that H5(y) # 0. For
each d € D, we have

H'(d) = {yeY:de () H.(y)
i€I(y)
= {yeY:m(d) € Hi(y), for each i € I(y)}
-

fyeY yeH \(m(d)} = H ' (m(d)).

For each N = {do, ...,dn} € (D) and each {dmg, ..., dm, } C N, if

k
VRS ﬂ cint H ' (dyn,),
§=0
then
k

y € m cint H{l(ﬁ;(dmj)).

J=0

By (iii), we have y ¢ T (on(Ag)), which implies that
k
T(on(Ar) N ([) cint H (dyn,)) = 0.
§=0

So, (ii) of Theorem 4.5 is satisfied.

Suppose that (ivy) holds. Then there exists Ny € (D) such that for each y € Y\ K,
there exists d € Ny such that for each i € I(y), y € cint H;l(m(g)) Therefore, y €
Mier(y) cint H;l(m(c?)). Since H~'(d) = {y € Y : m;(d) € H;(y), for each i € I(y)}

for each d € D and I(y) is finite, we have

Y€ m cint H;l(m(cj)) C cint H_l(cj),
i€l(y)

which implies that Y\ K C (Jye, cint H~'(d). Hence, (iii;) of Theorem 4.5 holds.
Suppose that (ivs) is fulfilled. Then it is easy to see that for each N € (D), there exists
a subset Ly of D containing N such that R(Ly) is a compact pseudo H-subspace of
(X, D; n) relative to Ly and (T o R)(Ly) \ K € Uyey, cint H'(d). Therefore,
(iiip) of Theorem 4.5 is satisfied. By Theorem 4.5, there exists § € T(X) N K such
that H(y) = (. This implies that I(y) = () and hence, H;(y) = 0 for each i € I.

Remark 4.4. Theorem 4.6 generalizes Theorem 4.1 of Lin, Yu and Lai [38] from
topological vector spaces to pseudo H-spaces without any linear and convex structure.
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5. GENERALIZED EQUILIBRIUM THEOREMS

In recent years, many authors (see, for example, [8,14,31] and references therein)
studied one or more of the following generalized equilibrium problems.

Let D and Z be two nonempty sets, Y be a topological space. Let L : Y x D — 2%
and W : Y — 2% be two set-valued mappings. Find 7 € Y such that one of the
following conditions occurs:

L(y,d) C W (y) for each d € D;
L(y,d) N W (y) # 0 for each d € D;
L(y,d) € W(y) for each d € D;

L(y,d) "W (y) =0 for each d € D.

Recently, Balaj [39-40] adopted a unified approach for all these problems mentioned
above considering a (binary) relation p on 2 and looking for a point 7 € Y such that
L(g,d)p W(g) for all d € D. Denote by p¢ the complementary relation of p, which
implies that for any U, V C Z, exactly one of the following relations Up V', Up® V
holds.

Motivated and inspired by these recent works on generalized equilibrium problems,
in this section, we shall prove some new existence theorems of solutions to generalized
equilibrium problems in the setting of noncompact pseudo H-spaces without any linear
and convex structure.

Theorem 5.1. Let (X, D;pn) be a pseudo H-space, Y be a Hausdorff topological
space, Z be a nonempty set. Let L: Y xD — 2% F, W:Y =24 R:D — 2%, and
T e E(X, D,Y) be five set-valued mappings such that

(i) for each d € D, the set {y € Y : L(y,d)p W(y)} is compactly closed;

(ii) for each y € Y, the set T*(y) is a pseudo H-subspace of (X, D;pn) relative to
the set {d € D : L(y,d)p® W(y)};

(iil) there exists a nonempty compact subset K of Y such that either

(iil1) Ngen, 1y €Y : L(y,d)p W(y)} C K for some No € (D); or

(ille) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) is a compact pseudo H-subspace of (X, D;n) relative to Ly and

(ToR)(Ly)N( [ {yeY : Ly, d)p W(y)}) C K.
deLn

Then there exists a point g € K NT(X) such that L(y,d)p W (g) for each d € D.
Proof. Define a set-valued mapping S : D — 2Y by

S(d)={yeY : L(y,d)p W(y)} for each d € D.

Then it follows from (i) that each S(d) is compactly closed. Now, we show that (ii) of
Theorem 3.1 is satisfied. Suppose the contrary. Then there exists N = {dp, ...,d,} €
(D) and {d;,,...,d;, } € N such that

k

T(pn(Ar) Z | S(di,)-

=0
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Thus, there exists y* € T(pn(Ag)) such that y* ¢ S(d;;) for each j € {0,...,k};
that is, d;; € {d € D : L(y*,d)p® W(y*)}, By (ii), we have ¢n(Ax) € T*(y*), which
implies that

x € T*(y*) for each x € pn(Ay). (5.1)

Since y* € T(on(Ag)), it follows that there exists T € pn(Ag) such that y* €
T(Z), i.e.,, T ¢ T*(y*), which contradicts (5.1). Therefore, (ii) of Theorem 3.1 holds.
Suppose that (iiiy) of Theorem 5.1 is fulfilled. Then it follows from the definition of
S that there exists No € (D) such that (;cy, S(d) € K, which implies that (iii) of
Theorem 3.1 is satisfied. If (iiiz) of Theorem 5.1 holds, then by the definition of S
again, we know that for each N € (D), there exists a subset Ly of D containing N
such that R(Ly) is a compact pseudo H-subspace of (X, D; py) relative to Ly and

(ToR)(Lyx)N( (] S(d) CK.

deLn

Therefore, (iiiz) of Theorem 3.1 is satisfied. Thus, all the conditions of Theorem 3.1
are fulfilled. By Theorem 3.1, we have

T(X)NKN([) S(d) #9.

deD

Hence, there exists a point ¥ € K NT(X) such that L(y,d)p W (y) for each d € D.
This completes the proof.
Remark 5.1. The solution set of the generalized equilibrium problem considered in
Theorem 5.1 is a compact subset of T'(X) N K. Indeed, the solution set is T'(X) N
K N (Ngep S(d)), which is compactly closed subset of the compact set 7'(X) N K.

For each y € Y and each d € D, let p denote the relations between L(y,d) and
W (y) represented by L(y,d) € W(y), L(y,d) £ W(y), L(y,d) N W(y) # 0, and
L(y,d) N W (y) = 0, respectively. Then by Theorem 5.1, we can obtain the following
results.
Corollary 5.1. Let (X,D;pnN), Y, Z, L, F, W, R, and T be as in Theorem 5.1.
Suppose that the following conditions are fulfilled:

(i) for each d € D, the set {y € Y : L(y,d) C W(y)} is compactly closed;

(ii) for each y € Y, the set T*(y) is a pseudo H-subspace of (X, D;pn) relative to
the set {d € D : L(y,d) € W(y)};

(iii) there exists a nonempty compact subset K of Y such that either

(iii1) Ngen 1y €Y : L(y,d) S W(y)} C K for some No € (D); or

(i) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) is a compact pseudo H-subspace of (X, D;n) relative to Ly and

(ToR)(Ln)N( () {yeY:Liyd) CW(y)}) C K
deLn

Then there exists a point § € K NT(X) such that L(g,d) C W(y) for each d € D.
Remark 5.2. (1) Corollary 5.1 generalizes Theorem 4.1 of Fang and Huang [31]
in the following aspects: (a) from FC-spaces to pseudo H-spaces; (b) from B(Y, X)
to B(X,Y); (c) from three set-valued mappings to five set-valued mappings; (d) (i)
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and (iiiz) are weaker than (iii) and (iv) of Theorem 4.1 of Fang and Huang [31],
respectively.

(2) When Z in Corollary 5.1 is a topological space, (i) of Corollary 5.1 can be
replaced by the following condition:

(i)l for each d € D, y — L(y,d) is lower semicontinuous on each compact subset of
Y and the graph of W is closed in Y x Z.

In fact, for each d € D and each compact subset C' of Y, let {y,} be a net
in{y €Y : L(y,d C W(y)} NC such that {y,} converges to yg. Since YV is a
Hausdorff topological space, it follows that C is closed and hence, yo € C. Since
{pw} C{y € Y : L(y,d) C W(y)} N C, we have L(y,,d) C W(y,) for all v. Let
z € L(yop,d). Then by Lemma 2.1 and the fact that for each d € D, y — L(y,d) is
lower semicontinuous on each compact subset of Y, there exists a net {z,} C L(y,,d)
such that {z,} converges to z. Thus, z, € W(y,) for all v. Since the graph of W
is closed in Y x Z, we have z € W(yp) and hence, L(yo,d) € W(yo). Therefore,
yo € {ly € Y : L(y,d) € W(y)} N C, which implies that for each d € D, the set
{yeY : Ly, d) CW(y)} is compactly closed.

Corollary 5.2. Let (X,D;¢N), Y, Z, L, F, W, R, and T be as in Theorem 5.1.
Suppose that the following conditions are fulfilled:

(i) for each d € D, the set {y € Y : L(y,d) € W (y)} is compactly closed;

(ii) for each y € Y, the set T*(y) is a pseudo H-subspace of (X, D;pn) relative to
the set {d € D : L(y,d) C W(y)};

(iil) there exists a nonempty compact subset K of Y such that either

(iil1) Ngen, 1y €Y : L(y,d) L W(y)} C K for some No € (D); or

(ilie) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) is a compact pseudo H-subspace of (X, D;n) relative to Ly and

(ToR)(Ln)N( () {yeY : Ly, d) L W(y)}) CK.
deLn

Then there exists a pointy € K NT(X) such that L(y,d) € W(y) for each d € D.
Remark 5.3. When Z in Corollary 5.2 is a topological space, (i) of Corollary 5.2
can be replaced by the following condition:

(i)l L has nonempty compact values and for each d € D, y — L(y,d) is upper
semicontinuous on each compact subset of Y;

(i)” The graph of W is open in Y x Z.

In fact, for each d € D and each compact subset C' of Y, let {y,} be a net in
{y € Y : L(y,d) € W(y)} N C such that {y,} converges to yo. Then we have
L(y,,d) € W(y,) for all v; that is, there exists z, € L(y,,d) such that z, € W(y,),
or z, € Z\ W(y,) for all v. By Lemma 2.2, there exists z € L(yo,d) and a subnet of
{z,} such that this subnet converges to z. Without loss of generality, we may assume
that {z,} converges to z. Also since W has open graph in Y x Z, we have z ¢ W (yq).
Therefore, L(yo,d) € W (ys). By the fact that Y is a Hausdorff topological space,
we know that C is closed subset of Y and hence, yo € C. Consequently, yo € {y €
Y : L(y,d) € W(y)} N C, which implies that the set {y € Y : L(y,d) € W(y)} is
compactly closed for each d € D.
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Corollary 5.3. Let (X,D;pn), Y, Z, L, F, W, R, and T be as in Theorem 5.1.
Suppose that the following conditions are fulfilled:

(i) for each d € D, the set {y € Y : L(y,d) N W (y) # 0} is compactly closed;

(ii) for each y € Y, the set T*(y) is a pseudo H-subspace of (X, D;pn) relative to
the set {d € D : L(y,d) N W (y) = 0};

(iil) there exists a nonempty compact subset K of Y such that either

(iiis) Ngen, (¥ €Y : L(y,d) N W(y) # 0} C K for some Ny € (D); or

(i) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) is a compact pseudo H-subspace of (X, D;pn) relative to Ly and

(ToR)(Ly)N( () fyeY: Ly, d)nW(y) #0}) C K.
deLn

Then there exists a point § € K NT(X) such that L(g,d) N W(y) # 0 for each
deD.
Corollary 5.4. Let (X,D;pn), Y, Z, L, F, W, R, and T be as in Theorem 5.1.
Suppose that the following conditions are fulfilled:

(i) for each d € D, the set {y € Y : L(y,d) N W (y) = 0} is compactly closed;

(ii) for each y € Y, the set T*(y) is a pseudo H-subspace of (X, D;pn) relative to
the set {d € D : L(y,d) N W(y) # 0};

(iii) there exists a nonempty compact subset K of Y such that either

(iity) Ngen, 1y €Y : L(y,d) N W (y) = 0} C K for some Ny € (D); or

iiip) for each N € (D), there exists a subset Ly of D containing N such that
R(Ly) 1s a compact pseudo H-subspace of (X, D;pn) relative to Ly and

(ToR)(Ln)N( () {y €Y : Ly, d) N W(y) =0}) C K.
deLn

Then there exists a point § € K NT(X) such that L(g,d) N W(y) = 0 for each
deD.
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