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fixed point theorem and two nonlinear scalarization functions, we investigate some generalized Ky
Fan minimax inequalities for set-valued mappings, in which the minimization and the maximization
of set-valued mappings are taken in the sense of vector optimization.

Key Words and Phrases: Ky Fan minimax inequality, set-valued mapping, nonlinear scalarization
function, fixed point theorem, vector optimization.

2010 Mathematics Subject Classification: 49J35, 49K35, 90C47, 47TH10.

1. INTRODUCTION

It is well known that the Ky Fan minimax inequality plays a very important role
in many fields, such as variational inequality, game theory, control theory, and fixed
point theory. Yen [30] obtained two existence theorems of variational inequalities by
virtue of a generalized Ky Fan minimax inequality. Ha [15] established a fixed point
theorem by applying an extended Ky Fan minimax inequality. Park [26] obtained a
generalization of Nash equilibrium theorem by using the Ky Fan minimax inequal-
ity. Because of its wide applications, Ky Fan minimax inequalities relative to scalar
functions have been generalized in various ways; see [16, 5, 6, 7, 8, 33].

In recent years, based on the development of vector optimization, a great deal of
papers have devoted to the study of Ky Fan minimax inequalities for vector-valued
functions. Chen [3] obtained a Ky Fan minimax inequality for a vector-valued func-
tion on H-spaces by using a generalized Fan’s section theorem. Chang et al. [2] proved
a Ky Fan minimax inequality for a vector-valued function on W-spaces. Li and Wang
[22] established some Ky Fan minimax inequalities for vector-valued functions. Luo
[24] obtained some generalized Ky Fan minimax inequalities for vector-valued func-
tions by applying the Browder fixed point theorem and the Kakutani-Fan-Glicksberg
fixed point theorem. Yang et al. [29] established minimax theorems for vector-valued
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mappings in abstract convex spaces. There are also many papers studying other types
of minimax inequalities for vector-valued functions. Nieuwenhuis [25] obtained a min-
imax inequality when the vector-valued function is of the form f(x,y) = z +y. Ferro
[10, 11] proved some minimax inequalities for general vector-valued functions. Tanaka
[28] obtained some minimax inequalities for vector-valued functions by using the ex-
istence results of cone saddle points for vector-valued functions. Gong [14] obtained
a strong minimax inequality and established an equivalent relationship between the
strong minimax inequality and a strong cone saddle point theorem for a vector-valued
function. Li et al. [19] investigated a minimax inequality and a saddle point theorem
for a vector-valued function in the sense of lexicographic order, respectively.

There are also articles that have investigated minimax theorems for set-valued
mappings. Li et al. [20] obtained some minimax inequalities for set-valued mappings
by using a section theorem and a separation theorem of convex sets. Li et al. [21]
studied some generalized minimax inequalities for set-valued mappings by using a
nonlinear scalarization function. Zhang et al. [31, 32] established some minimax
inequalities for set-valued mappings. Motivated by these earlier work, we establish
some generalized Ky Fan minimax inequalities for set-valued mappings by using some
fixed point theorems and two nonlinear scalarization functions.

The rest of the paper is organized as follows. In Section 2, we introduce notations
and preliminary results. In Section 3, we establish a Ky Fan minimax inequality for a
scalar set-valued mapping. In Section 4, we obtain some generalized Ky Fan minimax
inequalities for set-valued mappings.

2. PRELIMINARIES

Throughout this paper, unless otherwise specified, let X and V be real Hausdorff
topological vector spaces. Assume that S is a pointed closed convex cone in V' with
its interior intS # (). We define the binary relation:

r<sgysxey—>., V z,yeV.

Some fundamental terminologies are presented as follows.
Definition 2.1. [17] Let A C V be a nonempty subset. (i) A point z € A is said
to be a minimal point of A iff A((z — 5) = {z}, and MinA denotes the set of all
minimal points of A.

(ii) A point z € A is said to be a weakly minimal point of A iff A((z —intS) = 0,
and Miny, A denotes the set of all weakly minimal points of A.

(iii) A point z € A is said to be a maximal point of A iff A((z + S) = {z}, and
MaxA denotes the set of all maximal points of A.

(iv) A point z € A is said to be a weakly maximal point of A iff A((z+intS) = 0,
and Max, A denotes the set of all weakly maximal points of A.

It is easy to verity that MinA C Min, A and MaxA C MaxyA.
Definition 2.2. [1] Let F': X — 2V be a set-valued mapping.

(i) F is said to be upper semicontinuous(u.s.c.) at xg € X iff, for any neighborhood
N(F(xg)) of F(xg), there exists a neighborhood N(zg) of z¢ such that

F(z) C N(F(x0)), VYa &€ N(x).
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(ii) F is said to be lower semicontinuous(l.s.c.) at zo € X iff, for any net {z,} C X
such that o, — xo and any yo € F(zo), there exists a net y, € F(z,) such that
Yo — Yo-

(iii) F is said to be continuous at xg € X iff F' is both u.s.c. and Ls.c. at xg.
Lemma 2.3. Let X be a compact subset of X. Suppose that F : Xy x Xg — 2V is a
continuous set-valued mapping and for each (z,y) € Xo x Xy, F(x,y) is a nonempty
compact set. Then ®(z) = Maxy J,cx, F'(z,y) is u.s.c. and compact-valued on Xj.
Proof. Tt follows from Lemma 2.2 in [20] that ® is u.s.c.. By the compactness of X
and the closeness of the weakly maximal point set, ® is also compact-valued. O
Lemma 2.4. [1] Let X, be a compact subset of X, and let F : Xq — 2Y be a
set-valued mapping. If X, is compact and F' is u.s.c. and compact-valued, then
F(Xo) = U,ex, F(z) is compact.

Lemma 2.5. [10] Let A be a nonempty compact subset of V. Then

(1)MinA # 0;

(i1)A C MinA + S; (iii)MaxA # 0; and (iv)A C MaxA4 — S.

Definition 2.6. [12] Given e € intS and a € V, the nonlinear scalarization functions
€eq and he, 1 V — R are, respectively, defined by

leo(2) =min{t e R: z € a +te — S},

and
heo(2) =max{t € R: z € a+te+ S}.

Next, we give some useful properties of the above scalarization functions.
Lemma 2.7. [13, 4] Let e € intS and a € V. The following properties hold:

(i) éea(2) <r o z € a+re—intS; heo(z) > r < 2z € a + re+ intsS;

(ii) bea(2) <T & 2€a+T6— S5 heg(2) >r S 2€a+T1e+ 5

(iil) €ea(+) and heq () are continuous functions;

(iv) €eq and he, are strictly monotonically increasing (monotonically increasing),
that is, if 21 — 22 € IntS = f(z1) > f(22)(21 — 22 € S = f(21) > f(22)), where f
denotes &y OF heg.

Definition 2.8. Let X be a nonempty convex subset of X, and let F': Xy — 2" be
a set-valued mapping.

(i) F is said to be properly S-quasiconcave [21] on X iff, for each z1, 22 € X

and [ € [0,1], either

F(z1) C F(ler + (1 —=1)xg) =S or F(x2) C F(ley 4+ (1 —1)xz) — S.
(ii) F is said to be S-quasiconcave [23] on Xy iff, for any point z € V, the level set
Levp(z) :={x € Xo: 3t € F(z), st. t € 2+ S}

is convex.
Lemma 2.9. Let Xy be a nonempty convex subset of X. Let F' : Xo — 2¥ be a
set-valued mapping, e € intS and a € V:
(i) If F is properly S-quasiconcave on Xy, then &, o F' is R4-quasiconcave on Xp;
(ii) If F' is S-quasiconcave on Xy, then h., o F' is Ry-quasiconcave on Xy;
Proof. (i) For any w € R, we only need to prove that

Leve,,p(w) = {x € Xo: 3t € {ea(F(x)), st t > w}
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is a convex set. Let 21, o € Leve,,p(w) and I € [0,1]. Then, there exist z; € F(z1)
and zy € F(x2) such that £q(21) > w and &eq(22) > w. By Lemma 2.7 (i),

z1 € a+we—intS and 2z & a4+ we — intS.

Thus, we have
(z1 +5) ﬂ(a +we—intS) =0 and (z2+5) ﬂ(a + we — int.S) = (.

Since F is properly S-quasiconcave on Xy, there exists z € F(lx1+ (1—1)x2) such that
z & a+we—intS. By Lemma 2.7 (1), {eq(2) > w. Namely, lz1+(1—1)x2 € Leve,, p(w).
(ii) Take any w € R. We have to show that

Levy, p(w) = {x € Xo : 3t € heo(F(2)), s.t. t > w}.

is a convex set. Let 1, x9 € Levy,,, r(w) and [ € [0,1]. Then, there exist z; € F(x1)
and zg € F(x2) with heq(z;) > w, ¢ = 1,2. By Lemma 2.7 (ii), we have

zi€at+we+ S, fori=1,2.
Since F' is S-quasiconcave on X, there exists z € F'(lxy 4+ (1 — I)x2) such that
z€a+we+S.

This shows that heq(z) > w. Thus lzy + (1 — )z € Levy,, p(w). O
Lemma 2.10. ([27], Lemma 3.2) Let F' : X — 2% be a continuous set-valued mapping
with compact values. Then, the function h : X — R, defined by h(z) = max F(x), is
continuous.

Theorem 2.11. [16, 7] Let X be a nonempty compact convex subset of X and let
A be a subset of Xy x X such that

(a) for each y € X, the set {z € Xo: (z,y) € A} is closed in Xy

(b) for each = € Xy, the set {y € Xy : (x,y) € A} is convex or empty.

If (z,x) € A for each x € Xy, then there exists a point zg € X such that {xg} x X C
A.

Theorem 2.12. [9, 18] Let X be a real locally convex Hausdorfl topological vector
space. Let X be a nonempty compact convex subset of X. If T : Xy — 2%° is u.s.c.,
and for any z € Xy, T(x) is a nonempty, closed and convex set, then T has a fixed
point.

3. Ky FAN MINIMAX INEQUALITIES OF SCALAR SET-VALUED MAPPINGS

Lemma 3.1. Let Xy be a nonempty convex subset of X, and let F': Xo — 2% be a
set-valued mapping. Then the following two statements are equivalent:

(i) for any r € R, {z € Xo : Jw € F(z), s.t. w > r} is convex;

(ii) for any t € R, {z € Xo : Jw € F(x), s.t. w > t} is convex.
Proof. (i) = (i) Forany t € R, € [0,1], and 21,22 € {2 € X : Jw € F(z), s.t. w >
t}. Then, Jw; € F(z1) such that wy > ¢ and Jwy € F(x2) such that wy > t. So, we
have

r=min{wi,we} >t and z1,22 € {z € Xo: Jw € F(x), s.t. w>r}.
Since {x € Xy : Jw € F(x), s.t. w > r} is convex, we have

Az 4+ (1= Nz € {z € Xo: Jw € F(x), s.t. w>r >t}
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Thus, Az; + (1 — Na2 € {z € Xo : Jw € F(x), s.t. w > t}.

(i) = (i) Forany r € R, X € [0,1], and 21, 22 € {z € Xo : Fw € F(z), s.t. w > r},
naturally we have that z1, 29 € {z € X( : Jw € F(z), s.t. w > r —¢e}, for all e > 0.
By (ii), we have {z € Xy : Jw € F(z), s.t. w > r — e} is convex, that is,

A1+ (1 —Nazg € {zr € Xo:Fwe F(z), st. w>r—e}.

Since ¢ is arbitrary, then Az; + (1 — N)zo € {z € Xo : Fw € F(z), s.t. w>r}. O
Now, we present a Ky Fan minimax inequality for a scalar set-valued mapping.
Theorem 3.2. Let Xy be a nonempty compact convex subset of X. Suppose that

the following conditions are satisfied:
(i) F: Xo x Xo — 2 is a continuous set-valued mapping with compact values;
(ii) for any x € Xy, F(z,) is Ry-quasiconcave on Xj.
Then,
min U max F'(z, Xp) < max U F(z,x). (1)
z€Xo z€Xo
Proof. By assumptions and Lemmas 2.3-2.5,

min U max F(x,Xp) #0 and max U F(z,z) # 0.

z€Xo z€Xo

Choose any real number ¢ such that

t > max U F(x,x)
zeXo
and let
A={(z,y) € Xo x Xo:Vz € F(z,y),z < t}.
We will prove that A satisfies all conditions of Theorem 2.11.
First, we show that for each y € X, the set {z € X : (z,y) € A} is a closed set.
Indeed, for each y € X, let 2, € { € Xy : (x,y) € A} and z, — z¢. By the lLs.c.

of F(-,y), for any zy € F(xo,y), there exists z, € F(z4,y) such that z, — 2. Since
(za,y) € A for any a, we have that z, < t. Thus,

xo € {r € Xo:Vz € F(z,y),z <t}

and hence {z € X : (z,y) € A} is closed.
Second, we show that for each z € X, the set {y € Xo : (x,y) € A} is a convex
set. Indeed, by the assumption of A, we have that for each x € X,

{yeXo: (v,y) ¢ A} ={y € Xo:3z € F(x,y),z >t}

By the condition (ii) and Lemma 3.1, we see that {y € Xo : (z,y) € A} is a convex
set.

Moreover, since max F'(z,z) < maxJ, ¢y, F(7, ), it is clear that (z,z) € A, for
each x € Xy. Then, by Theorem 2.11, there exists zg € Xg such that {z¢} x Xo C A,
ie.,

max U F(zg,x) <t.
zeXo
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By the assumption on ¢, we have

min U max F'(z, Xp) < max U F(x,x)
z€Xo z€Xo

and hence (1) holds. This completes the proof. O

4. Ky FAN MINIMAX INEQUALITIES FOR SET-VALUED MAPPINGS

In this section, we present some Ky Fan minimax inequalities for set-valued map-
pings. Let F': Xo x Xo — 2V and e € intS, arbitrarily fixed.
Theorem 4.1. Let Xy be a nonempty compact convex subset of X. Suppose that
the following conditions are satisfied:

(i) F is continuous with compact values;

(ii) for any x € Xy, F(x,-) is S-quasiconcave on X.

Then,

Maxy, U (z,2) C Min U Maxy, F(z, Xo) + V' \ (—intS). (2)
€ Xy z€Xo

Proof. Since F is continuous and X is compact, it follows from Lemmas 2.4 and 2.5
that

Maxy, U F(z,z) # 0.

xeXo

Let z € Maxy, F(z,z). Then, we have

(z + intS) ﬂ( U F(z,z)) =0.

z€Xo

zeXo

By Lemma 2.7 (i), we have

he:(u) <0, Vue |J F(z,2). (3)

reXo

By the continuity of he, and F', and the compactness of Xy, there exist 1 € Xy and
z1 € F(z1,21) such that maxeeX ez(F(z,2)) = hey(z1). Then, by Lemma 2.7
(iv), we have z1 € Maxy U, ¢ x, F'(z,7) C U.ex, F(z,z). By (3), we have

max U hez(F(z,z)) <0. (4)

Consider the set-valued mapping G' = h..(F) : Xo x Xo — 2. By Lemma 2.9, it is
clear that all conditions of Theorem 3.2 are satisfied for G, and hence we have

min U max G(x, Xo) < max U G(z,x). (5)
€ Xy z€Xo

By (4) and (5), minJ, ¢ x, maxhe.(F(z, Xo)) < 0. Thus, there exists 2’ € Xo such

that maxJ, ¢y, he-(F(2',y)) < 0. Then, there exist y' € Xo and 2’ € F'(z,y’) such
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that he.(2") = maxJ,c x, he:(F(2,y)) < 0. Therefore, by Lemma 2.7 (i) and (iv),
we have 2’ ¢ z +intS and 2’ € Maxw U, ¢y, (2, y). We get

z € Z+V\(-intS) C Maxy U F(2',y) + V \ (—intS)

y€Xo
C Min | Max,F(z, Xo) + S+ V \ (~intS)
zeXo
= Min | ) MaxyF(z, Xo) + V' \ (~intS).
zeXo
Hence, (2) holds. This completes the proof. O

Remark 4.2. If F(x,-) is S-concave for every z € Xy, then it is clear that F(z,-) is
S-quasiconcave for every x € Xy. However, the converse is not valid. Thus, Theorem
4.1 of [32] is a special case of Theorem 4.1.

Example 4.3. Let X = R,V = R% X, = [0,1], S = {(z,y)| > 0,y > 0} and
M ={(u,0) € R?| —1<u<1}. Let f: Xo x Xo — R? and F : Xy x X — 28",

fz.y) = (y,2y%)
and
F(z,y) = f(z,y) + M.
Obviously, F(z,-) is S-quasiconcave on Xy for any z € X,. Nevertheless, for any
z € Xo, F(z,-) is not S-concave on Xo. Therefore, Theorem 4.1 of [32] is not

applicable. However, all conditions of Theorem 4.1 hold. So, inclusion (2) holds.
Indeed, by simple computation,

Maxy, | ) F(z,2) = {(u,1)] 0 < u <2}

xeXo
and
Min ] MaxyF(z, Xo) = {(~1,0)}.
z€Xo
Obviously,

Max.,, U F(z,z) C Min U Maxy, F(z, Xo) + V' \ (—intS).
zeXy z€Xo
Theorem 4.4. Let X be a nonempty compact convex subset of X. Suppose that
the following conditions are satisfied:
(i) F is continuous with compact values;
(ii) for any x € Xg, F(xz,-) is properly S-quasiconcave on Xj.
Then,
Min,, U Maxy, F'(x, Xo) C Max U F(z,z) +V \intS. (6)
z€Xo x€Xo
Proof. Since F' is continuous and X is compact, it follows from Lemmas 2.3-2.5 that

Miny, U Max, F(z, Xo) # 0.
zeXo
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Let z € Min,, J Maxy, F'(x, Xo). Then, we have

(z — intS) m( U Maxy, F(z, Xp)) = 0.

zeXo

z€Xo

By Lemma 2.7 (i), we have
ex(u) >0, Vue [ MaxyF(z, Xo). (7)
zeXo
By the continuity of &, and F', and the compactness of Xj, for each x € Xy, there
exist y1 € Xo and z1 € F(z,y1) such that max&.,(F(z, Xo)) = &e.(21). Then,
by Lemma 2.7 (iv), we have 21 € Maxy F(z, Xo) C U,¢x, Maxy F(z, Xo). By (7),
max &, (F(z,Xo)) > 0. It follows from the arbitrariness of z € X that
min U max &, (F(z, Xo)) > 0. (8)
€ Xy
Consider the set-valued mapping W = &..(F) : Xo x Xo — 2%. By Lemma 2.9, it is
clear that all conditions of Theorem 3.2 are satisfied for W, and hence we have
min U max W (z, Xp) < max U W(x,x). (9)
r€Xo r€Xo

By (8) and (9), max{,¢x, &e=(F(z,2)) > 0. Thus, there exist 2’ € X, and 2’ €
F(2',2') such that &,(z") > 0. By Lemma 2.7 (i), 2/ ¢ z — intS. Thus, we have

z € Z4+V\itSc |J F(@',2')+V\intS

z€Xo
C MaXU — S+ V\intS
zeXo
= Max U F(z,z)+V \ intS.
zeXo
Hence, (6) holds. This completes the proof. O

Theorem 4.5. Let Xy be a nonempty compact convex subset of X. Suppose that
the following conditions are satisfied:

(i) F is continuous with compact values;

(ii) for any x € Xg, F(x,-) is properly S-quasiconcave on Xjy;

(iii) for each z € Xy,

Maxy, U F(z,z) — F(x,x) C S.
zeXo
Then,
Max, U (z,2) C Min U Maxy F (2, Xo) + S. (10)
x€Xo reXo
Proof. Since F is continuous and X is compact, it follows from Lemmas 2.3-2.5 that,
Min U Max, F(z, Xo) # 0.
ze€Xo
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Suppose that z € V and z ¢ ¢ y, Maxw F'(z, Xo) + 5, ie.,
(z—28) m( U Maxy F(z, Xg)) = 0.
z€Xo
By Lemma 2.7 (ii), we have
ex(u) >0, Vue [ MaxyF(z, Xo). (11)
zeXo
By the continuity of ., and F and the compactness of X, for each x € Xy, there
exist y; € Xo and 21 € F(x,y1) such that maXUyeXO e (F(x,y)) = &e2(21). By
Lemma 2.7 (iv), z1 € Maxy U, cx, F'(#,9) C U,ex, MaxwF(z, Xo). Therefore, by
(11), we have maxJ,¢ x, &e=(F'(z,y)) > 0. Since z € X is arbitrary, we have
min U max &, (F(z, Xo)) > 0. (12)
zeXo
Consider the set-valued mapping W = &..(F) : Xo x Xo — 2f. By Lemma 2.9, it is
clear that all conditions of Theorem 3.2 are satisfied for W, and hence we have
min U max W (z, Xo) < max U Wz, ). (13)
zeXo z€Xo
By (12) and (13), max,cx, ez(F(2,2)) > 0. Then, there exist 2’ € X, and
z' € F(2',2') such that &..(2') > 0. By Lemma 2.7 (ii), we have
2 dz—S. (14)
F(z,z), then by the condition (iii) we have
F(z,z) C z— S, Vr € Xy,
which contradicts (14). Thus, we have
z & Maxy, U F(z,z).

zeXo

If z € Maxy U, ¢ x,

Remembering that

Min | ] Max,F(z, Xo) +S > | J MaxyF(x, Xo) + S.
z€Xo z€Xo

Hence, (10) holds. This completes the proof. O
Remark 4.6. (i) Clearly, if V = R and S = R, then condition (iii) of Theorem 4.5
always holds.

(ii) The following example is given to illustrate that condition (iii) in Theorem 4.5
is essential.
Example 4.7. Let X = R,V = R?, Xo = [0,1] C X, S = {(2,9)|ly > ||} and
M = {(u,0)| =1 <u<1}. Let f:[0,1] x [0,1] — R and F : [0,1] x [0, 1] — 27’

_ (a:,O), y<x
f(%y)‘{ (,2(y— ), y>a
and
F(mvy) :f<.’1?,y)+M.
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Obviously, F' is continuous with compact values and F'(x, -) is properly S-quasiconcave
for every z € Xj. For any = € X, we have

F(x,z) = f(z,2) + M = (z,0) + M.
Then,
Maxy, U F(z,z) = {(u,0)] =1 <u < 2}.
z€Xo
Take zg = 0. Thus,

Maxy, | J F(z,2) = F(z,70) = {(u,0)| —2<u <3} ¢ 5.
zeXo

Obviously, all assumptions of Theorem 4.5 except for (iii) are satisfied. Moreover,

Min U Maxy, F'(z, Xo) = {(u,0)|0 < u < 2}.
zeXo

Clearly,

Max | J F(z,2) ¢ Min | ] MaxyF(z, Xo) + S.
r€Xo rEXo

Hence, the condition (iii) in Theorem 4.5 is essential.
Theorem 4.8. Let Xy be a nonempty compact convex subset of X. Suppose that
the following conditions are satisfied:

(i) F is continuous with compact values;

(ii) for any x € Xy, F(z,-) is S-quasiconcave on Xo;

(iii) for each z € X,

Miny, U Max, F(z, X)) C MaxF(z, Xo) — S.

zeXo
Then,
Min,, U Maxy, F'(x, Xo) C Maxy U F(z,z)—S. (15)
r€Xo zeXy

Proof. Since F' is continuous and X is compact, it follows from Lemmas 2.4 and 2.5
that,

Maxy, U F(z,z) #0.

zeXo
Suppose that z € V and 2 ¢ Maxy U, x, F(7,2) = S, ie.,
(z+9) m(MaxW U F(z,z)) =0.
zeXy

By Lemma 2.7 (ii), we have

he:(u) <0, Yu € Maxy, U F(x,z). (16)
zeXo
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By the continuity of h., and F' and the compactness of Xy, there exist 1 € Xy and
z1 € F(xy,21) such that maxJ,cy, he:(F(2,2)) = he.(21). By Lemma 2.7 (iv),
z1 € Maxy U, ¢y, F(z, 7). Therefore, by (16), we have

max U he:(F(z,z)) <0. (17)
ze€Xo
Consider the set-valued mapping G = h..(F) : Xo x Xo — 2%. By Lemma 2.9, it is
clear that all conditions of Theorem 3.2 are satisfied for G, and hence we have

min U max G(x, Xo) < max U G(z,z). (18)
z€Xo z€Xo
By (17) and (18), min {J, ¢ x, max he,(F'(z, Xo)) < 0. There exists z; € Xo such that
max he, (F(x1, Xo)) < 0. By Lemma 2.7 (ii),

2z — 8, Vz1 € F(z1, Xo).
Hence, we have
z & MaxF(xz1,Xo) — S. (19)
Maxy F(x, Xo), then by the condition (iii) we have
z € MaxF(x, Xo) — S, Vr € Xy,
which contradicts (19). Thus, we have

z & Miny, U Maxy, F'(x, Xg).
zeXo

Hence, (15) holds. This completes the proof. O
Remark 4.9. Clearly, if V = R and S = R, then condition (iii) of Theorem 4.8
always holds.
Remark 4.10. In [31, 32], some similar Ky Fan minimax inequalities for set-valued
mappings are also obtained. However, our proof methods are different from their
ones.
Theorem 4.11. Let X be a real locally convex Hausdorff topological vector space.
Let X be a nonempty compact convex subset of X. Suppose that the following
conditions are satisfied:

(i) F is continuous with compact values;

(ii) for any x € Xy, F(x,-) is S-quasiconcave on Xj.

Then,

If 2 € Ming U, cx,

3 z; € Max U F(z,z) and 3 zz € Min U Max,, F'(z, Xo)
r€Xo r€Xo

such that
2 €zm+S (20)
Proof. Let a € V. We define a multifunction T : X — 2%° by the formula
T(z) ={y € Xo: maxheq(F(z,X0)) € hea(F(z,y))}, for x € Xj.

First, by the continuity of h., and F and the compactness of X, it is clear that
T(x) # 0, for each z € Xo.



620 Y. ZHANG AND S.J. LI

Second, we show that T'(x) is a closed set, for each z € X. Indeed, for each z € X,
let a net {y, : @ € I} C T(z) and yo — yo. Since heq(F(2,Ya)) C hea(F (2, X))
Ve, max heq(F(x, X)) = maxheq(F(2,y,)). By Lemma 2.10, max heq(F(z,-)) is
a continuous real-valued function. Then, max he,(F(x, Xo)) = maxheq(F(2,0))-
Thus, max heq (F(x, X0)) € hea(F(x,y0)). We have

yo € T(x) = {y € Xo : maxheo(F(x,X0)) € hea(F(z,y))}

and hence for each z € Xy, T'(z) is a closed set.

Next, we show that T'(z) is a convex set, for each 2 € Xj. Indeed, for each z € Xy,
let y1,y2 € T(x) and X € [0,1]. By the condition (ii) and Lemma 2.9, there exists
20 € hea(F(x, Ay1+(1—A)y2)) such that zg > max heo (F(z, Xo)). Since heq (F (2, Ay1+
(I = XNy2)) C hea(F(z,X0)), 20 < maxheq(F(z,Xo)). Thus, max heq(F(z, Xo)) =
Zp € hea(F(xa )‘yl + (1 - )‘)yQ))’ i.e.,

Ay1 + (1 - )‘)yZ € T(J}) = {y € Xo: maXhea(F(anO)) € hea(F(xvy))}
and hence for each = € Xy, T'(z) is a convex set.

Now, we prove that T is u.s.c. on Xy. Since X is compact, we only need to show
that T is a closed map (see [1]). Let a net

{(za;ya)} C GraphT := {(x,y) € Xo x X¢ : max hea(F (2, X0)) € hea(F(z,y))}

and (Za,Ya) — (T0-Y0)-
Since heq(F(Za,Ya)) C hea(F (2o, Xo)) Ve,

maXhea(F(xa;XO)) = max hea(F(xaaya))'
By Lemmas 2.3 and 2.10, max heq(F (-, X)) and max heo(F(-,-)) are two contin-

uous real-valued functions. Then, max heq(F (2o, X0)) = max heq(F(zo,y0)). Thus,
max heq (F (20, X0)) € hea(F(20,90)), i-€., (zo,yo) € GraphT. Hence, T is u.s.c..
Then, by Theorem 2.12, there exists z¢ € X such that xg € T'(zg), i.e.,
max heq (F (20, X0)) € hea(F (20, x0)).
Let z € F (g, o) be such that
hea(2) = max heo (F (20, Xo))-
By Lemma 2.7 (iv), z € Maxy F'(zo, Xo), i.e.,

F(IL’(), ZL'()) ﬂ MaXWF(ZL'o, Xo) 7é @

Then, by assumptions and Lemma 2.5, we have that
F(xg,x0) C Max U F(z,z)— S
reXo

and

Max,, F(x0, Xo) C Min | ] Max, F(z, Xo) + S.

reXo

Namely, for every u € F(z,2) and v € Max, U cx, F(Z,y), there exist 21 €
Max,¢x, F'(z,z) and 23 € MinJ Max,, F'(z, Xo) such that

ueEz —8 and v E 29+ 5.

x€Xo
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Particularly, taking u = v, we have z; € 2 +S. This completes the proof. O
Remark 4.12. If F(z,-) is properly S-quasiconcave for every x € X, then it is clear
that F'(x,-) is S-quasiconcave for every x € Xy. However, the converse is not valid.
Thus, Theorem 3.1 of [31] is a special case of Theorem 4.11.

Example 4.13. Let X = R, V = R?, Xg =[-1,1], S = R and M = {(u,0)] —1 <
uw<1}. Let f: Xox Xo— R2 and F : Xo x Xo — 28,

fla,y) ={(x(y, 2))]z = V1 -9}
and
F(z,y) = f(z,y) + M.
Obviously, f(x,-) is S-quasiconcave on X, for any x € Xo. Nevertheless, for any

x € Xo, f(z,-) is not properly S-quasiconcave on Xy. Therefore, Theorem 3.1 of [31]
is not applicable. However, by simple computation,

Min | | Max,F(z, Xo) = {(u,0)] —1 <u<2}
zeXo
and )
Max Flz,xz) ={(u, )| —
U Rl = (@)
Thus, taking (—1,0) € Min{J, ¢ x, Maxy F'(z, Xo) and (0, 1) € Max Usex, £z, 2),

1 3
- <u< -}
2 2

(0, %) € (=1,0)+ S.

Remark 4.14. When F is a real-valued function and S = R,, the minimax in-
equalities (1),(2),(6),(10) (15) and (20) reduce to the well-known Ky Fan minimax
inequality, respectively.
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