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Abstract. The purpose of this paper is to present some fixed point theorems for operators f : Xk →
X satisfying a general Presić-type contractivity condition on a partially order complete metric space

X. Moreover, we give an application of our main theorem to the study of nonlinear differential

equations.
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1. Introduction and preliminaries

Banach proved a fixed point theorem for contraction mappings in complete metric

spaces. In fact, he supposed that (X, d) is a complete metric space and T : X → X

is a contraction, namely,

d(Tx, Ty) ≤ kd(x, y)

for all x, y ∈ X and 0 < k < 1. Then he concluded that T has a unique fixed point

in X.

Recently, Bhaskar and Lakshmikantham [2] proved the existence of fixed point in

partially ordered metric spaces. Let (X,≤) be a partially ordered set and d a metric

on X such that (X, d) is a complete metric space. Further, we endow the product

space X ×X with the following partial order:

(u, v) ≤ (x, y)⇔ x ≥ u, y ≤ v
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for (x, y), (u, v) ∈ X × X. We begin with the following theorem that establishes

existence of a fixed point theorem for a function F on the product space X ×X.

Theorem 1.1. Let F : X × X → X be a continuous mapping having the mixed

monotone property on X, namely, F (x, y) is nondecreasing in x and is nonincreasing

in y, that is, for all x, y ∈ X and x1, x2, y1, y2 ∈ X,

x1 ≤ x2 ⇒ F (x1, y) ≤ F (x2, y)

y1 ≤ y2 ⇒ F (x, y1) ≥ F (x, y2).

Assume that there exists a k ∈ [0, 1) with

d(F (x, y), F (u, v)) ≤ k

2
[d(x, u) + d(y, v)],

for x ≥ u, y ≤ v. If there exists x0, y0 ∈ X such that

x0 ≤ F (x0, y0), y0 ≥ F (y0, x0),

then there exist x, y ∈ X such that

x = F (x, y), y = F (y, x),

namely, F has a coupled fixed point.

Existence of a fixed point for contraction type mappings in partially ordered metric

spaces has been considered recently in [1, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 14], where

some applications to matrix equations, ordinary differential equations and integral

equations are presented.

Prešić [13] proved the existence and uniqueness of fixed points for operators satis-

fying a special type of contraction condition, and also providing a so-called multi-step

iteration method for approximating the fixed points. In the sequel we shall consider

(X, d) a metric space. Prešić’ condition generalizes Banach’s contraction condition,

namely,

d(f(x), f(y)) ≤ αd(x, y)

for all x, y ∈ X, where f : X → X is an operator and α ∈ [0, 1) is a constant, by

considering instead

d(f(x0, x1, · · · , xk−1), f(x1, x2, · · · , xk)) ≤
k∑
i=1

αic · d(xi−1, xi)

for all x0, x1, · · · , xk ∈ X, where k is a positive integer, f : Xk → X is an operator

and α1, · · · , αk ∈ R+ are constants such that

k∑
i=1

αi < 1.

Several general Presić type results followed in literature, see for example the papers

due to Rus [15, 16], Şerban [17] and Taskovic [18].

Theorem 1.2. (Rus [15]) Let (X, d) be a complete metric space, k a positive integer,

and ϕ : Rk+ → R+ a function with the properties:
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a) ϕ(r) ≤ ϕ(s) for r, s ∈ Rk+, r ≤ s;
b) ϕ(r, r, · · · , r) < r for r ∈ R+ r > 0;

c) ϕ is continuous;

d)

∞∑
i=0

ϕi(r) <∞;

e) ϕ(r, 0, · · · , 0)+ϕ(0, r, 0, · · · , 0)+· · ·+ϕ(0, · · · , 0, r) ≤ ϕ(r, r, · · · , r) for any r ∈ R+;

and let f : Xk → X be an operator such that

d(f(x0, x1, · · · , xk−1), f(x1, x2, · · · , xk)) ≤ ϕ(d(x0, x1), d(x1, x2), · · · , d(xk−1, xk))

for all x0, x1, · · · , xk ∈ X.
Then

i) there exists a unique x∗ ∈ X solution of the equation

x = f(x, x, · · · , x);

ii) the sequence {xn}n≥0 with x0, x1, · · · , xk−1 ∈ X and

xn = f(xn−k, xn−k+1, · · · , xn−1), for n ≥ k,

converges to x∗;

iii) the rate of convergence for {xn}n≥0 is given by

d(xn, x
∗) ≤ k

∞∑
i=0

ϕ[n+i
k ](d0, · · · , d0),

where d0 = max{d(x0, x1), d(x1, x2), · · · , d(xk−1, xk)}.
Let (X,≤) be a partially ordered set. We endow the product space Xk with the

following partial order: for (x1, x2, · · · , xk), (y1, y2, · · · , yk) ∈ Xk

(x1, x2, · · · , xk) ≤ (y1, y2, · · · , yk)⇔ xi ≤ yi for i ∈ {1, 2, · · · , k}.

Definition 1.3. We say that x∗ ∈ X is a fixed point of f : Xk → X if

f(x∗, x∗, · · · , x∗) = x∗.

In this paper, we investigate some fixed point theorems for operators f : Xk → X

satisfying a general Presić-type contractivity condition on partially order complete

metric space X. Moreover, we give an application of our main theorem in the study

of nonlinear difference equations.

2. Main results

We start our work with the following theorem which can be regarded as an extension

of Theorem 1.2.

Theorem 2.1. Let (X,≤) be a partially ordered set and d be a metric on X such

that (X, d) is a complete metric space, k a positive integer. Suppose that there exists

a function ϕ : Rk+ → R+ with the properties:
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a) ϕ(r) ≤ ϕ(s) for r, s ∈ Rk+, r ≤ s;
b) ϕ(r, r, ..., r) < r for r ∈ R+, r > 0;

c) ϕ is continuous;

d)

∞∑
i=0

ϕi(r) <∞;

e) ϕ(r, 0, · · · , 0)+ϕ(0, r, 0, · · · , 0)+· · ·+ϕ(0, · · · , 0, r) ≤ ϕ(r, r, · · · , r) for any r ∈ R+;

and let f : Xk → X be a continuous mapping having the increasing property on X

such that

d(f(x0.x1, · · · , xk−1), f(x1, x2, · · · , xk)) ≤ ϕ(d(x0, x1), d(x1, x2), · · · , d(xk−1, xk))

(2.1)

for all x0, x1, · · · , xk−1, xk ∈ X, where x0 ≤ x1 ≤ x2 ≤ · · · ≤ xk−1 ≤ xk. If there exist

x0, x1, · · · , xk−1 ∈ X such that x0 ≤ x1 ≤ x2 ≤ · · · ≤ xk−1 ≤ f(x0, x1, · · · , xk−1),

then there exists x∗ ∈ X such that x∗ = f(x∗, x∗, · · · , x∗).

Proof. Let f(x0, x1, · · · , xk−1) = xk. Since

x0 ≤ x1 ≤ x2 ≤ · · · ≤ xk−1 ≤ f(x0, x1, · · · , xk−1),

due to the increasing property of f , we have

xk = f(x0, x1, · · · , xk−1) ≤ f(x1, x2, · · · , xk) = xk+1.

In this manner, we construct the increasing sequence {xn}n≥0 such that

xn = f(xn−k, · · · , xn−1), n ≥ k.

We denote

d0 = max{d(x0, x1), d(x1, x2), · · · , d(xk−1, xk)} (2.2)

and this is positive, assuming that x0, x1, · · · , xk are not equal.

The following estimations hold. By hypothesis,

d(xk, xk+1) = d(f(x0, x1, · · · , xk−1), f(x1, x2, · · · , xk))

≤ ϕ(d(x0, x1), d(x1, x2), · · · , d(xk−1, xk))

≤ ϕ(d0, d0, · · · , d0) < d0,

d(xk+1, xk+2) = d(f(x1, x2, · · · , xk), f(x2, x3, · · · , xk+1))

≤ ϕ(d(x1, x2), d(x2, x3), · · · , d(xk−1, xk), d(xk, xk+1))

≤ ϕ(d0, d0, · · · , d0, ϕ(d0, · · · , d0)) < d0,

...
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d(x2k−1, x2k) = d(f(xk−1, · · · , x2k−2), f(xk, · · · , x2k−1))

≤ ϕ(d(xk−1, xk), · · · , d(x2k−2, x2k−1))

≤ ϕ(d0, ϕ(d0, · · · , d0), · · · , ϕ(d0, · · · , d0))

≤ ϕ(d0, d0, · · · , d0) < d0,

d(x2k, x2k+1) = d(f(xk, · · · , x2k−1), f(xk+1, · · · , x2k))

≤ ϕ(d(xk, xk+1), · · · , d(x2k−1, x2k))

≤ ϕ(ϕ(d0, · · · , d0), ϕ(d0, · · · , d0), · · · , ϕ(d0, · · · , d0))

= ϕ2(d0, · · · , d0) ≤ ϕ(d0, · · · , d0) < d0,

d(x2k+1, x2k+2) = d(f(xk+1, · · · , x2k), f(xk+2, · · · , x2k+1))

≤ ϕ(d(xk+1, xk+2), · · · , d(x2k, x2k+1))

≤ ϕ2(d0, d0, · · · , d0, ϕ(d0, · · · , d0))

≤ ϕ2(d0, · · · , d0) < d0

and so on

d(xn, xn+1) ≤ ϕ[nk ](d0, · · · , d0), n ≥ k. (2.3)

Thus, for some integer p ≥ 1, we obtain that

d(xn, xn+p) ≤ ϕ[nk ](d0, · · · , d0) + · · ·+ ϕ[n+p−1
k ](d0, · · · , d0), (n ≥ 0). (2.4)

Denoting

l = [
n

k
],m = [

n+ p− 1

k
], (2.5)

we have m ≥ l. Besides, the above relation (2.4) implies further estimation

d(xn, xn+p) ≤ ϕl(d0, · · · , d0) + · · ·+ ϕl(d0, · · · , d0)︸ ︷︷ ︸
k−times

+

+ϕl+1(d0, · · · , d0) + · · ·+ ϕl+1(d0, · · · , d0)︸ ︷︷ ︸
k−times

+

+ · · ·+ ϕm(d0, · · · , d0) + · · ·+ ϕm(d0, · · · , d0)︸ ︷︷ ︸
k−times

,

and so

d(xn, xn+p) ≤ k
m∑
i=l

ϕi(d0, · · · , d0), (n ≥ 0, p ≥ 1). (2.6)

Denoting Sm =
m∑
i=0

ϕi(d0, · · · , d0), we have

m∑
i=l

ϕi(d0, · · · , d0) = Sm − Sl−1, m ≥ l.
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Then from assumption d) upon ϕ, the limit

S = lim
m→∞

Sm

exists. From (2.5), it follows that

lim
l→∞

m∑
i=l

ϕi(d0, · · · , d0) = S − S = 0,

and in view of (2.6), d(xn, xn+p) → 0, as n → ∞. This means that {xn}n≥0 is a

Cauchy sequence. Since X is a complete metric space, there exists x∗ ∈ X such that

limn→∞ xn = x∗. On the other hand, since xn = f(xn−k, · · · , xn−1) for all n ≥ k and

f is a continuous mapping, we have

x∗ = lim
n→∞

xn = lim
n→∞

f(xn−k, · · · , xn−1)

= f( lim
n→∞

xn−k, · · · , lim
n→∞

xn−1)

= f(x∗, · · · , x∗).

This completes the proof.

Theorem 2.2. Let (X, d) be a partially ordered set and suppose that there exists a

metric d in X such that (X, d) is a complete metric space. Assume that X has the

following property:

if a nondecreasing sequence {xn} → x, then xn ≤ x for all n. (2.7)

Let f : Xk → X be a mapping having the increasing property on X such that

d(f(x0, x1, · · · , xk−1), f(x1, x2, · · · , xk)) ≤ ϕ(d(x0, x1), d(x1, x2), · · · , d(xk−1, xk))

for all x0, x1, · · · , xk−1, xk ∈ X, where x0 ≤ x1 ≤ x2 ≤ · · · ≤ xk−1 ≤ xk and ϕ

satisfies the conditions of Theorem 2.1. If there exist x0, x1, · · · , xk−1 ∈ X such that

x0 ≤ x1 ≤ x2 ≤ · · · ≤ xk−1 ≤ f(x0, x1, · · · , xk−1), then there exists x∗ ∈ X such that

x∗ = f(x∗, x∗, · · · , x∗).

Proof. Following the proof of Theorem 2.1, we only have to show that x∗ =

f(x∗, · · · , x∗).
Let ε > 0. Since {xn} → x∗, there exists m ∈ N such that, for all n ≥ m, we have

d(xn, x
∗) <

ε

2
.

Taking n ∈ N, we get

d(f(x∗, x∗, · · · , x∗), x∗)
≤ d(f(x∗, x∗, · · · , x∗), f(xm+1, xm+2, · · · , xm+k)) + d(f(xm+1, xm+2, · · · , xm+k), x∗)

≤ ϕ(d(x∗, xm+1), d(x∗, xm+2), · · · , d(x∗, xm+k)) + d(xm+k+1, x
∗)

≤ ϕ(
ε

2
,
ε

2
, · · · , ε

2
) + d(xm+k+1, x

∗) <
ε

2
+
ε

2
= ε.
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This implies that f(x∗, x∗, ..., x∗) = x∗.

One can prove that the fixed point is in fact unique, provided that the product

space Xk endowed with the partial order mentioned earlier has the following property:

for (x1, x2, · · · , xk), (y1, y2, · · · , yk) ∈ Xk, there exists a (z1, z2, · · · , zk) ∈ Xk

that is comparable to (x1, x2, · · · , xk) and (y1, y2, · · · , yk). (2.8)

Theorem 2.3. If we add condition (2.8) to the hypothesis of Theorem 2.1, then we

obtain the uniqueness of the fixed point of f .

Proof. If y∗ ∈ X is another fixed point of f , then we show that

d(x∗, y∗) = 0.

We consider two cases:

Case 1: If x∗ is comparable to y∗, then

d(x∗, y∗) = d(f(x∗, x∗, · · · , x∗), f(y∗, y∗, · · · , y∗))
≤ ϕ(d(x∗, y∗), · · · , d(x∗, y∗))

< d(x∗, y∗).

This contradiction implies that x∗ = y∗.

Case 2 : If x∗ is not comparable to y∗, then there exists z ∈ X which is comparable

to x∗ and y∗.

We denote fn(z, · · · , z) = f(fn−1(z, · · · , z), · · · , fn−1(z, · · · , z)) for n = 1, 2, · · · .
Monotonicity implies that fn(z, ..., z) is comparable to fn(x∗, · · · , x∗) = x∗ and

fn(y∗, · · · , y∗) = y∗ for n = 1, 2, · · · . Moreover

d(x∗, fn(z, · · · , z)) = d(fn(x∗, · · · , x∗), fn(z, · · · , z))

≤ ϕ(d(fn−1(x∗, · · · , x∗), fn−1(z, · · · , z)), · · · , d(fn−1(x∗, · · · , x∗), fn−1(z, · · · , z)))

< d(fn−1(x∗, · · · , x∗), fn−1(z, · · · , z))

= d(x∗, fn−1(z, · · · , z)).

Consequently, {d(x∗, fn(z, · · · , z))} is a nonnegative and decreasing sequence and

hence there is a limit γ. We claim γ = 0, otherwise, from the last inequality, we can

obtain γ ≤ ϕ(γ, γ, · · · , γ) < γ. This contradiction implies γ = 0. Analogously, it can

be proved that lim
n→∞

d(y∗, fn(z, · · · , z)) = 0.

Finally,

d(x∗, y∗) ≤ d(x∗, fn(z, · · · , z)) + d(fn(z, · · · , z), y∗),

and taking the limit as n→∞, we obtain that d(x∗, y∗) = 0.
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3. Application to ordinary differential equations

In this section, by application of Theorem 2.2, we prove the existence of solution

of an ordinary differential equation. Hence, we prove the existence of solution for the

following first–order periodic problem{
u′(t) = f(t, u(t), u(t), · · · , u(t)), t ∈ I = [0, T ]

u(0) = u(T ),
(3.1)

where T > 0 and f : I × Rk → R is a continuous function.

Previously, we consider the space C(I) (I = [0, T ]) of continuous functions defined on

I. Obviously, this space with the metric given by

d(x, y) = sup{|x(t)− y(t)| : t ∈ I}

for x, y ∈ C(I), is a complete metric space. C(I) can also be equipped with a partial

order given by

x, y ∈ C(I), x ≤ y ⇔ x(t) ≤ y(t)

for t ∈ I. Obviously, for x, y ∈ C(I), there exists a lower bound or an upper bound,

since, for x, y ∈ C(I), the functions max{x, y} and min{x, y} are least upper and

greatest lower bounds of x and y, respectively. Moreover, in [9], it was proved that

(C(I),≤) with the above mentioned metric satisfies the condition (2.7). Let Φ denote

the class of those functions ϕ : Rk+ → R+ with the properties:

a) ϕ(r1, r2, · · · , rk) ≤ ϕ(s1, s2, · · · , sk) for (r1, · · · , rk), (s1, · · · , sk) ∈ Rk+, ri ≤ si for

all i ∈ {1, 2, ..., k};
b) ϕ(r, r, · · · , r) < r for r ∈ R+, r > 0;

c) ϕ is continuous;

d)

∞∑
i=0

ϕi(r) <∞;

e) ϕ(r, 0, · · · , 0)+ϕ(0, r, 0, · · · , 0)+· · ·+ϕ(0, · · · , 0, r) ≤ ϕ(r, r, · · · , r) for any r ∈ R+.

Now we give the following definition.

Definition 3.1. A lower solution for (3.1) is a function α ∈ C1(I) such that{
α′(t) ≤ f(t, α(t), α(t), · · · , α(t)), t ∈ I = [0, T ]

α(0) ≤ α(T )

Theorem 3.2. Consider the problem (3.1) with f : I × Rk → R continuous and

suppose that there exist λ1, λ2, · · · , λk > 0 such that for x1, x2, · · · , xk, y1, y2, · · · , yk ∈
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R with xi ≥ yi for all 1 ≤ i ≤ k

0 ≤ f(t, x1, x2, · · · , xk) + λ1x1 + λ2x2 + · · ·+ λkxk

− [f(t, y1, y2, · · · , vk) + λ1y1 + λ2y2 + · · ·+ λkyk]

≤
k∑
i=1

λi · ϕ(x1 − y1, x2 − y2, · · · , xk − yk),

where ϕ ∈ Φ. Then the existence of a lower solution for (3.1) provides the existence

of a unique solution of (3.1).

Proof. Problem (3.1) can be written as{
u′(t) + λ1u(t) + · · ·+ λku(t) = f(t, u(t), u(t), · · · , u(t)) + λ1u(t) + · · ·+ λku(t),

u(0) = u(T )

for t ∈ I = [0, T ]. This problem is equivalent to the integral equation

u(t) =

∫ T

0

G(t, s)[f(s, u(s), · · · , u(s)) +

k∑
i=1

λi · u(s)]ds,

where

G(t, s) =


e
∑k
i=1 λi.(T+s−t)

e
∑k
i=1

λi·T−1
, 0 ≤ s < t ≤ T

e
∑k
i=1 λi·(s−t)

e
∑k
i=1

λi·T−1
, 0 ≤ t < s ≤ T.

Define F : C(I)k → C(I) by

F (x1, x2, · · · , xk)(t)

=

∫ T

0

G(t, s)[f(s, x1(s), x2(s), · · · , xk(s)) + λ1x1(s) + λ2x2(s) + · · ·+ λkxk(s)]ds.

Note that if x ∈ C(I) is a fixed point of F , then x ∈ C1(I) is a solution of (3.1).

Now we will check that hypotheses in Theorem 2.2 are satisfied. The mapping F

is increasing since, by hypothesis, for (u1, u2, · · · , uk), (v1, v2, · · · , vk) in C(I)k with

ui ≥ vi for 0 ≤ i ≤ k,

f(t, u1(t), u2(t), · · · , uk(t)) + λ1u1(t) + λ2u2(t) + · · ·+ λkuk(t)

≥ f(t, v1(t), v2(t), · · · , vk(t)) + λ1v1(t) + λ2v2(t) + · · ·+ λkvk(t)

for all t ∈ I, which implies that

F (u1, u2, · · · , uk)(t) =

∫ T

0

G(t, s)[f(s, u1(s), · · · , uk(s)) + λ1u1(s) + · · ·+ λkuk(s)]ds

≥
∫ T

0

G(t, s)[f(s, v1(s), · · · , vk(s)) + λ1v1(s) + · · ·+ λkvk(s)]ds

= F (v1, v2, · · · , vk)(t)
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for all t ∈ I by using that G(t, s) > 0 for (t, s) ∈ I × I. Besides, for all

u0, u1, · · · , uk−1, uk ∈ C(I), where u0 ≤ u1 ≤ · · · ≤ uk−1 ≤ uk and ϕ ∈ Φ,

d(F (u0, u1, · · · , uk−1), F (u1, u2, · · · , uk))

= sup
t∈I
|F (u0, u1, · · · , uk−1)− F (u1, u2, · · · , uk)(t)|

≤ sup
t∈I

∫ T

0

G(t, s)|[f(s, u0(s), · · · , uk−1(s)) + λ1u0(s) + λ2u1(s) + · · ·+

λkuk−1(s)]− [f(s, u1(s), · · · , uk(s)) + λ1u1(s) + λ2u2(s) + · · ·+ λkuk(s)]|ds

≤ sup
t∈I

∫ T

0

G(t, s) ·
k∑
i=1

λi · ϕ(u1(s)− u0(s), u2(s)− u1(s), · · · , uk(s)− uk−1(s))ds

≤
k∑
i=1

λi · ϕ(d(u1, u0), d(u2, u1), · · · , d(uk, uk−1)) · sup
t∈I

∫ T

0

G(t, s)

= ϕ(d(u1, u0), d(u2, u1), · · · , d(uk, uk−1)).

Finally, let α(t) be a lower solution for (3.1) and we will show that α ≤ F (α, α, · · · , α︸ ︷︷ ︸
k−times

).

Indeed,

α′(t) +

k∑
i=1

λi.α(t) ≤ f(t, α(t), · · · , α(t)) +

k∑
i=1

λi. α(t)

for t ∈ I. Multiplying by e
∑k
i=1 λi.t, we get

(α(t)e
∑k
i=1 λi·t)

′
≤ [f(t, α(t), · · · , α(t)) +

k∑
i=1

λi · α(t)]e
∑k
i=1 λi· t

for t ∈ I and this gives us

α(t)e
∑k
i=1 λi· t ≤ α(0) +

∫ t

0

[f(s, α(s), · · · , α(s)) +

k∑
i=1

λi · α(s)]e
∑k
i=1 λi· sds (3.2)

for t ∈ I, which implies that

α(0)e
∑k
i=1 λi· T ≤ α(T )e

∑k
i=1 λi·T

≤ α(0) +

∫ T

0

[f(s, α(s), · · · , α(s)) +

k∑
i=1

λi · α(s)]e
∑k
i=1 λi·sds

and so

α(0) ≤
∫ T

0

e
∑k
i=1 λi·s

e
∑k
i=1 λi·T − 1

[f(s, α(s), · · · , α(s)) +

k∑
i=1

λi · α(s)]ds.
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From this inequality and (3.2), we obtain

α(t)e
∑k
i=1 λi·t ≤

∫ t

0

e
∑k
i=1 λi·(T+s)

e
∑k
i=1 λi·T − 1

[f(s, α(s), · · · , α(s)) +

k∑
i=1

λi · α(s)]ds

+

∫ T

t

e
∑k
i=1 λi·s

e
∑k
i=1 λi·T − 1

[f(s, α(s), · · · , α(s)) +

k∑
i=1

λi · α(s)]ds

and so

α(t) ≤
∫ t

0

e
∑k
i=1 λi·(T+s−t)

e
∑k
i=1 λi·T − 1

[f(s, α(s), · · · , α(s)) +

k∑
i=1

λi · α(s)]ds

+

∫ T

t

e
∑k
i=1 λi·(s−t)

e
∑k
i=1 λi·T − 1

[f(s, α(s), · · · , α(s)) +

k∑
i=1

λi · α(s)]ds.

Hence

α(t) ≤
∫ T

0

G(t, s)[f(s, α(s), · · · , α(s)) +

k∑
i=1

λi · α(s)]ds = F (α, · · · , α︸ ︷︷ ︸
k−times

)(t)

for t ∈ I.

Finally, it follows from Theorems 2.2 and 2.3 that F has a unique fixed point.
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