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Abstract. In this paper, we introduce two types of the Levitin-Polyak well-posedness for the
system of weak generalized vector equilibrium problems. By using the gap function of the system
of weak generalized vector equilibrium problems, we establish the equivalent relationship between
the two types of Levitin-Polyak well-posedness of the system of weak generalized vector equilibrium
problems and the corresponding well-posednesses of the minimization problems. We also present
some metric characterizations for the two types of the Levitin-Polyak well-posedness of the system
of weak generalized vector equilibrium problems. The results in this paper are new and extend some
known results in the literature.
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1. INTRODUCTION

Well-posedness plays a crucial role in the stability theory for optimization prob-
lems, which guarantees that, for an approximating solution sequence, there exists
a subsequence which converges to a solution. The study of well-posedness for scalar
minimization problems started from Tykhonov [37] and Levitin and Polyak [25]. Since
then, various notions of well-posedness for scalar minimization problems have been
defined and studied in [10, 13, 19, 23, 30, 39] and the references therein. Recent stud-
ies on various notions of well-posedness for vector optimization problems can be found
in [4,9, 17, 18, 21, 29, 31]. It is worth noting that the recent study for various types
of well-posedness have been generalized to variational inequalities [11, 12, 22, 27, 32],
generalized variational inequalities [6, 20], generalized vector variational inequalities
[38], equilibrium problems [28], vector equilibrium problems [26], [35], generalized
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vector equilibrium problems [34], system of vector quasi-equilibrium problems [36]
and many other problems.

On the other hand, Pang [33], Cohen and Chaplais [8], Bianchi [5] and Ansari and
Yao [2] considered a system of scalar variational inequalities, which is related to the
traffic equilibrium problem, the spatial equilibrium problem, the Nash equilibrium,
and the general equilibrium programming problem. Inspired by the study of vector
variational inequalities by Giannessi [14], Ansari, Schaible and Yao [1] considered
a system of weak vector equilibrium problems and a system of vector variational
inequality problems and obtained their existence results. Hou, Yu and Chen [15]
considered a system of weak generalized vector equilibrium problems and obtained its
existence results.

In this paper, we are interested in investigating two types of the Levitin-Polyak
well-posedness for a system of weak generalized vector equilibrium problems which
contains those mathematical models in [1, 2, 4-6, 8-14, 17-23, 25-39] as special cases.
The paper is organized as follows: In section 2, we introduce the definitions of two
types of Levitin-Polyak well-posedness for the system of weak generalized vector equi-
librium problems. In section 3, the lower semi-continuous property of the gap func-
tions of the system of weak generalized vector equilibrium problems and the equivalent
relationship between two types of the Levitin-Polyak well-posednesses of the system of
weak generalized vector equilibrium problems and the corresponding well-posednesses
of the minimization problems are established. In section 4, some metric characteriza-
tions for the Levitin-Polyak well-posedness for the system of weak generalized vector
equilibrium problems are obtained. The results in this paper generalize and extend
some known results in [20, 22, 26, 28, 34, 35, 38] and the references therein.

2. PRELIMINARIES

Throughout this paper, without other specification, let I be a countable index
set and for each i € I, let (E;,d;) be a metric space, X; be a nonempty closed
subset of F;, Z; be a nonempty subset of a topological vector spaces F;, let Y; be a
locally convex Hausdorff topological vector space. Let E = [[,.; Ei, X = [[;c; Xi,
E_, = Hjel\i E; and X_; = Hjel\i X;. For each fixed i € I and x € E, we write
x = (2, 2_;) = (%i)ier,z = (2i, 2—;) = (2;)icr, where x; and 2 _; denote the projection
of x onto E; and E_;, respectively. Let d(x,y) = sup;c; % forall z,y € E. Tt
is clear that (E,d) is a metric space. For each i € I, let C; : E — 2Yi be a set-valued
map such that for any z € E, C;(x) is a proper, pointed, closed and convex cone in
Y; with nonempty interior intC;(z), e; : E — Y; be a continuous vector-valued map
and satisfies that for any x € E, e;(z) € intC;(x), T; : E — 2% be a set-valued map,
fi: ExZ; x E; = Y; and ¢; : E X E; — Y; be continuous vector-valued function.
We are interesting in the following system of weak generalized vector equilibrium
problems (in short, (SWGVEP)) introduced and studied by Hou, Yu and Chen [15]:
Finding z € X such that for each ¢ € I,

3z, € Ti(z) : fi(®, Ziyy:) ¢ —intCy(7),V y; € X;.

The following problems are special cases of (SWGVEP):
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(1) If for each i € I, T;(x) = {%;} for all z € X, define a function ¢; : E x E; = Y;
as @;(z,y:) = fi(z, Zi,y:), V(z,y:) € E x E;, then (SWGVEP) reduces to the system
of weak vector equilibrium problems (in short, (SWVEP)): Finding Z € X such that
for each 7 € I,

wi(Z,y;) ¢ —intCy(Z),V y; € X;.

If for each i € I, Y; = Y and C;(z) = C for all z € X, then (SWVEP) becomes
the system of vector equilibrium problems introduced by Ansari, Schaible and Yao
[1], which contains the system of scalar variational inequalities in [2, 5, 8, 33], the
system of vector variational inequalities, the system of vector optimization problems,
the Nash equilibrium problem with vector-valued functions in [1] as special cases.

(2) If the index set I is singleton, then (SWGVEP) and (SWVEP), respectively,
reduces to the generalized vector equilibrium problem (in short, (GVEP)) studied in
[34] and the vector equilibrium problem (in short, (GVEP)) studied in [26, 35].

We denote by Q and Q;, respectively, the set of solutions of (SWGVEP) and
(SWVEP). Let (P, d) be a metric space, P, C P and « € P. We denote by d(z, P1) =
inf{d(z,p) : p € P1} the distance function from the point = € P to the set P;.
Definition 2.1. (i) A sequence {2"} C F is called a type I Levitin-Polyak (LP
in short) approximating solution sequence of (SWGVEP) if there exists a sequence
{"} CRy ={r € R:r >0} with €* — 0 and for each i € I, there exists 2" € T;(x")
such that

dz(l‘?,Xz) < Gn, (21)
and
fi(z™, 28, y;) + €ei(x") ¢ —intCi(2"),Vy; € X (2.2)

(ii) A sequence {z"} C E is called a type II LP approximating solution sequence
of (SWGVEP) if there exists a sequence {€"} C Ry with € — 0 and for each i € I,
there exists z* € T;(z™) such that (2.1) and (2.2) hold; and there exists iy € I, for
any z;, € T;, (™), Jwi, (n, z;,) € X4y, such that

fio (.,L,n) Zig s Wi (n> Zio)) - eneio (xn) € _Cio (xn) (23>

(iii) A sequence {z"} C F is called a type I LP approximating solution sequence
of (SWVEP) if there exists a sequence {€"} C R, with €* — 0 such that for each
i €1, (2.1) holds and

pi(x",yi) + e"ei(z") ¢ —intCi(x"™),Vy; € X;. (2.4)

(iv) A sequence {z"} C E is called a type II LP approximating solution sequence
of (SWVEP) if there exists a sequence {€"} C R, with € — 0 such that for each
i €1, (2.1) and (2.4) hold; and there exist ig € I, and w;; € X;,, such that

Yo (™, wZ)) —€e"ej, (") € —Cyy (z). (2.5)

Definition 2.2. (SWGVEP) is said to be type I (resp. type II) LP well-posed
if Q@ # 0 and for every type I (resp. type II) LP approximating solution sequence
{z"} for (SWGVEP), there exists a subsequence {z"} of {£"} and & € Q such that
" = Z.

Definition 2.3. (SWVEP) is said to be type I (resp. type II) LP well-posed if
Qy # 0 and for every type I (resp. type II) LP approximating solution sequence
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{z"} for (SWVEP), there exists a subsequence {z™ } of {«"} and Z € Q; such that
" = Z.

Remark 2.1. (i) Both type I LP well-posedness and type II LP well-posedness for
(SWGVEP) imply that the solution set € is nonempty and compact.

(ii) It is clear that any type II LP approximating solution sequence of (SWGVEP)
is a type I LP approximating solution sequence of (SWGVEP), thus the type I LP
well-posedness of (SWGVEP) implies the type II LP well-posedness of (SWGVEP).

(iil) If the index set I is singleton, then by (i) and (ii) of Definition 2.1, Definition
2.2, respectively, we can easily obtain the definitions of type I (type II) approximating
solution sequence and the type I (type II) LP well-posedness of (GVEP) in [34]; by
(iii) and (iv) of Definition 2.1, Definition 2.3, respectively, we can easily obtain the
definitions of type I (type II) approximating solution sequence and the type I (type II)
LP well-posedness of (VEP) in [35, 26]. Thus, Definitions 2.1-2.3 generalize, extend
and unify the corresponding one in [6, 26, 28, 34, 35, 38] and the references therein.
Definition 2.5. [3, 16, 24] Let Z;, Zy be two metric spaces. A set-valued map F
from Z; to 2%2 is

(i) closed, on Z3 C Zy, if for any sequence {z,} C Z3 with z,, — x and y,, € F(x,)
with y,, — y, one has y € F(z);

(ii) lower semicontinuous (I.s.c. in short) at « € Zy, if {z,} C Zy,2, — «, and
y € F(x) imply that there exists a sequence {y,} C Z satisfying y, — y such that
yn € F(x,) for n sufficiently large. If F' is l.s.c. at each point of Z;, we say that F is
l.s.c.on Zj.

(iii) upper semicontinuous (u.s.c. in short) at € Z1, if for any neighborhood V' of
F(z), there exists a neighborhood U of x such that F'(z) C V.Vz € U. If F is u.s.c.
at each point of 77, we say that F' is u.s.c. on Z.

(iv) continuous at @ € Zy, if it is both w.s.c. and l.s.c. at x. If F' is continuous at
each point of Z;, we say that F' is continuous on Z;.

From the proof of Theorem 2.1 in [7], we can obtain the following result:
Lemma 2.1. Let X and Y be two locally convex Hausdorff topological vector spaces,
C : X — 2Y a set-valued map such that, for any € X, C(z) is proper, pointed,
closed and convex cone in Y with nonempty interior intC(z). Let e : X — Y be
a continuous vector-valued map and satisfies that for any x € X, e(z) € intC(x).
Define a set-valued map W : X — 2Y by W(z) = Y/ — intC(z), for all z € X. The
nonlinear scalarization function &, : X x Y — R is defined as follows

€e(z,y) = inf{\ e R:y € Xe(z) — C(x)}.

Then
(i) If W is w.s.c., then &.(.,.) is upper semi-continuous on X X Y;
(i) If C' is w.s.c., then &.(.,.) is lower semi-continuous on X x Y.

3. THE EQUIVALENT RELATIONS

In this section, the lower semi-continuous property of the gap functions of
(SWGVEP) and the equivalent relationship of the two types of LP well-posedness
of (SWGVEP) and the corresponding well-posednesses of minimization problems will
be presented.
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Definition 3.1. A function ¢ : E — R U {400} is said to be a gap function for
(SWGVEP), if
(i) d(x) > 0,V € X;
(i) ¢(z*) = 0 and z* € X if and only if 2* € Q.
Theorem 3.1. Assume that for each i € I,
(i) the set-valued map T; is compact-valued on X;
(ii) for each x € X and z; € Ti(x), fi(z,z,2;) € —0C;(x), where OC is the
topological boundary of C'.
(iil) for any (x,y;) € E x E;, the vector-valued function z; — f;(z, z;,y;) is contin-
uous.
Then the function ¢ : E — R U {400} defined by
¢(x) =sup inf sup {—&,(z, fi(z,zi,y:))} (3.1)
iel z€Ti(z) y;eX;

is a gap function of (SWGVEP).

Proof. Tt follows from Proposition 2.3 in [7] and (ii) that for each i € I, for any x € X

and z; € T;(x), &, (z, fi(x, 2z, 2;)) = 0 and so sup {—&,(«, fi(z, zi,v:))} > 0. Hence,
Y €X;

forany z € X and i € I,

inf  sup {—&, (z, fi(z,2,9:))} >0,
zi€Ti(z) y,€X;

and it follows from (3.1) that
¢(z) >0,V € X. (3.2)
If (Z) =0 and Z € X, then for each i € I,

inf  sup {—&., (&, fi(Z, zi,9:))} <0.
zi€Ti(Z) y; e X;

Then, for each i € I, there exist 0 < ¢, — 0 and 2 € T;(Z) such that
;g;;f*fei (@, fi(@, 2" 9i))} < €,
which implies that
e, (T, fi(, 27", i) = —€n, Yy € Xii.
It follows from Proposition 2.3 in [7] that for each i € I, 2" € T;(Z) and

Fi(Z, 20, yi) + enei(T) & —intCy(Z),Yy; € X;. (3.3)

By the compactness of T;(Z), there exist a sequence {27} of {zI'} and some
z; € T;(z) such that z;” — z. It follows from (iii) and (3.3) that for each i € I,
fi(Z, zi,y:) ¢ —intCi(Z),Vy; € X;. and thus, T € Q.

Conversely, if z € Q, then z € X such that for each i € I, z; € T;(z) and
fi(Z, Zi, ;) ¢ —intCy(Z),Vy; € X;. Tt follows from Proposition 2.3 in [7] that for each
i€l, z; € T;(z) and sup {—&,(Z, fi(Z, Z,v:))} < 0. And so for each i € I,

yi€X;

inf sup {—fei (i‘7fi(.i’,§i,yi))} <0.
ziETi(i) vy €X;



534 JIAN-WEN PENG AND JEN-CHIH YAO

It follows from (3.1) that
() <0. (3.4)
Now (3.2) and (3.4) imply that ¢(Z) = 0. This completes the proof.
Now we present an important property of the gap function for (SWGVEP) as
follows:
Lemma 3.1. Assume that for each ¢ € I,
(i) the set-valued map T; is u.s.c and compact-valued on F;
(ii) the set-valued map W; : E — 2Yi defined by W;(z) = Y; \ —intC;(z) is u.s.c.;
(iil) for any y; € E;, the vector-valued function (z, z;) — f;(x, z;,y;) is continuous.
Then the function ¢ defined by (3.1) is lower semi-continuous from E to RU+{o0}.
Proof. First, it is obvious that ¢(x) > —oo,Va € E. Otherwise, suppose that there
exists xg € E such that ¢(z9) = —oo. Then, for each i € I, there exist 2] € T;(zo)
and {M,,} C Ry with M,, — 400 such that
sup {—&, (o, fi(wo, 2", 4:))} < —Mn. (3.5)
Yyi €Xi
Hence,
€. (@0, fi(@o, 27", yi)) = Mn,Vy; € X;.
By the compactness of Tj(zg), there exist a sequence {z;”} of {27} and some
z; € Ti(mo) such that {7} — 2;. It follows from (ii) and Lemma 2.1 that &, is
upper semi-continuous, and so
€e, (o, fi(wo, 2i,¥i)) > limiupfei (o, fi(wo, 2,7 yi)) = +00,Vy; € X;
j—) o0
which is impossible, since &, (.,.) is a finite function on F x Y.
Second, we show that ¢ is lower semi-continuous on F. Let ¢t € R, suppose that
{z™} C E satisfies ¢(z™) <t, V¥n and 2™ — . Then, for each i € I and Vn,

inf  sup {—&, (", fi(z", z;,p:))} <t (3.6)
2z €T (™) peX;

Then, for each i € I, there exist 0 < ¢, — 0 and 2" € T;(z™) such that

sup {_gel(xnafl(xnazyapl))} S t+ €n,
pi€X;

which implies that
fei(xnvfi(xnvzglvpi)) > —t— enani € Xl

It follows from proposition 2.3 in [7] that for each i € I, there exists z!* € T;(z™)

such that
fil@", 2" pi) + (t + €en)ei(a™) ¢ —intCi(z™), Vp; € X;. (3.7)

Moreover, by the upper semi-continuity and compactness of T;, there exist a se-
quence {z;7} of {zI'} and some z; € T;(xo) such that ;7 — z;. By taking the limit
in (3.7) (with n replaced by n;), we know that for each i € I,

fi(@o, zi, yi) + tei(xo) & —intCy(xo), Vy; € Xi.

It follows from proposition 2.3 in [7] that for each i € I, z; € T;(xo) and

e, (o, fi(zo, zi,yi)) > —t,Vy; € X;. (3.8)
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It follows from (3.8) that for each s € I, inf  sup {—&., (o, fi(wo,2i,¥:))} < t.
2, €Ti(z0) y;€X;
Let ¢ be defined by (3.1), then ¢(xg) < t. Thus ¢ is lower semi-continuous on X.
This completes the proof.

In order to relate the LP well-posedness of (SWGVEP) with that of constrained
minimization problems, we consider the LP well-posedness of the following general
constrained program:

min ¢(x)
(P) { st.xe X,
where ¢ : E — R U {oo} is proper and lower semicontinuous. The optimal set and
optimal value of (P) are denoted by Q and v, respectively.
Definition 3.2. [19] A sequence {z"} C F is called a type I LP minimizing sequence
for (P) if
lim sup ¢(2™) < 7, (3.9)

n——4oo

and for each i € I,
Definition 3.3. [19] A sequence {2"} C F is called a type II LP minimizing sequence
for (P) if

nEI-&l:loo p(a") =0 (3.11)
and for each ¢ € I, (3.10) holds.
Definition 3.4. [19] (P) is said to be type I LP well-posed if 2 # (), and for any type
I LP minimizing sequence {z"} for (P), there exists a subsequence {z"} of {z™} and
T € Q such that 2 — 7.
Definition 3.5. [19] (P) is said to be type II LP well-posed if Q2 # ), and for any
type II LP minimizing sequence {z"} for (P), there exists a subsequence {z™} of
{z"} and z € Q such that 2™ — 7.

The following results reveals the relationship between the two types of LP well-
posedness of (SWGVEP) and those of (P).

Theorem 3.2. Assume that for each i € I,

(i) the set-valued map T; is compact-valued on E;

(ii) for each z € X, z; € T;(x), fi(z, zi, ;) € —0C;(x);

(iii) the set-valued map W; : E — 2¥¢ defined by W;(z) =Y; \ —intC;(z) is u.s.c;

(iv) for any (z,y;) € E x E;, the vector-valued function z; — f;(z, z;, ;) is contin-
uous.

Then, (SWGVEP) is type I LP well-posed if and only if (P) is type I LP well-posed
with ¢(z) defined by (3.1).

Proof. Let ¢(x) be defined by (3.1). From Theorem 3.1 z € X is a solution of
(SWGVEP) if and only if Z is an optimal solution of (P) with o = ¢(z) = 0.

We first prove the sufficency. Assume that {z"} is a type I LP approximating
solution sequence of (SWGVEP), then there exists {¢"} C R, with €* — 0 such that
(2.1) and (2.2) hold, for each i € I, it follows from (2.1) that (3.10) holds. By (2.2)
and Proposition 2.3 in [7], we know that for each ¢ € I, there exists z* € T;(2™) such
that &, (2", fi(zn, 27, vi)) > —€",Vy;, € X;. It follows from (3.1) that ¢(z™) < €7,
which implies that (3.9) holds with © = 0. Hence, {"} is a type I LP approximating
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solution sequence of (P). It follows from the type I LP well-posedness of (P) that
(SWGVEP) is type I LP well-posed.

Now we show the converse, let {"} is a type I LP approximating solution sequence
of (P), then for each ¢ € I, (3.9) and (3.10) hold. Tt follows from (3.10) that there
exists {€"} C Ry with €” — 0 such that for each ¢ € I, (2.1) holds. Furthermore, by
(3.9), we have that

¢(z™)=sup inf  sup {—&,(z", fi(z", zi,y:))} < €.
iel z€Ti(z") y,eX;

Thus, for each i € I, we have

inf  sup {—&, (", fi(a", z;,u:))} < €™
2z €Ti(z™) y,eX;
By (iii) and Lemma 2.1, we know that &, (.,.) is upper semi-continuous. It follows
from the compactness of T;(z™) that for each ¢ € I, 32 € T;(z™), such that

ﬁei(znafi(xnaz?ayi)) Z 7€navyi € Xia

which implies that (2.2) holds. Thus, {2"} is a type I LP approximating solution
sequence of (SWGVEP). It follows from the type I LP well-posedness of (SWGVEP)
that (P) is type I LP well-posed. This completes the proof.
Theorem 3.3. Assume that all conditions in Theorem 3.2 are satisfied, then,

(a) The type II LP well-posedness of (P) with ¢(z) defined by (3.1) implies the
type II LP well-posedness of (SWGVEP).

(b) Moreover, if I is a finite index set and (SWGVEP) is type II LP well-posed,
then (P) is type II LP well-posed with ¢(x) defined by (3.1).
Proof. Let ¢(x) be defined by (3.1). From Theorem 3.1 z € X is a solution of
(SWGVEP) if and only if Z is an optimal solution of (P) with v = ¢(z) = 0.

We first prove (a). Assume that {z"} is type II LP approximating solution sequence
of (SWGVEP), then there exists {€"} C R, with € — 0 such that for each ¢ € I,
z € T;(z™), (2.1) and (2.2) hold, and there exist ig € I, for any z, € T, (z"),
Jw;, (1, 259) € Xi, such that (2.3) holds. From (2.1), (2.2) and the proof of Theorem
3.2, we know that (3.9) holds with ¥ = 0 and for each ¢ € I, (3.10) holds. By (2.3)
and Proposition 2.3 in [7], we get &, (2", fi, (2", ziy, wiq (1, 2i,))) < €. Thus,

inf sup {,5% (@, fio (2™, 249, Vig (1, 24)) ) } = —€™.
zig €Tio (™) vig (n,2i) €Xig

It follows from (3.1) that ¢(z™) > —e™, which implies that
Egl}rglg o(z™) > 0. (3.12)

Combining (3.9) together with (3.12), we know that (3.11) holds with & = 0. Hence,
{z™} is a type II LP approximating solution sequence of (P). It follows from the type
IT LP well-posedness of (P) that (SWGVEP) is type II LP well-posed.

Now we prove (b). Assume that {z"} is a type II LP approximating solution
sequence of (P), then (3.11) holds and for each 4 € I, (3.10) holds. Hence, there exist
{e"} C R4 with € — 0 such that for each ¢ € I, (2.1) holds, and for n sufficiently
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large, the following formula holds
€" e"
—— < "< —. (3.1
> <o) < 5 (313)

By the right side of (3.13) and the proof of Theorem 3.2, we know that for each
i €I, 3z € T;(x™), such that

fi(z™, 20 y;) + €hei(2") ¢ —intCi(2"),Vy; € X
The left side of (3.13) can be rewritten as,

n
Sa™)=sup inf sup {—&, (" fila" zm)} >~
iel zi€Ti(z™) y,eX; 2

Since [ is a finite index sets, there exists ig € I, such that

inf sup {7561',0(xnvfio(xnvzimyio))} et
2iq €Tiq (™) Yip €Xig 2

Thus, for all z;, € Tj,(z"), we have

€
B = sup {_£€i0 (@", fio (2", 2i05 ig))} = Ty
Yig €Xig
It follows from the definition of supremum that there exists w;, (n,v;,) € X;, such
that

n

€
_feio (xnafio($n7zio’wio(nazio))) > 6 - ? > —e".

It follows from proposition 2.3 in [7] that fi, (27, 2, wi, (0, 2i,)) — €€y (z™) €
—Cj, (2™). Thus, {z"} is a type II LP approximating solution sequence of (SWGVEP).
It follows from the type II LP well-posedness of (SWGVEP) that (P) is the type II
LP well-posed. This completes the proof.

If for each i € I, T;(z) = {z;} for all x € E, ¢;(x,y;) = fi(x,Z,4:), V(z,y:) €
E x E;, then by Theorem 3.1 and Lemma 3.1, Theorems 3.2 and 3.3, respectively, we
can obtain the following new results:

Corollary 3.1. (a) If for any € X and for each i € I, ¢;(x,z;) € —0C;(z), then
the function ¢, : E — RU {+oo} defined by
¢1(z) = sup sup {—&, (z, pi(z,y:))}- (3.14)
el y,€X;
is a gap function of (SWVEP).

(b) If for each i € I, the set-valued map W; : E — 2Yi defined by W;(z) =
Y; \ —intC;(x) is w.s.c., and for any y; € E;, the vector-valued function = — ¢;(x, y;)
is continuous, then the function ¢, defined by (3.14) is lower semi-continuous from E
to RU +{co}.

Corollary 3.2. Assume that for each i € I, the set-valued map T; is compact-valued
on Ej; for each z € X, ¢;(z,x;) € —0C;(x); the set-valued map W; : E — 2Y¢ defined
by Wi(z) =Y; \ —intC;(x) is u.s.c. Then,

(a) (SWVEP) is type I LP well-posed if and only if (P) is type I LP well-posed
with ¢(z) replaced by ¢;(x) defined by (3.14).
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(b) The type II LP well-posedness of (P) with ¢ replaced by ¢; defined by (3.14)
implies the type II LP well-posedness of (SWVEP).

(c) Moreover, if I is a finite index set and (SWVEP) is type II LP well-posed, then
(P) is type II LP well-posed with ¢ replaced by ¢; defined by (3.14).
Remark 3.1. If the index set I is singleton, then by Theorem 3.1, Lemma 3.1,
Theorems 3.2 and 3.3, respectively, we recover Propositions 2.2, 2.3 and Theorem 2.1
in [34]; by Corollary 3.2 and (a) and (b) of Corollary 3.1, respectively, we recover
Theorem 4.1, Propositions 4.1 and 4.2 in [26].

4. METRIC CHARACTERIZATIONS FOR THE LP WELL-POSEDNESS OF (SWGVEP)

In this section, we give some metric characterizations for the two types of LP

well-posedness of (SWGVEP).
Definition 4.1. (SWGVEP) is said to be type I generalized Tykhonov well-set (resp.
type II LP well-set) if  # () and for any type I LP approximating solution sequence
(resp. type II LP approximating solution sequence) {z"} for (SWGVEP), we have
d(z™, Q) — 0 as n — oco.

We can easily obtain the equivalent relations between the two types of generalized
Tykhonov well-posedness and the corresponding types of LP well set of (SWGVEP)
as follows:

Proposition 4.1. (SWGVEP) is type I LP well-posed (resp. type II LP well-posed)
if and only if (SWGVEP) is type I LP well-set (resp. type II LP well-set) and € is
compact.

Now we consider the Kuratowski measure of noncompactness for a nonempty subset
A of X (see [24]) defined by

a(A) =inf{e > 0: A C U™ A4, for every A;,diamA; < €},
where diamA; is the diameter of A; defined by

diamA; = sup{d(z1,x2) : x1,x2 € A;}.
Given two nonempty subsets A and B of X, the excess of A to B is defined by
e(A, B) = sup{d(a,B) : a € A},
and the Hausdorff distance between A and B is defined by
H(A, B) = max{e(A, B),e(B, A)}.

For € > 0, two types of LP approximating solution set for (SWGVEP) are defined,
respectively, by

O1(e) :={zx e X : Vi € I,d;(2;, X;) < e and Iz; € T;(x), s.t.fi(x, 25, y;) + ee;(x) ¢
—intC;i(z), Vy; € X;}.

Oq(€) == {z € X : Vi € I,di(z4,X;) < e and Iz € Ti(z),s.t.fi(z,zi,y:) +
eei(zv) ¢ —intCi(x), Vy; € X;; and FJig € I, Vz,, € Tiy(x), Twi(zi,) €
Xim s't‘fio ($7 Zig s Wi (Zlo)) - 662'0({1,‘) € _Cio (LU)}

Theorem 4.1. (a) (SWGVEP) is a type I LP well-posed if and only if the solution
set ) is nonempty, compact and

e(01(e),2) = 0 as e — 0;
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(b) (SWGVEP) is a type II LP well-posed if and only if the solution set € is
nonempty, compact and
€(02(€),2) - 0ase—0 (4.1)

Proof. We only prove (b). The proof of (a) is similar and is omitted here.

Let (SWGVEP) be type IT LP well-posed. Then 2 is nonempty and compact. Now
we show that (4.1) holds. Suppose to the contrary that there exist M > 0, € > 0
with € — 0 and v € ©4(€”) such that

d(w", Q) > M (4.2)

Since {v™} C ©3(e™), we know that {v™} is a type II LP approximating solution
sequence for (SWGVEP). By the type II LP well-posedness of (SWGVEP), there
exists a subsequence {v™ } of {v"} converging to some element of Q. This contradicts
(4.2). Hence, (4.1) holds.

Conversely, suppose that {2 is nonempty, compact and (4.1) holds. Let {a"} be
type II LP approximating solution sequence of (SWGVEP). Then, there exists a
sequence {€"} C Ry with €” — 0 such that for each i € I, 32 € T;(z"), (2.1)
and (2.2) hold; and there exists ig € I, for any z;, € T;, ("), Jwi,(n, 2i,) € Xigs
such that (2.3) holds. Thus, {z"} C O2(e™). It follows from (4.1) that there exist a
sequence {z"} C 2 such that d(z",2") = d(z™,Q) < e(O2(e™),2) — 0. Since Q is
compact, there exists a subsequence {z"} of {2} converging to zg € . And so the
corresponding subsequence {z"} of {z"} converging to xg. Therefore, (SWGVEP)
is type II LP well-posed. This completes the proof.

Theorem 4.2. Assume that for each i € I,

(i) the set-valued map W; : E — 2Y¢ defined by W;(z) = Y; \ —intC;i(x) is u.s.c.;

(ii) the set-valued map T; is u.s.c and compact-valued on F,

(iii) for any y; € E;, the vector-valued function (z, z;) — f;(x, z;,y;) is continuous.

Then, (SWGVEP) is type I LP well-posed if and only if

©1(€e) # 0,¥e > 0 and lg% a(01(e)) = 0. (4.3)

Proof. Assume that (4.3) holds. Then, for any € > 0, Cl(©1(¢)) is nonempty closed
and increasing with € > 0. By (4.3), 1111(1J a(Cl(B4(¢))) = lir% a(01(e)) = 0, where
e— e—
Cl(©1(¢)) is the closure of ©1(€). By the generalized Cantor theorem (P. 412 in [24]),
we know that
H(Cl(©1(€)), A1) = 0, as e — 0. (4.4)
where A = Ne>0CIl(O1(€)) is nonempty compact.
Now we show that
Q=2A;. (4.5)
We first show that
N1 CQ. (4.6)
Indeed, let & € Ay. Then d(Z,01(¢)) = 0, for every € > 0. Given ¢" > 0, €* — 0,
for every n there exists u™ € ©1(e") such that d(z,u™) < €”. Hence, u™ — T and for
each i €I,
di(ul', X,) < e, (47)
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and there exists
zi € Ty(u"), (4.8)
such that
fiu"™, 20 yi) + €"e;(u™) ¢ —intCy(u™), Yy; € X. (4.9)

(4.7) and v — T imply that for each ¢ € I, there exists w! € X; such that
w} — ;. It follows from the closedness of X; that for each ¢ € I, z; € X;.

It follows from the assumption (ii) and (4.8) that there exists a subsequence {27}
of {27} and some z; € T;(Z) such that {27} — %.

By the continuity of f;, the closedness of W;, and (4.9), we know that for each
i€l fi(a_:,zi,yi) §‘é —thZ(:Z’),V i € X;. That is, z € €2, which implies that (46)
holds. It is obvious that @ C A;. Thus, (4.5) holds.

By (4.4) and (4.5), we know that e(©1(¢),Q2) — 0ase — 0. It follows from
Theorem 4.1(a) that (SWGVEP) is type I LP well-posed.

Conversely, let (SWGVEP) be type I LP well-posed. Then € is nonempty and
compact. It follows that ©1(€) # 0, Ve > 0. Observe that for every € > 0,

H(©1(€), Q) = max{e(©1(€),),e(2,01(¢))} = e(O1(¢€), Q)

Hence,
a(01(€)) < 2H(O4(€), Q) + a(Q2) = 2e(O1(€), Q). (4.10)

where a(2) = 0 since 2 is compact. By Theorem 4.1(a), we get that e(©1(€),Q) — 0
as € — 0. It follows from (4.10) that (4.3) holds. This completes the proof.
Theorem 4.3. Assume that for each i € I,

(i) the set-valued map W; : E — 2Y¢ defined by W;(z) = Y; \ —intC;i(x) is u.s.c;

(ii) the set-valued map T; is u.s.c and compact-valued on F;

(iil) for any y; € E;, the vector-valued function (z, z;) — f;(x, z;,y;) is continuous;

(iv) Suppose that for any x € €, there exist iy € I, for any z;, € T;,(x), Jwi, (2i,) €
X, such that f;, (z, 2, wiy (24,)) € —0C;, (2).

Then, (SWGVEP) is type II LP well-posed if and only if

Os(e) # 0,Ve > 0, and lig(l) a(B5(e)) =0 (4.11)

Proof. Let (4.11) holds. Then, for any € > 0, Cl1(©2(¢)) is nonempty closed and
increasing with ¢ > 0. By (4.11), li_I)I(l)a(Cl((‘)g(G))) = l%a(@g(e)) = 0, where
Cl(O4(€)) is the closure of ©3(¢).By the generalized Cantor theorem (P.412 in [24]).
We know that
H(Cl(©2(€)),N2) =0, ase =0 (4.12)
where Ay = Ne>oCl(O2(€)) is nonempty compact.
Now we show that
Ny =0 (4.13)
Let € Q, then for each ¢ € I, Z; € X;, z; € Ty(Z) and fi(Z,Z;,v;) ¢
—intCy(z),Vy; € X;. Then for ¢ > 0, we have d;(7;,X;) < € and Zz; €
T;(z), fi(Z, Zi,yi)+ee;(Z) ¢ —intCi(Z), Yy; € X,. It follows from (iii) that there exists
io € I, for any z;, € T;,(Z), Jwi, (2i,) € X, such that f;(Z, zi,, wiy (2iy)) € —0C;,(Z).
Hence, fio (jv Zigs Wig (ZZO)) — €€, (j) € _aCio (i) _intcio (‘(E) c _intcio (j) < _Cio (f)a
which implies that Q@ C As. It follows from the proof of Theorem 4.1 that
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Do € Ay C Q, thus (4.13) holds. Combining (4.12) together with (4.13), we get
that e(©2(€),Q2) — 0 as € — 0. It follows from Theorem 4.1(b) that (SWGVEP) is
type II LP well-posed.

The converse of the proof is similar with that of the proof of Theorem 4.2 and it
is omitted here. This completes the proof.

Now we present some sufficient conditions for the two types of LP well-posedness
of (SWGVEP).

Theorem 4.4. Let E be finite dimensional. Assume that for each i € I,

(i) the set-valued map T; is u.s.c and compact-valued on F;

(ii) the set-valued map W; : E — 2Y¢ defined by W;(z) = Y; \ —intC;(x) is u.s.c;

(iii) for any y; € E;, the vector-valued function (z, z;) — f;(x, z;,y;) is continuous;

(iv) © is nonempty and there exists g > 0 such that ©(ey) (resp., O2(eg)) is
bounded.

Then (SWGVEP) is type I (resp., type IT) LP well-posed.

Proof. We only prove the sufficiency for the type I LP well-posedness of (SWGVEP).
The proof of the sufficiency for the type IT LP well-posedness for (SWGVEP) is similar
and is omitted here.

Let {z™} be any type I LP approximating solution sequence of (SWGVEP). Then
there exist €” > 0 with € — 0 such that for each i € I, 2 € T;(2™), (2.1) and (2.2)
hold. Thus z™ € ©1(e"). Clearly, ©4(.) is increasing with e > 0. Without loss of
generality, we can assume that {z"} C O;(ep). Hence, {z"} is bounded. Since F is
finite dimensional, let {£™} be any subsequence of {x™} such that 2™ — z € X.
From (2.1) and (2.2), we can get for each i € I, 327 € T;(z"),

di(z)7, X;) < €™ (4.14)

and
fila™, 27 ys) + €ei(a) ¢ —intCi(z"),Vy; € X, (4.15)

For each i € I, (4.14) and the closedness of X; imply that &; € Xj.

It follows from (i) that there exist a subsequence of {2}, denoted by {z;’*} and
some % € Tj(%) such that z,’* — . Taking the limit in (4.15) (with n; replaced by
n;, ), we have f;(Z,Z;,y;) € Wi(z), Vy; € X;. Hence, Z € Q, and (SWGVEP) is type
I Tykhonov well-posed. This completes the proof.

Proposition 4.2. Assume that for each ¢ € I,

(i) the set-valued map T; is u.s.c and compact-valued on F;

(ii) the set-valued map W; : E — 2Y¢ defined by W;(z) = Y; \ —intC;(x) is u.s.c;

(iii) for any y; € E;, the vector-valued function (x, z;) — fi(z, 2;, y;) is continuous;

(iv) © is nonempty and there exists g > 0 such that ©(ey) (resp., O2(eg)) is
compact.

Then (SWGVEP) is type I (resp., type IT) LP well-posed.

Proof. The proof is similar to Theorem 4.4 and is omitted.

For € > 0, two types of LP approximating solution set for (SWVEP) are defined,
respectively, by

O3(e) :={z e X :VieI,di(z;,X;) <eand p;(z,y;) + ee;(x) ¢ —intC;(z), Yy; €
X}
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Ou(e) i ={zx e X :Vie I,di(x;, X;) < eand p;(x,y;) + ee;(x) ¢ —intCy(x), Vy; €
X;; and Fip € I, Jw;, € Xy, s-t.01, (T, wi,) — €64 (2) € —Ci ()}

Let Z = {z} and for each i € I, T;(x) = {%;} for all z € X, o;(z,y;) = fi(x, Z,y:),
V(z,y;) € X x X;, then by Theorems 4.1-4.4 and Proposition 4.2, respectively, we
obtain the following new results:

Corollary 4.1. (a) (SWVEP) is a type I LP well-posed if and only if the solution
set €1 is nonempty, compact and

e(©3(€),21) = 0 as e = 0;

(b) (SWVEP) is a type II LP well-posed if and only if the solution set €; is
nonempty, compact and

€(04(€),21) > 0as e — 0.

Corollary 4.2. If for each i € I, the set-valued map W; : E — 2¥i defined by
Wi(z) = Y; \ —intC;(x) is w.s.c., and for any y; € E;, the vector-valued function
x — ;(x,y;) is continuous, then (SWVEP) is type I LP well-posed if and only if

O3(€) # 0,¥e > 0 and 251(1) a(O3(e)) = 0. (4.3)

Corollary 4.3. Assume that for each i € I, the set-valued map W; : £ — 2%
defined by W;(z) = Y;\ —intC;(x) is u.s.c.; for any y; € E;, the vector-valued function
x +— @i(z,y;) is continuous; and for any = € 4, there exist iy € I, w;, € X;, such
that ¢;, (z,w;,) € —0C;, (), then, (SWVEP) is type II LP well-posed if and only if

©4(€) # 0,Ve > 0, and lim a(O4(€)) = 0.

Corollary 4.4. Let E be finite dimensional. Assume that for each ¢ € I, the set-
valued map W; : E — 2Y defined by W;(z) = Y; \ —intC;(z) is u.s.c; for any y; € Ej,
the vector-valued function = — ¢;(z,y;) is continuous; €; is nonempty and there
exists eg > 0 such that ©3(ep) (resp., O4(€)) is bounded. Then (SWVEP) is type I
(resp., type II) LP well-posed.

Corollary 4.5. Assume that for each i € I, the set-valued map W; : E — 2%
defined by W;(z) = Y; \ —intC;(x) is u.s.c; for any y; € E;, the vector-valued function
x — ;(x,y;) is continuous; €}y is nonempty and there exists g > 0 such that O3(ep)
(resp., O4(€p)) is compact. Then (SWVEP) is type I (resp., type II) LP well-posed.

Remark 4.1. If the index set I is singleton, then by Theorem 4.1(a), Theorem 4.2
and 4.4, Propositions 4.1 and 4.2, respectively, we recover (a) and (b) of Theorem
3.1, Theorem 3.2, Propositions 2.1 and Corollary 3.1 in [34]; by Theorem 4.1(b) and
Theorem 4.3, respectively, we can obtain some new metric characterization of the
type II well-posedness for (GVEP); by Corollaries 3.2-3.5, respectively, we recover
Theorem 3.1-3.3 and Corollary 3.1 in [26].

Remark 4.2. If for cach i € I, A;(x) = X; for all z € X in [36], we can easily obtain
some results involving the Tykhonov well-posedness for (SWVEP) but not any types
of LP well-posedness for (SWVEP) .

Remark 4.3. It is easy to see that the results in this paper generalize, extend and
unify those results in [20, 22, 26, 28, 34, 35, 38] and the references therein.
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5. CONCLUDING REMARKS

We introduce the new and interesting notions of type I LP well-posedness and type
IT LP well-posedness for (SWGVEP) with a countable index set. We show that the
type I (resp., type II) LP well-posedness of (SWGVEP) is equivalent to the limit of
the excess of the type I (resp., type II) approximating solution set for (SWGVEP)
and the solution set of (SWGVEP) is zero. Under some suitable conditions, we also
show that the type I (resp., type II) Levitin-Polyak well-posedness of (SWGVEP) is
equivalent to one of the following conditions:

i) the type I (resp., type II) Levitin-Polyak well-posedness of a minimization prob-
lem.

ii) the type I (resp., type II) approximating solution set for (SWGVEP) is nonempty
and the limit of the Kuratowski measure of noncompactness of the type I (resp., type
IT) approximating solution set for (SWGVEP) is zero.
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