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Abstract. Leray—Schauder topological degree theory and approximation-topological approach are
used to the boundary value problem for a system of equations that describes the stationary mathe-
matical model of weak aqueous polymer solutions motion with the smoothed Jaumann’s derivative.
Solvability of this problem in a weak sense is studied.
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1. INTRODUCTION

The motion of an incompressible fluid with the constant density filling a bounded
domain Q C R™",n = 2,3, on a time interval [0, T], T > 0, is described by the system
of equations in the Cauchy form (see, for example, [1]):

N = i
E+;via—%+gradp:D1va+f, (1.1)
dive=0, (t,z)€ (0,T) %, (1.2)

where v(z,t) = (v, ..., v,) is the velocity vector of a particle at the point x at time t,
(v1, ..., v,) are the components of v, p = p(x,t) is the fluid pressure at the point x at
time ¢, and f = f(x,t) is the density of external forces (also called volumetric) acting
on the fluid. The symbol Div o stands for the vector

( - aalj - aUgj i aanj)
= 833]‘ = 8a:j 8.73]‘

=1

whose coordinates are the divergence of rows of the matrix o = (0y;(2)), where o is
the deviator of the stress tensor.
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System (1.1)—(1.2) describes flows of all kinds of fluids, but it contains the deviator
of the stress tensor which is not expressed explicitly via the unknowns of the system.
As a rule, to express the deviator of the stress tensor via the unknowns of system
(1.1)—(1.2) one uses relations between the deviator of the stress tensor and the tensor

of deformation velocities £(v) = (&; (U));j?m &ij(v) = %(3; + %): and their time
derivatives. By establishing the connection between the deviator of the stress tensor
and the tensor of deformation velocities and their derivatives, we determine the type
of fluid. This relation is called the constitutive or rheological relation and is usually
obtained by the mechanistic model method (see, for example, [2]). In rheology, a
real structure is often replaced by some model by supposing that the behavior of this
model is analogous to the behavior of the structure. This model consists of elements
that do not exist in the real body: springs, pistons, hoists, etc. Note that these
relations are hypotheses to be checked out for concrete fluids by experimental data.

The rheological relation that describes the motion of viscoelastic medium is the
following

o= 2WE +2xE, (1.3)

where v > 0 is the viscosity of fluid and » > 0 is the time of retardation (delay).
This model of fluid motion describes the motion of a viscous non-Newtonian fluid
that needs time to start moving under the action of force instantly applied.

In rheological relation (1.3) we have a time derivative £. Unfortunately, method of
mechanistic models does not indicate which derivation we have to use (total, partial
or any special derivative). Mathematical investigations have begun with the consid-
eration of the partial derivative in (1.3). The corresponding model is called the Voigt
model. Then A.P. Oskolkov considered the case of the total derivative [3]. But later
in his work errors were found [4]. In the work [5] a complete proof of the existence of
weak solutions in the model (1.1)-(1.2) with a total derivative was given. Note that
the stationary case of this problem was considered in [6].

In the recent years rational mechanics [7] has influenced scientists in such a way,
that they have started to investigate the rheological relations that are independent of
the observer, i.e. that they do not vary under the Galilean change of variables:

t* =1 +a, (1.4)

2" = a() + Q) (t — o), (1.5)
where a is a time value, z( is a point in a space, x(; is a time function, @) is a time
function with values in the set of orthogonal tensors.

In other words, if the original tensor function changes according to law (1.4)—(1.5),
will the rheological relation be the same in the different reference frames? In the case
of partial and total derivatives the answer is negative. The notion of an objective
derivative enables an affirmative answer to this question.

Definition 1.1. Let G be a symmetric tensor-valued function of two tensor arguments
and T(t,x) be a symmetric tensor-valued function. An operator of the form
DT(t,x) dT(t,x)

o =gt G(Vu(t,z),T(t,x))
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is called an objective derivative, if for any change of frame (1.4)—(1.5) the equality
D*T*(t, x) DT(t,x) T
= (¢ t
e =T ow
holds for all frame-indifferent symmetric tensor-valued functions T(t, x).
An example of an objective derivative of a tensor is the smoothed Jaumann’s
derivative (see [8]):
DT (t,z) dT(t,x)
Dt dt

W, (0)(t, z) = / ol — y)W(t,y) dy,

+ Tt x)W,(t,x) — W,(t,z)T(t, z),

where p : R® — R is a smooth function with compact support such that / ply)dy =1

RTI,
and p(x) = p(y) for z and y with the same Euclidean norm;

W (v) = (Wi ()52 Wiy (v) 1(% avj)

J=1em 2 (9l‘j 8.%1

is the vorticity tensor.
Substituting the right-hand side of (1.3) with the smoothed Jaumann’s derivative
for o in equations (1.1)—(1.2) and considering stationary case, we obtain

Z vi@ — vAv — 2xDiv (vk 85(1})) —
im1 8x2 axk

- 2%Div(5(v)Wp(v) - Wp(v)g(v)) +gradp=f, z€Q, (1.6)

diveo =0, xe€. (1.7)

For system (1.6)—(1.7) we consider the boundary value problem with the boundary

condition
’U‘(‘)Q =0. (1.8)

In the present paper we study the existence of weak solution of boundary value
problem (1.6)-(1.8) which describes the motion of weak aqueous polymer solutions
filling a bounded domain 2 C R",n = 2,3, governed by the rheological relation with
smoothed Jaumann’s derivative.

For this investigation the approximation and topological methods are used (see,
for example, [9], [10]). The boundary value problem is considered as an operator
equation. The involved operators often do not possess good properties, therefore
certain approximating of this equation is considered. Then the solvability of this
approximating equation is studied in a more smoothed space. For this purpose, we
apply the technique of the Leray-Schauder topological degree. The last step is the
passage to the limit in the approximating equation as the approximating parameters
tend to zero, and the solutions of the approximating equation converge to a solution
of the original equation.
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2. WEAK SETTING

Denote by C§°(Q2)™ the space of functions of class C°° mapping 2 to R™ with
compact support in €. Also we will need the definitions of the following function
spaces: ¥V = {v(z) = (v1,...,v,) € C(Q)" : divv = 0}; V is the closure V with
respect to the norm of space W3 ()™ with the scalar product

(v, w)) = /W . Vwdz.
Q

Here the symbol Vv : Vw, v = (v1,...,0,), w = (wi,...,wy,), denotes the
component-wise matrix multiplication:
- 81@ 8101'

aifj 8xj ’

Vv :Vw =

i,j=1

Let X be the closure of V with respect to the norm of space W3 (2)". Consider the
space X with the norm:

lollx = </V(Av) : V(Av)dz)l/Q.
Q

Definition 2.1. Let f belong to V*. A weak solution of boundary value problem
(1.6)—(1.8) is a function v € V such that for any ¢ € X it satisfies the equality

n Ey n ov; %0
y/Vv:Vgodx—/ Z Uivja—?dx—%/ Z vka;jlﬁxga]vk de—
K] J g
Q

o =1 o dak=1

Uk
j,k=1
Q bIR= Q

%/ Z Ov; 076 dx + 2%/(5(U)Wp(v) — W, (0)€(v)) : Vodr = (f, ¢).
2.1)

The main result of this paper is the following theorem:

Theorem 2.1. For any f € V* boundary value problem (1.6)—(1.8) has at least one
weak solution vy € V.

3. APPROXIMATING PROBLEM

While studying problem (1.6)—(1.8), we use the approximation-topological ap-
proach to problems of hydrodynamics [10]. In fact, we investigate an approximating
problem with a small parameter € > 0 :

Approximating problem. To find a function v € X, which for any ¢ € X satisfies
the following equality

E/V(Av):V(Ago) dx—/lz vivjaxz dx—i—V/Vv:V(pdx
Q Q Q

ij=1
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n n

ov; 02 0% ov; 02 0%
%/ Z 8303 0x;0xy, du %/ Z 836z 0x;0xy, du

Q Gdk=1 Q Bak=1
—1—2%/ (S(U)Wp(v) - Wp(v)g(v))  Vodr = (f, ). (3.1)
Q

Note that (3.1) differs from (2.1) by the presence of the term

/V Av) : V (Ap) dz.

At the first step we obtain a priori estimate of equality (3.1) in space X and
show by means of the topological degree methods that there exists a solution of the
approximating problem in X. Also we obtain in space V an estimate of solutions
to the approximating problem which does not depend on parameter €. Then we
construct a sequence of such solutions and show that it admits a subsequence that
converges to a weak solution of boundary value problem (1.6)—(1.8) as the parameter
of approximation ¢ tends to zero.

Consider the following operators:

AV = V™, <Av,<p>:/Vv:Vg0dx, v, p €V;
N:X — X7, <Nv,<p>=/V(Av):V(A<p)d:c, v,p € X;

0.
By : Ly(Q)" = V*, (Bi1(v), ) :/ Z vivja—i? dr, v e Ly(Q)", ¢ € V;

Q 7,7=1
. 2 .
By:V = X*, (Ba(v / vk‘%l P gy, weV, peX:
Ry Oz Ox;0xy,
; 2y,
By:V — X*, :/ 020 Tl g eV, pe X;
2 i b=l Bxi 65818:616

D:V X, (D),e) = / (E@W,(0) =W, ()EW)) : Vodr, veVipeX.
Q
Since in equality (3.1) the function ¢ € X is arbitrary, this relation is equivalent
to the following operator equation:
eNv+vAv — B1(v) — 2Bz (v) — #B3(v) 4+ 2xD(v) = f (3.2)
Thus a weak solution of the approximating problem is a solution v € X of operator
equation (3.2).
We also define the following operators:
L:X —X* L(v)=¢eNuv;
K:X — X", K(v)=vAv— B1(v) — %B2(v) — %#B3(v) + 2xD(v).
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The problem of finding a solution of equation (3.2) is equivalent to the problem of
finding a solution for the following operator equation:

L(v)+ K(v) = f. (3.3)

We will use the next assertions (the proofs of Lemma 3.1 — Lemma 3.4 can be
found, for example, in [5]).
Lemma 3.1. The operator A :V — V* is continuous and it obeys the estimate:

| Av|

Moreover, the operator A : X — X* is completely continuous.
Lemma 3.2. The operator L : X — X* is continuous, invertible and it obeys the
estimate:

ve < Cifjv]lv.

[Lv| x+ < ellvx.
Moreover, the inverse operator L™' : X* — X is continuous.
Lemma 3.3. The operator By : Ly(2)™ — V* is continuous and it obeys the estimate:
[Broflv- < CallolZ, qyn-

Moreover, the operator By : X — X* is completely continuous.
Lemma 3.4. The mapping B; : V — X*, i = 2,3, is continuous and it obeys the
estimate:

1Bl x- < Csllol{-
Moreover, the operator B; : X — X* is completely continuous.
Lemma 3.5. The operator D : V — X* is continuous and it obeys the estimate:

ID(@)]|x- < Calll (3.4)

Proof. We start by estimating & and W,,.

n ov; (91}
1€ (v HL2(Q Z”“:U ||L2 Z/ 83; 8a:j dfc

i,j=1

81}1 Ovl 81%- Ov;  Ov; Ov;
=G Z / Oz 81’] &L’j ox; + ox; asci) du

1,j=1 Q
- ov; Ov; 02w, Ov; Ov;
=C L tdr -2 | vi—r—d 12 g
° JZ { Oxj Ox; v Y O0x;0x; v 3&6, Ox; }
L= Q Q

205{/Vv:Vvdx+/Vv:Vvdx] <2C5||v||%,.

Therefore, ||E(v)L,) < Csllv|v.
[(Wo)ig ()l 2o < T(Wh)is (V)| 2w ()

<gupl [ —n R =T
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1 Ip(x —y) Ip(x —y)
< = U S VP et Sl
2.8 ‘Q/ rUAR L

< llgrad pll Ly o) llv()l| Ly )
By definition, for any v € V, p € X we have

(D(v), )] = / (@)W, (0) = W, ()EW)) : Vipda| <

Q
< 07[II5(U)IIL2<Q)HWp(v)IILz(Q) + ”Wp(U)HLz(Q)HS(U)HLz(Q)} IVelle@r <

< Gsllvll¥ llollx-
This yields estimate (3.4).
Now prove that the operator D continuous. For any v™,1° € V we have:

(D", 0) = (D). 0)] =] [ (E@mWyem) — Wolem)ew™) : Vo ds
Q

mEW™) — EWOYW,(1°) + W, (1°)E(1°) dm‘ lellx

—W,(v
<G| [ (Wotm) = Wo() + (£6™) - £60) W (0")
Q

W, (™) (£0™) = £0°)) = (W(w™) = W, () ) ") dalpllx
< Cuo[ 1™ @) IWp (0™ = 0 ey + @™ = )220
W0 Lo(9) + W, (0™) @) IE@™ = 0) Ly 00) + [Wp (0™ = 0%) | Ly00)

<E@) st llellx < Cun[lo™ vl = w0l + o™ = o0l [°llv
o v o™ = v+ o™ = v e ] llellx

< CraJlo™ v + 10l ) o™ = v il x-

Thus we get ||D(v™) — D), < Ciz ([v™ [y + [|2°]],,) [lo™ = 2°||,, -
Let the sequence {v™} C V converge to some function v° € V. Then the continuity
of the mapping D : V' — X follows from the previous inequality. O

Lemma 3.6. The operator K : X — X™* is completely continuous.

Proof. The complete continuity of the operator K : X — X* follows from the
complete continuity of the operators

A:X — X* Lemma 3.1;

By : X - X* Lemma 3.3;
By : X - X* Lemma 3.4;
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B3 : X — X* Lemma 3.4;

D:X — X* Lemma 3.5. O
Along with equation (3.3) consider the following family of operator equations:
L(v) + AK(v) = Af, Xe€]0,1], (3.5)

which coincides with equation (3.3) for A = 1.

Theorem 3.1. Ifv € X is a solution of operator equation (3.5) for some X € [0,1],
then the following estimate holds:

ellv]|3 < Cha, where Cpy HJ;”VV* . (3.6)
Moreover, if X =1, then the following estimate holds:
2
v|[v||3 < Cis, where Ch5 = ”va (3.7)

Proof. Let v € X be a solution of (3.5). Then for any ¢ € X the following equation
holds:

5/V(AU): (Ap) dz — A /levlvjajdm—&—)\u/VU Ve dx
Q Qv

n

“ Ov; 0 ©; 0v; 0? ©;
/\%/ Z 8% 0x;0xy, du )\%/ Z sz 0x;0xy, du

Q bik=1 Q bik=1
205 / (E@W,(0) = W, ()EW)) : Vodz = AF ¢) (3.8)
Q
Note that
= ;. ?p; / = ov; 9%p;
Z dx + Z g L dx
Q/i,j,k—l Oz Ox;0xy i 8951 0x;0xy
_ - Pp; _ - 9Eij(v) p;
_2/.%:_1”’““)5 ) B, 4= 2/,%;1“’“ oy 0
Q bik= Q hik=
o [ S Okg (9% __/ o, D) Do
2/ | Z D Eij(v) o2, dr = =2 Z Vjy ——t 00. Oz, dx
Q Gik=1 Q bik=1

Then (3.8) can be rewritten in the form

E/V(Av): (Ap) d;v—)\/szjajdx
Q Q

i,j=1

+)\V/Vv : Vo dx+2)\%/ Z v ———= 08i; (v 8% dx

Oxy  Ox;
i,5,k=1 k g

+2/\%/ (E@W,(0) ~ Wo)EW)) : Voda = A(f. ).
Q
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Since the latter equation holds for all ¢ € X, it is true for ¢ = v as well:

/V (Av) : V (Av) dx—)\/Zv,v]a

3,7=1

n

+>\V/VU:Vvdx+2/\%/ Z k@é’”( ) 9v; "

K. oxy Ox;
Q 9] 1,5,k=1

12250 / (5(v)wp(v) - Wp(v)E(v)) - Vodz = Mf,v). (3.9)

Q

We reduce the terms on the left-hand side of the equation (3.9) in the following way:

/v (Av) 1 V (Av) do = e]|v]|%:

/ivzv]ajd 7/2 vjvj /Z avlvjvjdxfo
Q

1,j=1

/(5(v)wp(v) - Wp(v)g(v))  Vodz = %/ (5(v)wp(v) - Wp(v)S(v)) :
Q

Q

n

> / (gij(Wp)jkgik

ij.k=1%

—(W,) jk€ri& _]l da?-i-* Z / i (W) kWi — ( p)kjgjiWki) dx

7.]k 19

5 Z /gz_] ]kgzk g ( ]kgzk d.’L‘-i-* Z /51_7 ]szk

l_]k 19 zgk 19

*g"(W )jkWik dr = 0'

= 0&;;(v 81)] 9E;(v) dv;
Z T o ox &rl / Z du

k Oxr Ox;

Uk 3xk o ) / Z o 5 (v)) .

i,7,k=1

/
- (v) Ovi
.
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Here we take into account that the strain-rate tensor £(v) is symmetric and tensors
W,(v) and W (v) are skew-symmetric. Hence, equation (3.9) can be rewritten in the
following form:
2 2
ellollx + Avllvlly = A(f, ).
Using the upper estimate of the right-hand side of the latter equation

() MO < ATl < 1l lolly < AL 4 3210
for § = v we get
2 PN A VHvllv
A <A A
el + Mol < ALy \ 7
v||vlf3 LF1I5- LI~ _ NI
ellvllk + A VLA go)3 < )\T/V < 2VV .
Similarly for A =1 we get v||v||2, < A (3.6) and (3.7). O

Theorem 3.2. Operator equation (3.3) has at least one weak solution v 2 X:

Proof. To prove this theorem we use the Leray-Schauder degree theory for completely
continuous vector fields. By virtue of a priori estimate (3.6), all solutions of family of
equations (3.5) are contained in the ball B C X of radius R = C14 + 1. By Lemma
3.6 the mapping [-K(-)+ f] : X — X* is completely continuous. By virtue of Lemma
3.2 the operator L~! : X* — X is continuous.

Thus, the mapping L= [-K () + f] : X — X is completely continuous. Then the
mapping G : [0,1] x X — X, G(\,v) = AL [-K(v) + f] is completely continuous
with respect to the two-dimensioned argument (A, v). From the above, we get that
the completely continuous vector field ®(A,v) = v — G(A,v) does not vanish on the
boundary of Br. By the homotopy invariance of the degree we get

degLS(cb(O? ')7 BRa 0) = degLS(@(lv ')a BR’ 0)
Recall that ®(0,-) = I and by the degree normalization property deg; ¢(I, Bg,0) = 1.
Hence, deg; ¢(®(1,-), Bg,0) = 1.
Thus, we see that there exists at least a solution v € X of the equation
v— L' [-K@)+ f]=0

and, therefore, of equation (3.3).
Since there is a solution v € X of equation (3.3), from the above it follows that
the approximating problem has at least one weak solution v € X. (|

4. PROOF OF THEOREM 2.1

1
Proof. In (2.1), let us take e, = —. The sequence {e,,} converges to zero as

m
m — +00. By Theorem 3.2 for any &, there exists a weak solution v,, € X C V of
the approximation problem. Thus, each v, satisfies to the equation

Em/V(A’Um)Z (Ay) dx—/z Um)i(Um) dm—l—u/va Vdx

3,5=1
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- vmi 32%- - ”Umj 82<pj
— d
/Z Jw Oz, axiaxk /Z Ox; Ox;0xy v
i,7,k=1 Q k=
425 [ (E0mIWy(om) = Wolom)E(@n) s Viodo = (0. (41
Q

Then by the definition of weak convergence

V/va:Vgodx%V/Vv*:Vgadx as m — +oo, ¢ € X.
Q Q

Then, without loss of generality (passing to a subsequence if needed), from (3.6)
we see that

m—r 00

hm 5,,L/V (Avp,) : V(Ap) dz| = lim /e, hm wam/V(Avm) :V(Ap) dx
Q

so we get Em/V (Avy,) : V (Ap) de — 0,m — +00.

Q
For the remaining integrals we have

- (V)i 82goj - A(va)i 82g0j
m d d ;
%/;1@ T H%/ > T Gy s
Q bik= 4,7,
- vm); ¢, - A(vs); 0,
N 95 g . %5 g .
%_/.‘ (Vm)k 01, Orid, T — 3 Z (vs)k 0%, Or.0r, r  m — oo
Q 1,5,k=1 9] i,j,k=1

Indeed, here the sequence v,, converges to v, strongly in Ls(2)" and V(v,,) con-
verges to Vv, weakly in Lo (Q)”2 Thus, their product converges to the product of
their limits.

In the last term we have

[ € Woen) = E@IW,0.)) : Vo ds
Q

- / (E@Wn) (W (0m) — Wy (1)) + (E(vm) — E@)IW,(0.)) : Vipda
Q
< E @l T @I Wolm =0 o+ W0 10y [ ECem=02) s Vipda
Q

< NEWm)l Lo @ IVl Lo l(vm = vl Lo @) + IWa(v) Lo (@) /E(Um — i) : Vpdr

< NE@m) | a@) Vol o@ 1 (0m = vl Lag) + + Wi (vl Lo /5(vm—v*) :Veodz.
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Recall that the sequence v, converges to v, strongly in L4(Q)" and V(v,,) con-
verges to Vv, weakly in LQ(Q)"2. Therefore, we have

/Svm o(Um) Vgpdm%/gv* »(vs) : Vodr m — 4o0.

Similarly we obtain

/Wp('um)é’(vm) :Vodr — /Wp(v*)g(v*) :Veodr m — +o0.

Thus, passing to the limit in equation (4.1) as m — +oo, we see that the limit
function v, satisfies the following equation:

/VU \% dw—/Zv v dm— / i(v)aw*)i ¢, dx
* L4 * * */k 3xj 6116@

Q bi= 1 Q i,7,k=1
= I(v.); 0%
_%/ > mdm—l—bﬂ/(é’(v*)wp(v*)—Wp(v*)g(v*)).Vgodx

Q i,4,k=1

Q
=(f.9).
This proves that v, € V. This completes the proof of Theorem 2.1. O
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