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Abstract. In this paper, by using the classical fixed-point index theorem for compact maps and
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solutions for a class of second-order p-Laplacian boundary value problem with impulse on time scales
are established. We also give an example to illustrate our results
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1. INTRODUCTION

It is known that the theory of impulsive differential equations have become more
important in recent years in some mathematical models of real processes and phe-
nomena. For the introduction of the basic theory of impulsive equations, see [1, 12]
and the references therein.

The theory of dynamic equations on time scales has been developing rapidly and
have received much attention in recent years. The study unifies existing results from
the theory of differential and finite difference equations and provides powerful new
tools for exploring connections between the traditionally separated fields. We refer to
the books by Bohner and Peterson [3, 4].

Recently, the boundary value problems for impulsive differential equations have
been studied extensively. To identify a few, we refer to the reader to see [7, 8, 9, 11,
18, 20]. However, the corresponding theory of such equations is still in the beginning
stages of its development, especially the impulsive dynamic equations on time scales,
see [2, 15, 19]. There is not so much work on impulsive boundary value problems
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with p-Laplacian on time scales except that in [5, 6, 10, 16, 17]. To our knowledge,
no paper has considered the second-order BVP with integral boundary conditions for
p-Laplacian impulsive dynamic equations on time scales. This paper fills this gap in
the literature.

In this paper, we are concerned with the existence of many positive solutions of
the following boundary value problem for p-Laplacian impulsive dynamic equations
on time scales

—(dp( )V () = f(t,u(t), te[0,1]r, t#ty, k=12.,m (L1)
u(td) —u(ty) = L(u(ty), k=1,2,...m (1.2)

1
au(0) — fu”(0) = /0 u(s)As, u>(1)=0 (1.3)

where T is a time scale, 0,1 € T,[0,1]r = [0,1] N T,¢t, € (0,1)NT,k = 1,2,....,m
with 0 <t <2 < ... <ty < l,a>1,8>0, ¢,(s) is a p-Laplacian function, i.e.,
Bp(s) = [s[P72s for p > 1, (¢,) "1 (s) = ¢4(s) where 1 + 1 1.

We assume that the following conditions are satiZﬁed:

(H1) f € c([0,1] x [0,50), [0,0));

(H2) I, € C([0,00),[0,00)), tx € [0,1]p and u(t]) = limpou(ty + h), u(ty) =
limy, o u(ty — h) represent the right and left limits of u(t) at ¢t = tg, k =
1,2,...,m.

We remark that by a solution w of (1.1)-(1.3) we mean u : T — R is delta differ-
entiable, ©® : T¥ — R is nabla differentiable on T* N Ty, and v®Y : T* NT), — R is
continuous, and satisfies the impulsive and boundary value conditions (1.2)-(1.3).

By using the fixed point index theory in the cone [13], we get the existence of
at least two or more positive solutions for the BVP (1.1)-(1.3). By using Leggett-
Williams fixed point theorem [14], we also establish the existence of triple positive
solutions for BVP (1.1)-(1.3).

The organization of this paper is as follows. In section 2, we provide some necessary
background. In section 3, the main results for problem (1.1)-(1.3) are given. In section
4, we give an example.

2. PRELIMINARIES

In this section, we list some background material from the theory of cones in Banach
spaces.

Definition 2.1. Let (E, ||.||) be a real Banach space. A nonempty, closed set K C E
is said to be a cone provided the following are satisfied:

(i) if 2,y € K and a,b > 0, then ax + by € K

(i)if y € K and —y € K, then y = 0.

If K C E is a cone, then K can induce a partially order relation < on E by z <y, if
and only if y —z € K, for all z,y € E.

Definition 2.2. A function f : T — R is called concave on It = INT, if f(At+(1—
A)s) > Af(t)+(1—=XN)f(s), for allt, s € It and all A € [0, 1] such that A\t+(1—\)s € I.
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Remark 2.3. If 4V <0 on [0, 1lrenr, , then we say that u is concave on [0, 1]t.

Theorem 2.4. [13] Let K be a cone in a real Banach space E. Let D be an open
bounded subset of E with D = DNK # () and D # K. Assume that T : Dg — K
is completely continuous such that x # Tz for x € 0Dg. Then the following results
hold:
(1) If |Tz| < |jz|,x € 0Dk, then ix(T,Dg) = 1.
(#4) If there exists e € K \ {0} such that z # Tz + Xe for all x € 9D and all
A > 0, then ’LK(T, DK) =0.

(i77) Let U be open in K such that U C Dg. If i (T, Dg) =1 and ix (T, Ug) = 0,
then T has a fixed point in Dx \ Ux. The same result holds if if (T, D) = 0
and iK(T, UK) =1.

Let E be a real Banach space with cone K, a map 6 : K — [0,00) is said to be

nonnegative continuous concave functional on K if  is continuous and

Otz + (1 —t)y) = t0(x) + (1 = )0(y)

for all x,y € K and t € [0,1]r. Let a,b be two numbers such that 0 < a < b and 6
a nonnegative continuous concave functional on K. We define the following convex
sets:

K,={z e K :|z| <a},

K(0,a,b) ={r € K:a<0(x),|z| <b}.

Theorem 2.5. [14] (Leggett-Williams fixed point theorem) Let T : K. — K. be
completely continuous and ¢ be a nonnegative continuous concave functional on P
such that 6(x) < ||z|| for all z € K.. Suppose there exists 0 < d < a < b < ¢ such
that
(1) {x € K(0,a,b) : 0(x) > a} # 0 and 0(Tx) > a for x € K(0,a,b),

(1) ||Tx| < d for ||z|| < d,

(#91) 0(Tz) > a for x € K(0,a,c) with || Tz| > b.
Then T has at least three fixed points x1, 2, 23 in K, such that ||z1| < d,a < 0(z2)
and ||z3]| > d with 6(z3) < a.

3. MAIN RESULTS

In this section, by defining an appropriate Banach space and cone, we impose the
growth conditions on f, I which allow us to apply the theorems in section 2 to
establish the existence results of the positive solutions for the BVP (1.1)-(1.3).

Let J = [0,1]1 \ {t1,t2, ..o, tn } . We define

E = {u: [0,1]r = R is continuous at t#ty, there exist u(t,) and
u(th) with u(t,) =u(ty) for k=1,2, ...,m},

which is a Banach space with the norm ||ul| = sup |u(t)|.
te[0,1]r
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By a solution of (1.1)-(1.3), we mean a function u € E N C?(J') which satisfies
(1.1)-(1.3). We define a cone K C E as

K = {u € F : u is a concave, nonnegative and nondecreasing function,

au(0) — fu”(0) = /01 u(s)As}.

Lemma 3.1. Suppose that (H1) and (H2) are satisfied. Then u € ENC?(J') is a
positive solution of the impulsive boundary value problem (1.1)-(1.3) if and only if
u(t) is a solution of the following integral equation

u(t)zafjlqsq( Olf(s,u(s))vs)+ai1£(1—a </ Frulr Vr) Ar

+/Ot by (/: f(r,u(r))Vr) As + ﬁ éfk(utk)(l — i) + Z Ii(ug,,).  (3.1)

tp<t

Proof. Integrating of (1.1) from ¢ to 1, one has

6y (uP (1)) + /fsu

By the boundary condition (1.3), we have

o 1 s ule)Vs ).

Integrating the differential equation above from 0 to ¢, we get
u(t) = u(0) + / bq (/ flryu(r Vr)As+ZIk Uty )- (3.2)
te <t

Applying the boundary condition (1.3), one has

u(0) = %% (/0 F(s,u(s) ) P 1 1= o(r)d, (/Tl f(r,u(r))Vr) Ar

F > T ) (1~ 1), (3.3)

k=1
Therefore, by (3.2) and (3.3), we have

[ ) [0 ([ s

/¢q</ flr u(r )Vr)As—i—ZIkutk V(1 —tg) +kautk

te<t

u(t) =

Then, sufficient proof is complete.
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Conversely, let u be as in (3.1). If we take the delta derivative of both sides of
(3.1), then

w0 =, tl (s.u(s)) s ).

1

e, ¢p(ut(t)) = (s,u(s))Vs.
¢
So u®(1) = 0. Tt is easy to see that u(t) satisfy (1.2) and (1.3). Furthermore, from
(H1),(H2) and (3.1), it is clear that u(¢) > 0. The proof is complete. O

1
/ sAs
Lemma 3.2. If u € K, then n[nn] u(t) > v|lul|, where y = —=9%————.
t€fo,1
! a—1+ / sAs
0
Proof. Since u € K, nonnegative and nondecreasing

lu|| = w(1), min u(t) = u(0).
t€[0,1]r

On the other hand, u(t) is concave on [0, 1|1 \ {¢1, ..., tm }. So, for every t € [0, 1]r, we
have
u(t) — u(0)

u(1) —u(0) < "

tu(l) + (1 — t)u(0) < u(t).

Therefore,
1 1 1
/ su(l)As—f—/ (1—s)u(0)A8§/ u(s)As.
0 0 0

1
This together with au(0) — Bu®(0) = / u(s)As, implies that
0

The Lemma is proved. O

Define T : K — E by

T = Lo ([ seunvs) + 5 [a-ans, ([ reaener) ar

t 1 1 m
+/0 bq (/ f(r,u(r))Vr) As+— kzzllk(ut’“)(l —tr)+ Y In(ug,). (34

trp<t
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From (3.4) and Lemma 3.1, it is easy to obtain the following result.

Lemma 3.3. Assume that (H1) and (H2) hold. Then T : K — K is completely
continuous.

We define

Q, = {uekK: ten[r(l]nll] u(t) < yp}

= {ueK:4llul < min u(t) <~p}
t€0,1]
and

K, ={ueK:|ul < p}.

Lemma 3.4. [13] 2, has the following properties:
(a) Q, is open relative to K.

(b) K,, CQ, C K,.

(c) u € 09, if and only if min,ejo 1), u(t) = vp.

(d) If uw € 09, then vp < u(t) < p for ¢t € [0, 1]r.

Now for convenience we introduce the following notations. Let

I =mm{té1[grll f(t(“; ‘uela, b]},
)

_ f(t,u)
f(’;_max{tg[l(ﬁi{]_ﬂ_ ¢p(p) "U’E[Oap]}a

I§ (k) = max {Ij(u) : uw € [0, p]},
1 _ B+(1+ma 1 B
! a-1 7 L a-1
Theorem 3.5. Suppose (H1) and (H2) hold.
(H3) If there exist p1, pa, p3 € (0,00) with p; < yp2 and ps < p3 such that
0" <op(l), 15" (k) <lpy, f55, > ép(L), fo* < dp(l), 157 (k) <lps,

then problem (1.1)-(1.3) has at least two positive solutions uy,us with uy €
QP2 \Kpu Uz € KPS \QP2

(H4) If there exist p1, pa, p3 € (0,00) with p1 < p2 < yps < ps such that
’)’,01 > ¢p( )7 0p2 < d)P(l)? 152( ) < lpg, f’ypd > ¢p(L)7

then problem (1.1)-(1.3) has at least two positive solutions uy,uz with u; €
Ky, \QPN uz € st \sz'
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Proof. We only consider the condition (H3). If (H4) holds, then the proof is similar
to that of the case when (H3) holds. By Lemma 3.3, we know that the operator
T : K — K is completely continuous.

First, we show that ix (T, K,,) = 1. In fact, by (3.4), f§* < ¢,(1) and I§* (k) < lp1,
we have for u € 0K, ,

(Tu)(t) = ¢q</fsu >+/t¢q(/lf(r,u(r))Vr)As
; ail/u_a oo ([ 1600 W)As

u(te))(1 — tx) +ka

t <t

ﬁd’q (/0 f(&’u(s)Ws) +/01 o </01f(r,u(r))w) As

+ - i . /01 bq (/01 f(r,u(r))Vr) As + ﬁ élk(u(tk))

+ f:[k(u(tk))
k=1

IA

= o ([ saenes) o ([ suener)
N ailqsq( 01 (r,u(r))V?‘)Jraa_léfk(u(tk))
_ i*‘i‘%( 01 (s,u(s))w)+aflélk(u(tk)>
< 2 1¢p<ml>v8)+ailélm

- e

- [P

ie., || Tu| < |jul| for u € 0K, . By (i) of Theorem 2.4, we obtain that ix (T, K,,) = 1.
Secondly, we show that ix (T,,,) = 0. Let e(t) = 1. Then e € 0K;. We claim that

u#zTu+ de, uc 0Qy,, A>0.
Suppose that there exists ug € 9€2,, and Ag > 0 such that

ug = Tug + Age. (35)
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Then, Lemma 3.2, Lemma 3.4 (d) and (3.5) imply that for ¢t € [0, 1]t
ug = Tug+ Aoe > y||Tuol| + Ao

v ([ so.utsnws) +24

V

1
v 2o ([ onteevs) + 0

B
y———=Lpa+ Ao = vp2 + Ao,
a—1

i.e., yp2 > vp2 + Ao, which is a contradiction. Hence by (i) of Theorem 2.4, it follows
that i (T,,,) = 0.

Finally, similar to the proof of ix (T, K,,) = 1, we can prove that ix (T, K,,) = 1.
Since p; < 7yp2 and Lemma 3.4 (b), we have K,, C K,,, C §,,. Similarly with
p2 < p3 and Lemma 3.4 (b), we have Q,, C K,, C K,,. Therefore (iii) of Theorem
2.4 implies that BVP (1.1)-(1.3) has at least two positive solutions uy, ugs with uy €
QP2\KP17 U2EKP3\QP2' u

Theorem 3.5 can be generalized to obtain many solutions.

Theorem 3.6. Suppose (H1) and (H2) hold. Then we have the following assertions.
(H5) If there exists {p;}27°t C (0,00) with py < yp2 < p2 < p3 < Ypa < ... <
YP2mo < P2me < P2mo+1 Such that
o= < (), I <lpam-1, (m=1,2,....mg,mgo + 1),

2 > (L), (m=1,2,...,mp),
then problem (1.1)-(1.3) has at least 2mg solutions in K.
(H6) If there exists {p;}"° C (0,00) with p; < Ypa < p2 < p3 < Yp4 < ... <

YP2me < Pam, Such that
fé)zm71 < ¢p(l), Igzm71 < lp2m,1, f;z;nm > gbp(L), (m = 1,2, ...,mo),

then problem (1.1)-(1.3) has at least 2mg — 1 solutions in K.

Theorem 3.7. Suppose (H1) and (H2) hold. Then we have the following assertions.
(HT7) If there exists {p;}270T!  (0,00) with p1 < p2 < ¥p3 < p3 < . < Pamg <
YP2mo+1 < P2me+1 Such that

’522:;711 > ¢P(L)7 (m = 17 2a -esy Mo, Mo + 1)7

02" < gp(D), 1% <lpam, (m=1,2,...,mp),
then problem (1.1)-(1.3) has at least 2mq solutions in K.
(HB8) If there exists {pi}fflo C (0,00) with p1 < p2 < yp3 < p3 < oo < YP2me—1 <
P2mo—1 < P2myg such that

Lemt > ¢p(L), 52 < ¢p(l), I <lpam, (m =1,2,...,mq),

then problem (1.1)-(1.3) has at least 2mg — 1 solutions in K.
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Theorem 3.8. Let 0 < d < a < vb < b < ¢ and assume that conditions (H1), (H2)
hold, and the following conditions hold:

(H9) There exists a constant ¢, such that Iy (y) < ¢ for k =1,2,...,m
(H10) fg > ¢p(L);

a—lzck

1 _
H11) f¢ < ¢ (R), fo < ¢(R) where 0 < R < 2= > k=L
(HI1) J6 < 9p(R), J6 < @p(R) where 0 < R < g, >1_R(—§i‘)

Then the BVP (1.1)-(1.3) has at least three nonnegative solutions uy, ug, and uz in
K. such that

luill < d, a < B(uz) and |lug|| > d with B(us) < a
Proof. By (H1) and (H2), T : K — K is completely continuous. For v € K, let

O(u) = ter%nll] u(t),

then it is easy to check that 6 is a nonnegative continuous concave functional on K
with 0(u) < [|u|| for u € K.
Let u € K, by (H9) and (H11) we have

ITu|| = max Tu(t)
te[0,1]r

= {of 1% (/01 f<87u(s))vs) + /Ot Pq (/1 f(r,u(r))Vr) Ns
T 3 i 1 /1(1 —0(s))dq </1 f(T,u(r))Vr) As

+ O{ilz]’k tk ].—tk Z'[k }

tr<t

(/ bp(RC)V >+/01¢q (/Ol%(RC)Vr)As

1 m m
+ a—l/o ¢q</0 ¢p(RC)VT)A5+M§Ck+;Ck

= Rc<6+a)+ a
a—1 o

< c,

IN

that is | Tu|| < e.
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Now, we show condition (i¢) of Theorem 2.5 holds. Let [Ju|| < d, it follows from
(H11) that

ITu|| = max Tu(t)
te[0,1]r

- {aﬁ 1% (/01 f(&u(s))Vs) + /Ot g (/1 f(r,u(r))Vr) As
t i 1 /1(1 —0(s))¢q </1 f(T,U(T))Vr) As

+ Oé—lZIk tk ].—tk +Z.[k tk }

<t

< b ( /0 ¢p(Rd)vs>+ /0 b4 ( /O ¢p(Rd)Vr> As
n ailflgbq</1¢)p(Rd)V7’>AS—|—ai1§Ck+§Ck
_ Rd(ﬁ—i_a)

< d.

So, condition (i) of Theorem 2.5 holds.

Next, we show that {u € K(0,a,b) : 8(u) > a} # 0 and 6(Tu) > a for u €
K(0,a,b). In fact, take u(t) = 2 > a, so u € {u € K(0,a,b) : 6(u) > a}. Also,
u € K(0,a,b) and (H10) condition imply that

0(Tu) = ter%in]T(Tu)(t) = Tu(0)

([ )
n ailfo (1—o(s </fru Vr)

+ 3 N = tr)
> ﬁ% ( /0 f(s,u<s>>v8)
> 2w () v -

Finally, we show that 6(Tu) > a for u € K(6,a,c) with | Tu| > b. From Lemma
3.2, we have

O(Tu) = min (Tu)(t) > v||Tul| > b > a.
tel0,1]7
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So 6(T'w) > a is satisfied. Therefore all of the conditions of Theorem 2.5 hold. Hence
BVP (1.1)-(1.3) has at least three positive solutions u, uz and ug such that

lua]l < d, a < 6(uz) and |jus|| >d with 6(u3) < a. O

4. EXAMPLE

Example 4.1. Consider the following second-order impulsive p-Laplacian boundary
value problem,

—(g2(u ()Y = f(t,u(t), telo1]r\ {5}, (4.1)
+ —_
u(z ) —ul(z ) = hlu(y)) (4.2)
1
u®(1) = 0, 2u(0) — u?(0) :/ u(s) s, (4.3)
0
where
2 (1 —u), u € [0,1];
flt,u) =< 5l(u—1), u € (1,4];
T(u—4)+153, u€ (4,00);
and
u
Ii(u) = —.
1) =15
Taking p1 =1, po =4, p3 =70, a=2and 8 =1, wehave [ =%, L=1, v = 3. We
can obtain that
p1 <7pz and p2 < ps.
Now, we show that (H3) is satisfied:
1 1 1 51
1 L oy - 4 _ - =
o = g=opl=g /=g>el=1
1 1 1
70 < 0.039 < gzsg(g) =004, I} = (E) <lp1 =< and 0 =7<lps = 14.

Then, all conditions of Theorem 3.5 hold. Hence, we get the BVP (4.1)-(4.3) has at
least two positive solutions.
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