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1. INTRODUCTION

In the last decades, there has been a great interest in searching for fixed point the-
orems in ordered metric spaces involving a contractivity condition which holds for all
points that are related by the partial order (see e.g. [1]-[44]). One of the most interest-
ing papers in this trend was reported by Bhaskar and Lakshmikantham [25] in 2006.
In this pioneer paper, in order to solve some certain type of periodic boundary value
problems, the authors proved the existence and uniqueness of a coupled fixed point of
a certain class of operators in partially ordered metric spaces by introducing the mized
monotone property. Following this result, a number of papers have been published
dealing with the notions of coupled fized/coincidence point and their applications (see
eg. [1,2,4,5,6,8,9,10,11, 15,16, 17, 18, 22, 23, 24, 32, 33, 34, 35, 36, 41, 42, 43, 44]).
In 2011, Berinde and Borcut [12] introduced the concept of tripled fized point and
proved some related theorems (see also [7, 13, 14]). The last remarkable result of
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this trend was given by Roldan et al. [39] by introducing the notion of multidimen-
sional fixed point which covers the concepts of coupled, tripled, quadruple fixed point
etc. Regarding the wide potential application of multidimensional fixed point results
in various branches of Mathematics, many authors have attracted attention to this
subject and have reported some interesting results.

Very recently, Samet et al. [40] and Agarwal et al. [3] have proved that coupled
fixed point results can be obtained as easy consequences of fixed point results in
dimension one in the setup of metric spaces and G-metric spaces, respectively. In
this paper, following their techniques, we present different contractivity conditions in
order to guarantee the existence (and, in some cases, uniqueness) of multidimensional
fixed points. We show that our results extend, generalize and improve very recent
theorems in the related literature on the theory of multidimensional (coupled, tripled,
quadruple, etc.) fixed point. This paper can be considered as a continuation of the
papers [3] and [40].

2. PRELIMINARIES

Preliminaries and notation about coincidence points can also be found in [39]. We
use abbreviation MS for metric spaces. Let n be a positive integer. Henceforth, X
will denote a non-empty set and X" will denote the product space X x X x.%. x X.
Throughout this manuscript, m and k will denote non-negative integers and i, j, s €
{1,2,...,n}. Unless otherwise stated, “for all m” will mean “for all m > 0” and “for
all ¢ will mean “for all ¢ € {1,2,...,n}".

Definition 2.1. ([25]) An ordered MS (X, d, %) is said to have the sequential mono-
tone property if it verifies:

(i): If {z,,} is a non-decreasing sequence and {x,,} A x, then z,, < x for all
m.
(ii): If {ym} is a non-increasing sequence and {y, } LA y, then y,,, = y for all m.

Henceforth, fix a partition {A,B} of A,, = {1,2,...,n}, that is, AUB = A,, and
AN B = @ such that A and B are non-empty sets. We will denote:
Qag={c:A, 2> A,:0(A) CAand o(B) CB} and
Qpg={0: A, = Ay :0(A) CBando(B) CA}.

If (X, <) is a partially ordered space, z,y € X and i € A,,, we will use the following

notation:
<Xy, ifieA,
T < =
~i Y {m>;y, if i € B.
Consider on the product space X™ the following partial order:

for X = (m17$27-~-awn)a Y = (ylay27"'>yn) EX"7
XCY & x; =4y, forall d. (2.1)
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We say that two points X and Y are comparable if XCY or X J Y.
Proposition 2.2. If XY, it follows that

(To(1), To(2)s -1 Tan) E Wo(1)s Yo (2)s -+ > Yo(n)) if 0 € QaB,
(To(1)s To(2), s Ton) 2 Wo1),Yo(2) -+ Yo(n)) 0 € QLaB.

Proof. Suppose that x; <; y; for all i. Hence 7,(;) <o(i) Yo(i) for all i. Fix o € Qap.
If i € A, then o (i) € A, so Tg(i) So(i) Yo(i) implies that T,y < Yy (i), which means that
To(i) i Yo(i)- i € B, then (i) € B, 80 Zo(;) So(i) Yo(i) implies that z,x) = Yo (i
which means that z,(;) <i Yo(s)- In any case, if 0 € Qa g, then z,(;) < Yy (s) for all 2.
It follows that (Cﬂg(l), To(2)s--- ,xg(n)) C (ya(l), Yo (2)s -+ ya(n))'

Now fix 0 € W ap. If i € A, then o(i) € B, 50 2,(;) <o(i) Yo(i) implies that z, ;) =
Yo (i), Which means that z,(;) =i yo;). If i € B, then o(i) € A, 50 To() <o) Yo(i)
implies that z,(;) < Y (i), which means that x4 =i Yo(i)- O

Let FF: X™ — X be a mapping.

Definition 2.3. ([39]) Let (X, <) be a partially ordered space. We say that F
has the mized monotone property (w.r.t. {A,B}) if F' is monotone non-decreasing
in arguments of A and monotone non-increasing in arguments of B, i.e., for all
T1,%2,...,2n,Y,2 € X and all 7,

Yy =z = F(xlw"7$i—1ayaxi+1a-"axn) <iF(xla"'7xi—1727xi+17~"7xn)-

Henceforth, let o1, 09,...,0, : Ay, — A, be n mappings from A,, into itself and let
T be the n-tuple (1,09, ...,0,). The main aim of this paper is to study the following
class of multidimensional fixed points.

Definition 2.4. ([39]) A point (z1,22,...,%,) € X™ is called a Y-fized point of the
mapping F if
F(Zo,(1), Toy(2)s -+ > Ty (n)) = Ti for all 3. (2.2)

If one represents a mapping o : A, — A, throughout its ordered image, i.e.,
o= (o(1),0(2),...,0(n)), then

e Gnana-Bhaskar and Lakshmikantham’s coupled fixed points occur when n =
2,01 =7=(1,2) and 09 = (2,1);

e Berinde and Borcut’s tripled fixed points are associated to n =3, 01 =7 =
(1,2,3),00 =(2,1,2) and 02 = (3,2,1);

e Karapimar’s quadruple fixed points are considered when n = 4, 01 = 7 =
(1,2,3,4),00 = (2,3,4,1),03 = (3,4,1,2) and 04 = (4,1,2,3).

e Berzig and Samet’s multidimensional fixed points are given when A =
{1,2,...,m}and B={m+1,m+2,...,n}

For more details see [39].
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2.1. Unidimensional fixed point results. Based on the classical Banach theorem,
in which a non-negative constant less than one plays a key role, many results have
been proved replacing such constant by an appropriate mapping, depending on the
contractivity condition. Some of these kinds of families are the following.

@y = {¢:[0,00) = [0,00) : ¢ is continuous, non-decreasing and ¢~ ({0}) = {0} } .

Dy ={¢:[0,00) = [0,00) : ( ) < tand lim, 4+ ¢(r) <t forallt>0}.

O3 = {¢:[0,00) = [0,00) : ¢ is continuous and ¢(t) < t for all ¢t > 0} .

Dy ={¢:[0,00) = [0,00) : lim,_; ¢(r) > 0 for all ¢ > 0 and lim; o+ ©(t) = 0}.

D5 ={p€Py:p(s+1t) < P(s)+ ¢(t) for all s,t € [0,00)}

Remark 2.5. If ) € &3 and N > 0, define ¢n by ¢¥n(t) = N - (t/N) for all t > 0.
Then Z[}N € @2.

Remark 2.6. If ¢ € &3 and N > 0, define ¢n by ¢pn(t) = N - ¢(t/N) for all t > 0.
Then ¢n € P3.

Proposition 2.7. If ¢ € @3, then there exists a nondecreasing mapping ¢ € P such
that ¢ < .

In [38], Ran and Reurings proved the following fixed point theorem.

Theorem 2.8 (Ran and Reurings [38]). Let (X, <) be an ordered set endowed with a
metric d and T : X — X be a given mapping. Suppose that the following conditions
hold:

(a): (X,d) is complete.

(b): T is nondecreasing (w.r.t. <).

(c): T is continuous.

(d): There exists xg € X such that xo < Txg.

(e): There exists a constant k € (0,1) such that for all z,y € X with z =y

d(Tz, Ty) < kd(z,y).

Then T has a fized point. Moreover, if for all (z,y) € X? there exists z € X such
that © < z and y X z, we obtain uniqueness of the fixed point.

Nieto and Rodriguez-Lépez [37] slightly modified the hypothesis of the previous
result obtaining the following theorem.

Theorem 2.9 (Nieto and Rodriguez-Lépez [37]). Let (X, <) be an ordered set en-
dowed with a metricd and T : X — X be a given mapping. Suppose that the following
conditions hold:
(a): (X,d) is complete.
(b): T is nondecreasing (w.r.t. <).
(c): If a nondecreasing sequence {x;,} in X converges to a some point x € X,
then x,, < = for all m.
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(d): There exists xg € X such that xo < Txo.
(e): There exists a constant k € (0,1) such that for all z,y € X with x =y,

d(Tx,Ty) < kd(z,y).

Then T has a fived point. Moreover, if for all (x,y) € X? there exists 2 € X such
that © < z and y <X z, we obtain uniqueness of the fixed point.

3. AUXILIARY RESULTS

In this section we show some properties that we will use in the proofs of our main
results.

Lemma 3.1. Let (X,d) be a MS and define D,, A, : X™ x X" — [0,00), for all
A:(al,ag,...,an),B:(bl,bg,...,bn)GX", by
D, (A,B) = max d(a;,b;) and A,(A,B)= > d(ai,b).
<i<n i=1

Then D,, and A, are complete metrics on X™.
Actually, both metrics are equivalent since D,, < A, < nD,,.

Theorem 3.2. Let (X,d, <) be a partially ordered MS and let F : X" — X be a
mapping. Let T = (01,09,...,0,) be a n-tuple of mappings from {1,2,...,n} into
itself verifying o; € Qap if i € A and 0; € Qj\’B if i € B. Define Fy : X™ — X™, for
all x1,x9,...,2y, € X, by

Fy(z1,72,...,%0) =(F(To, (1), Toy(2)s - - s Tan(n))s F(Toy (1), Tog(2) - -+ s Tag(n))s
s B (%, (1) T (2)s -+ 5 Tan ()

(1) If F has the mized monotone property, then Fy is monotone nondecreasing
w.r.t. the partial order © on X™ given by (2.1).
(2) If F is continuous (w.r.t. Dy, or A,), then Fy is also continuous (w.r.t. Dy,

or Ap).
(3) A point (x1,x2,...,2,) € X" is a Y-fized point of F if, and only if
(z1,22,...,2n) s a fized point of Fy.

Proof. (1) Suppose that (gz1,972,...,92,) < (9Y1,9Y2, - - ., gyn), that is, gz; < gys
for all 4. Since F has the mixed g-monotone property, it is not difficult to prove that,
for all a1,as,...,a, € X

() (4)
F(alaa27'"7aj—1axi7aj+17""an) < F(alaa%"'aaj—la yiaaj+1a"'7an)7

ifi,jeAori,jeB;

() (4)
F(al,ag,...7aj,1,xi,aj+17...,an) k F(al,ag,...,aj,l, yi,aj+1,...,an),

ificAjecBoricB,jcA.
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Suppose that i € A. Therefore o; € Qa g, that is, 0;(A) C A and 0;(B) C B. Therefore
j € Aif and only if 0;(j) € A and the same holds swapping A by B. In this case,

F(Zo,(1)s Zoy(2)s Toy(3)s - - 1 Tay(n)) < (either 1,03(1) € Aor 1,04(1) € B)
S F(Yo, (1) Toy(2)> Toy(3)s - - - Toy(n)) <X (either 2,04(2) € A or 2,04(2) € B)
S F(Yo,(1), You(2)> Tou(3)> - - - » Tou(n)) 5 (either 3,04(3) € A or 3,04(3) € B)
<. =
S FWoi(1)s You(2)) You(3) 5 - - 3 Yora(n) )

that is, F((I}Ji(l), T5(2)1 Tai(3)r+ - xai(n)) < F(yai(l)a Yoi(2)s Yoi(3)r - - - 7yai(n))- Now
suppose that i € B. Therefore 0; € ), g, that is, 0;(A) C B and 0;(B) C A. Therefore
j € Aif and only if 0;(j) € B, and viceversa. In this case,

F(l‘gi(l),xgi(g),xai(g), . ,.’L‘Ui(n)) %= (either 1 € A jo;(1) €Bor1eB,o;(1) €A)

= F(yoi(l)axai(Z)vxa,y(B)v cee 71'01,(n)) =
(either 2 € A,0;(2) € Bor 2 € B,0;(2) € A)

= F(yoi(l)a Yo:(2)yLos(3)r- -+ xoi(n)) =
(either 3 € A,0:(3) € Bor 3 € B,0;(3) € A)

e F F(yoi(l),yai(Q)aya,y(B)v v 7y0i(n)),

that is, F(Zo,(1)s T, (2), Toy(3)s -+ 5 Toi(n) i F'(Yoi(1)s Yoi(2) You(3)s - -+ Yoru(n)) alsO
holds. Hence,

F(Zo,(1)s Toy(2)s Toy(3)s - - s Tay(n)) i F (Yo, (1)) Yoi(2)> You(3)s - - - s Yoy (ny)  for all 4,

and, consequently, Fy(z1,z2,...,%n) T Fy(y1,¥2, .-, Yn)-

(2) It is an straightforward exercise.

(3) (z1,72,...,2,) € X™ is a Y-coincidence point of F and ¢ if, and only
if, =, = F(:cgi(l),xm(g),xm(g,),...,xoi(n)) for all 4, that is, Fy(z1,22,...,2,) =
(1,22, ..., Zp). O

4. MAIN RESULTS

Throughout this section, let (X, d,<) be an ordered MS, let T = (01, 09,...,0,)
be a n-tuple of mappings from {1,2,...,n} into itself such that o; € Qap if i € A
and o; € Q/A,B if i € B, and let I : X™ — X be a mapping. Consider the following
conditions:

(I): (X,d) is complete.

(II): F has the mixed monotone property.

(III): F is continuous or (X,d, <) has the sequential monotone property.
(IV): There exist 23,22, ..., 28 € X verifying

rd < F(xgi(l),xgi@), ... ,xgi(n)) for all i.
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In some cases, we will also use an additional hypothesis.
(V): For all 4, the mapping o; is a permutation of {1,2,...,n}.
This last condition implies that, for all 7 and all X,Y € X™,

max d(Z,(j)s Yo, () = maécnd(xj,yj) =D,(X,Y) and

1<j<n 1<5<
Zld(xgi(j),ygi(j)) = Zld(xj,yj) = A,L(X,Y). (4.1)
J= J=

4.1. Roldan, Martinez and Roldan’s multidimensional fixed point results.
In 2012, Roldéan et al. proved the following theorem in order to show sufficient con-
ditions to ensure the existence of ®-coincidence points (we particularize it in the case
of Y-coincidence points taking 7 as the identity mapping on {1,2,...,n} and g as the
identity mapping on X).

Theorem 4.1 (Rolddn et al. [39]). Under hypothesis (I)-(IV), assume that there
exists k € [0, 1) verifying:

d(F (1,29, .. xn), F(y1,Y2, .-y yn)) < k 1rgfu<xn d(x;,y;) (4.2)

for which x; %; y; for alli. Then F' has, at least, one Y-fized point.
We shall prove the following result.
Theorem 4.2. Theorem 4.1 follows from Theorems 2.8 and 2.9.

Proof. Consider the product space Y = X™ provided with the metric D,, (as in
Lemma 3.1) and the partial order C on Y given by (2.1). Then (Y, D,,C) is a com-
plete ordered MS. Since F' has the mixed monotone property, item 1 of Theorem
3.2 shows that Fy : Y — Y is nondecreasing w.r.t. C. By item 2 of Theorem
3.2, if F is continuous, then Py is also continuous. If xo = (z},23,...,25) € Y,
then condition (IV) is equivalent to xg = Fyxp. Recall that, by Proposition 2.2,
given X = (z1,22,...,2n),Y = (Y1,Y2,---,yn) € Y such that X C Y, the points
(T, (1), Toy(2)s - -+ s Toy(n)) AN (Yo, (1)5 You(2)5 - - - s You(n)) aTe comparable by C. There-
fore, (4.2) can be applied to these points, and it follows that

Dy (FrX, FrY) = max d (F(Zo, (1), Toi(2)s - Toy(m))s FWoi (1) Yoru(2)s - -+ Yors(n)))

< . . = . .
< pax [’f fgjﬂgﬂd(%i(n,yoiu))] k max [lg%xn A(To, () Yo ()

<k lIéljaSXn |:112ia<xn d(xu yi):| k 121?3)(71 d(xla yl) k D, (X, Y)
Theorems 2.8 and 2.9 imply that Fy has a fixed point, which is a YT-fixed point of F
by item 3 of Theorem 3.2. (|

Uniqueness of the fixed point also follows from Theorems 2.8 and 2.9.
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Theorem 4.3. Under the hypothesis of Theorem 4.1, assume that for all A, B € X"
there exists U € X" such that A T U and B T U. Then F has a unique Y-fized
point.

In order to assure the uniqueness of the fixed point, notice that the previous result
shows a sufficient condition which is only related to the partial order < on X (and its
extension C to X™). It is not difficult to prove that a similar property of uniqueness
may be included in the results we will present throughout this paper. However, for
brevity, we will not write this part.

4.2. Bhaskar and Lakshmikantham’s coupled fixed point results. We present
the following multidimensional extension of the main result of Bhaskar and Laksh-
mikantham [25] using a similar argument of which we have showed in the previous
subsection.

Corollary 4.4. Under hypothesis (I)-(IV), assume that there exists k € [0,1) verify-
mng:

d(F(z1, 22, 2n), F(y1, 92,y yn)) <

Proof. Tt is obvious since

k »n k »n
d(F(xtha v axn)’F(y1?y27' . 7y7l)) S - Zd(xlﬂyt) S - Z max d(x_]vy])
n =1 n j=11<j<n
=k max d(z;,y;). O

4.3. Berinde’s coupled fixed point results. We extend [Theorem 3, Berinde [8]]
in the following sense.

Theorem 4.5. Under hypothesis (I)-(IV), assume that there exists k € [0,1) verify-
mng:

n

n
Zd(F(‘rai(l)vxai(Q)v ceey xai(n))v F(yoi(l)vyoi@)v cee 7yf77‘,(7l))) <k Z:ld(xjvyj)

i=1 J

for which x; K; y; for alli. Then F has, at least, one Y -fixed point.

Proof. Tt follows repeating the argument of Theorems 4.2 using the complete metric
A, and taking into account that, for all X,Y € X™ such that X C Y, we have that

n
An(FTX7 FTY) = ;d (F(mot(lb x0¢(2)7 v 7w0,,(n))7 F(ya,;(l)v ygi(2)7 v 7yaz(n)))

.
i7:

Notice that this result implies that [Theorem 3, Berinde [8]] follows from Theorems
2.8 and 2.9.
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4.4. Berzig and Samet’s multidimensional fixed point results and Berinde
and Borcut’s tripled fixed point results. Berzig and Samet [15] extended the
main result of Berinde and Borcut [12] in the setting of multidimensional mappings.

Both results are special cases of the following theorem, which was also established
in [39, Corollary 16].

Theorem 4.6. Under hypothesis (I)-(IV), assume that there exists ay,aq, ..., apn €
[0,1) such that ag + s + ...+ a, < 1 verifying:

n
d(F(xlal'?, ) xn)a F(ylay% e 7yn)) S ‘Zl ajd(xj7yj)
]:
for which x; <; y; for all i. Then F' has, at least, one Y -fized point.

Proof. Let k=a; + as+ ...+ a, € [0,1). Then for all X, Y € X™ such that XC Y,
we have that

Dn(FTxa FTY) = IIEELX” d (F(xai(l)a Loi(2)s - axai(n))a F(yai(l)a Yoi(2)y -+ 5yai(n)))

< max 1 i d(Zo,(j)s Yos () < Zl (043' max d(%i(j)’yai(j)))
=

T 1<i<n j= 1<i<n

<X

n
J=1

(aj Dy (X,Y)) = (Z%‘) D,(X,Y) =k D,(X,Y). O
j=1

4.5. Ciric’, Cakié, Rajovi¢ and Ume’s multidimensional fixed point results.

The following theorem is a multidimensional version of Theorem 2.2 in [19].

Theorem 4.7. Under hypothesis (I)-(IV), assume that there exists ¢ € O3 verifying:

d<F($1a T2, ... 7$7L)7F(y17y27 s ayn)) S (ZS <1I£11a<xn d(ll:i, yl))
for which x; K; y; for alli. Then F has, at least, one Y -fixed point.

Proof. By Proposition 2.7, there exists a nondecreasing mapping ¢ € ®3 such that ¢ <

@. Since ¢ is non-decreasing, p(max(sy, sz, ...,Sy)) = max(p(s1),@(s2),...,¢(sn))
for all s1,s9,...,8, > 0. Then

D, (FyX,FxY) = max d (F (T (1) Ty (2) - -+ Tors () )s F Wors (115 Yors (2)5 - -+ Yors(n)))

< . . < . .
<2 o (1%%“%*”’1"“ W) S 2 (gﬁgdw ww»)

Theorem 2.2 in [19] guarantees that F has a YT-fixed point. O
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Corollary 4.8. Under hypothesis (I)-(IV), assume that there exists ¢ € @3 verifying:

d(F(xlax%~~~7xn)7F(y17y2a"'7yn)) é ¢ <7:’ll id(xmyz))

i=1

for which x; K; y; for alli. Then F has, at least, one Y -fixed point.

Proof. 1t follows from the previous theorem since

d(F(xl7x27 .. 7$n)a F(ylay27 e 7yn)) S ¢ (i ild<xz7yz)>
<e¢ (:L _anld(xi,yi)) @ ( max d(muyz)) : O

Corollary 4.9. Under hypothesis (I)-(1V), assume that there exists ¢ € @3 verifying:

d(F(xlazZa"'7xn)7F(ylay23"'ayn)) S % ¢ <§1d(xmyl))

for which x; KX; y; for alli. Then F has, at least, one Y -fixed point.

Proof. It follows from Remark 2.6 and Theorem 4.7 since

A(F (1,29, ), P, s, - 9m)) < % é (id(mi,yi)) < % v (f;d(xi,yz—))

i=1

1<i<n 1<i<n

< 1 ® (n max d(xz,y1)> = ¢, <max d(xz,yl)> . O
n

4.6. Lakshmikantham and Ciric’s coupled fixed point results. We shall prove
the following result as a generalization of the main result of Lakshmikantham and
Cirié [34].

Theorem 4.10. Under hypothesis (I)-(V), assume that there exists 1 € ®o verifying:

d(z;, yj))

for which x; K; y; for alli. Then F has, at least, one Y -fixed point.

d(F (1,29, ), F(y1,y2, - - yn)) < ¥ <

S|
<
it

Proof. By Remark 2.5, the mapping ., given by ¢, (¢t) = ni(t/n) for all ¢t > 0, is in
®,. Therefore, applying (4.1), for all X,Y € X™ such that X C Y we have that

Ap(PrX, PrY) = 30 d (F(26,0)s Toy(2)s - -+ Tou(n))s F(Yoi(1)s You(2)s -+ > You(n)))
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4.7. Harjani, Lépez and Sadarangani’s coupled fixed point results. We shall
prove the following result which is an extention of the main result of Harjani et al.[26].

Theorem 4.11. Under hypothesis (I)-(V), assume that there exist 1, o € @1 verify-
mg:

VA1) Pl o)) < 6 (o o)) o (o dGosn)
for which x; K; y; for alli. Then F has, at least, one Y -fixed point.
Proof. Applying (4.1), for all X,Y € X™ such that X C Y we have that

Dn(FTX7FTY) = lrglaé’(nd (F(xai(1)7m0i(2)7 v 7370'1-(71))7 F(yai(l)a yai(2)7 v 7ya',;(n)))

max [(1/) ©) < max d(z o'l(j)’yai(j)))] = max [(¢) — ¢) (Dn(X,Y))]

1<7,<n 1<j<n 1<i<n
=¢( n( ’ ))—QO( n(XaY»'
Thesis follows from [Theorem 2.1, Harjani and Sadarangani [27]]. O

4.8. Karapinar’s quadruple fixed point results. We prove the following theorem
as an extension of the main result of Karapimnar-Luong [28].

Theorem 4.12. Under hypothesis (I)-(V), assume that there exist p € Dy andp € Py
verifying:

¢(d(F($17$2,---7$n)7F(Z/17y27-~-,yn))) < % P <zn:d(xjvyj)> — ¥ (Zn:ld(xj’yj)>

j=1
for which x; K; y; for alli. Then F has, at least, one Y -fixed point.

Proof. Applying (4.1) and the contractivity condition, for all X,Y € X™ such that
X C Y we have that

Y(An(FrX, FrY))
<z_: ( ( Loi(1)sLos(2)r -+ awai(n))v F(yai(l)a Yoi(2)r -+ 7y01(n)))>
V(A (F(Zoy (1) Toi(2)s - > Tai(n))s F Wors (1) Yori(2)5 - -+ Yors(n))))
A ( ) < 1d<x0'1(j) ya’,(]))) ; < > (An(x7Y))
ne (A

¥ = np) (An(X,Y)) = P(An(X,Y)) - n(X,Y)).

Since ny € P4, the result immediately follows from [Theorem 2.1, Harjani and
Sadarangani [27]]. O

IA
o i _

—_— =
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Finally, we remark that the techniques used in this paper might be applied in

order to prove other coupled, tripled, quadrupled, n-tupled fixed point theorems in

the setup of various abstract spaces, e.g., partial metric spaces, cone metric spaces,

fuzzy metric spaces, b-metric spaces, etc.
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