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Abstract. We use the fixed point alternative theorem to prove the stability of the set-valued function
equation

c(x)F(h(z)) = F(z).
This result enable us to prove the stability of some set-valued functional equations.
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1. INTRODUCTION

One of the main topics in functional equations is Hyers-Ulam stability which was
originated from a question of S. M. Ulam [25]. D. H. Hyers [12] gave the first significant
partial solution to Ulam’s question. The theorem of Hyers was generalized by T. Aoki
[1] for additive mappings and by Th.M. Rassias [22] for linear mappings by considering
an unbounded Cauchy difference. The paper of Th.M. Rassias has provided a lot of
influence in the development of what we now call Hyers-Ulam-Rassias stability of
functional equations.

It should be noted that almost all proofs in this topic used Hyers method. In 1991,
Baker [3] used the Banach fixed point theorem to prove Hyers-Ulam stability for a non-
linear functional equation. V. Radu [21], in 2003, employed the fixed point alternative
theorem [9] to establish the stability of Cauchy additive functional equation. Using
such an elegant idea, several authors applied the method to investigate the stability
of some functional equations, (see e. g. [5, 6, 7, 10, 13, 14, 16, 17, 19, 20]).

The theory of set-valued functions was fairly systematically developed for the first
time in Berge’s book [4]. It is of interest to investigate the Hyers-Ulam stability of
set-valued functional equations and inclusions. Although there are much less results
of Hyers-Ulam stability for set-valued ones than those for single-valued ones, some
interesting results were obtained by several mathematicians (e.g. [2, 11, 15, 18, 23,
24, 26)).
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In this paper, we apply the fixed point alternative theorem to prove the stabil-
ity of set-valued functional equations. More precisely, we will prove the stability of
functional equation

c(x)F(h(x)) = F(z)
in the space of compact convex subsets of a Banach space. We will show that this
result can be applied to prove the stability of set-valued Cauchy functional equation.

Our method may be applied to prove the stability of several other set-valued functional
equations.

2. MAIN RESULTS

Hereafter, unless otherwise state, we will assume that X is a semigroup and Y is
a Banach space. If A, B CY and )\ € R, we define

A+B={a+b:acA be B}, MM={la:ac A}
One can easily see that for each A, B CY and A\, u > 0,
AMA+B)=M+AB, (A p)ACAA+ uA.

Moreover, if A is convex, then (A + p)A = XA + pA. We denote by CC(Y) the
collection of all non-empty compact convex subsets of Y. Let

H(A,B)=inf{s >0: AC B+ sK, BC A+ sK},

where K is the closed unit ball in Y and A, B C Y are non-empty closed bounded
sets. The function H is a metric called the Hausdorff metric induced by the space Y.
It is known that if Y is a Banach space, then #H defines a complete metric on CC(Y)
[8].

The following result reveals some basic properties of Hausdorff distance.
Theorem 2.1. [8, Page 188] Let Y be a real normed space. If A, B,X € CC(Y) and
m is a positive number, then

H(A+ X,B+ X) =H(A, B),
H(mA,mB) = mH(A, B).
Definition 2.2. Let 2 be a nonempty set and d : 2 x Q — [0, oo] satisfy the following
properties:
(i) d(z,y) =0if and only if x =y,
(ii) d(z,y) = d(y, z)(symmetry),

(iil) d(z,z) < d(z,y) + d(y, z)(triangle inequality),
for all z,y,z € Q. Then (Q,d) is called a generalized metric space. (£2,d) is called
complete if every d-Cauchy sequence in €2 is d-convergent.

We recall the following result by Diaz and Margolis.

Theorem 2.3. (The fixed point alternative theorem [9]) Suppose that a complete
generalized metric space (Q,d) and a strictly contractive mapping J : Q — Q with
the Lipschitz constant 0 < L < 1 are given. Then, for a given element x € (), exactly
one of the following assertions is true:

either
(a) d(T"x, T ) = co for allm >0 or
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(b); there exists a natural number k such that d(J"x, J" x) < oo for all n > k.
Actually, if (b) holds, then the sequence {J"x} is convergent to a fized point z* of J
and

(b1) x* is the unique fized point of J in F := {y € Q,d(T"*x,y) < co};

(b2) d(y,xz*) < % forallye F.

Definition 2.4. Let © denote the set of all functions F': X — CC(Y) and ¢ : X —
[0,00) be a mapping. We define a function d,, : © x Q — [0, oo] by

dy(F,G) =inf{a > 0 | Vz € X, H(F(x),G(z)) < ap(z)} (F,Ge€Q).

Lemma 2.5. (Q,d,) is a complete generalized metric space for each ¢ : X — [0,00).

Proof. We first prove that (2,d,) is a generalized metric space. Fix F,G, H € Q.
Let dy,(F,G) = 0. Then for each € X and a > 0, we have H(F(z),G(z)) < ap(x).
This means that for each z € X, F(z) = G(z).
Conversely, if F' = G, then it follows from the definition that d,(F,G) = 0. Clearly,
d, is symmetric. To prove the triangle inequality note that if either d(F, H) = oo or
d(H,G) = oo, then d,(F,G) < d,(F, H)+d,(H,G). Suppose that d,(F, H) = o < 00
and d,(H,G) = § < co. Then for each € > 0, we can find real numbers a1, as such
that
a<a <a+eand f<as <f+e

Then for each € X, we have H(F(z), H(z)) < a1¢(z) and H(H (z), G(x)) < azp(x).
It follows that

H(F(2),G(x)) < (a1 + az)p(x) (z € X).
This means that for each € > 0, d,(F,G) < a+ [+ 2¢. This proves the triangle
inequality. Next, we will show that (€, d,) is a complete generalized metric space.
Let {F,} be a Cauchy sequence in generalized metric space (€,d,). For each € > 0
there exists natural number N, such that for all n,m > N, we have d,(F,, F,,,) < €.
It follows that

H(F,(z), B (z)) < p(x)e (z€ X,n,m> N;).

Hence {F,,(z)} is a Cauchy sequence in complete metric space (CC(Y),H). Let
F(x) = nhﬁngo F.(z) (xe€X).

We have to show that F,, — F' in (9, d,). The above argument shows that for each
€ > 0, there is some N, such that

H(F,(z), Frn(z)) < p(x)e (n,m > N,z e X).
By taking limit of the above inequality as m — oo, we see that

H(Fp(x), F(z)) < p(x)e (n> NgxeX).

Hence
dy(Fn,F) <e (n>N,).

This shows that (€2,d,) is a generalized complete metric space.
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Let h: X — X and p,c: X — [0,00) are given functions. We inductively define
co(z) =1, c1(x) = ¢(x) and for each n > 1, ¢, (z) = c(z)cp—1(h(z)) for each z € X.
Moreover, let h°(z) = x, h'(z) = h(x) and for each n > 1, define

h™(z) = ho...oh(z) for each x € X.
———

n—terms
The following Theorem is the main result of this paper.
Theorem 2.6. Let F: X — CC(Y) satisfy the inequality

H(c(z)F(h(z)), F(2)) < @(x) (z€X). (2.1)
If for some 0 < L < 1,
c(@)p(h(r)) < Lp(x)  (z € X),
then there is a unique set-valued function G : X — CC(Y') such that
co(z)G(h(z)) = G(x)
and

H(F(z),G(z)) < p(@) (2.2)

forallx € X.
Proof. Let Q denote the set of all functions H : X — CC(Y"). In view of Lemma 2.5,
(9,d,) is a generalized complete metric space. Define 7 : Q — Q by

J(H)(z) =c(z)H(h(z)) (H€Q,zeX).
Let Hy, Hy € Q and for some o > 0, d,(Hq, H2) < ¢, then

H(T(H)(@). T (Ho)(@)) = (Vi (Hr(h(@), Ha(h(x)))

ac(z)p(h(z))
aLp(z) (ze X).

INIA

Thus d,, (j(Hl), j(HQ)) < La. It follows that

d, (j(Hl),j(Hg)) < Ld,(Hy, Hy) (Hy, Hy € ).

Hence J is strictly contractive mapping with Lipschitz constant L on Q. Let F,, =
J"(F) for each n € N. By induction on n, we will show that for each n > 1,

’H(Fn(x), Fn_l(:c)> < L"(z) (z € X). (2.3)
For n =1, (2.3) is (2.1). Let for some n > 1, (2.3) holds. Then
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Hence (2.3) holds for each n > 1. It follows that
do(T7(F), TN F)) <L (neN).

In view of Theorem 2.3, the sequence {J"(F)} is convergent to a fixed point G
of J, G is the unique fixed point of J in F := {H € Q,d(J*(F),H) < oo} and
dy(H,G) < 2UTE) g a1l H € F. 1t follows that

G(x) = J(G)(z) = c(x)G(h(x)) (x € X)

and
do(FI(F) _ 1
1-L —1-L

dp(F,G) <

Hence (2.2) holds.
The next result gives an application of Theorem 2.6.
Theorem 2.7. Let F : X — CC(Y) satisfies the following inequality

H(Fla+y) Fa)+ Fy) < blay) (oy e X), (2.4)

where ¢ : X x X — [0,00) is a function with the following properties:
(i) ¥(2z,2x) < Lyp(x, z) for each x € X, where 0 < L < 1.

(ii) limy—yeo 27 ™ (22, 2"y) = 0 for each z,y € X.

Then there exists a unique additive function A : X — CC(Y') such that

H(F (@), A@)) < m (z € X). (2.5)

Proof. Put y = x in (2.4) to obtain H(F(Qx), 2F(x)) <Y(z,z) (x,y € X).
It follows from the above inequality that for

c(r) = %, h(z) = 2z and ¢(x) = 3¢Y(z,2), (z € X),

P 2
the conditions of Theorem 2.6 hold. Hence there is a unique function A : X — CC(Y)
which is defined by A(x) = 1i_>m 27"F(2"z) (x € X) and satisfies (2.5) and A(2z) =
n—oo

2A(x) for each z € X. Since for each z,y € X and n > 1,
H(A@+y),A@) +AW) < H(A@+y),2 PR @ +y)
+ H(2F@"( +y) 27" FR) + 27 F(2"))
+ (2R + 27 F(2"), Ae) + A))

and the right hand side of the above inequality tends to zero as n — oo, A is additive.
Remark. A similar argument as it was used in Theorem 2.7 may be applied to prove
the stability of other set-valued functional equations.
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