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Abstract. We study the fixed point and the weak fixed point property in the Banach space coo =
(co, Il o) » where ||(z4)]|, = sup; |zi| + a3, szl. It is known that con has the weak fixed point
property for every a > 0. We prove that if K is a nonempty, convex, closed and bounded subset of
coa, then K is weakly compact if and only if every nonempty, convex and closed subset of K has the
FPP.
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1. INTRODUCTION

In the last years the converse of Maurey theorem [MAU]: If K C ¢( is nonempty,
convex, closed, bounded and has the fixed point property (FPP) then K is w-compact,
has been an active research theme. Llorens-Fuster and Sims proved in 1988 in [LFS]
that some nonempty, convex, closed and bounded subsets of ¢y which are compact
in a locally convex topology very similar to the weak topology of ¢y do not have the
FPP. This fact led them to the following conjecture: Let K be a nonempty, convex,
closed and bounded subset of cg; then K has the FPP if and only if K is w-compact.
In 2003, Dowling, Lennard and Turett answered partially this conjecture in [DLT],
specifically they defined the asymptotically isometric ¢y summing basic sequences
(aisbeg sequences), showed that if K C ¢ is a nonempty, convex, closed and bounded
set which is not weakly compact, then it contains an aisbcy sequence and using it,
they construct a subset of K without the FPP. Later in 2004 the same authors proved
in [DOL] that, as conjectured by Llorens-Fuster and Sims, the converse of Maurey’s
theorem is true.

In 1992 in [JIM], Jiménez-Melado A., used the space cp, to prove that two prop-
erties which imply the weak fixed point property are not equivalent. In [FGB], Fetter
H., and Gamboa de Buen B., showed that for all a > 0, the space ¢y, has the w-FPP

449



450 BERTA GAMBOA DE BUEN AND FERNANDO NUNEZ-MEDINA

and that for a € [0, 1), the space ¢, has the w-FPP, where ¢y, and ¢, are the ¢y and
¢ spaces respectively with the equivalent alpha norm. The following question arises
naturally. If K C ¢y, is nonempty, convex, closed, bounded and has the FPP, is K
w-compact? The same question can be asked in ¢,, « € [0,1).

In this article, first we show that in cg, there exist nonempty, convex, closed and
bounded subsets which are not w-compact and without aisbcy sequences with the
norm ||.||q-

Then we define the corresponding asymptotically isometric cp, summing basic
sequences (aisbcp, sequences). We give an example of a nonempty, convex, closed
and bounded subset of ¢y which is not w-compact and without aisbecg, sequences with
the norm ||.||oo, proving that the families of aisbey and aisbcg,, sequences are different.

Next we show that if K is a nonempty, convex, closed and bounded subset of a
Banach space X that contains an aisbcg, sequence, then we can construct C' C K
nonempty, convex, closed and without the FPP.

Finally we show that if K is a nonempty, convex, closed and bouded subset of cg,
which is not w-compact, then there exist {x,,} C K and L > 0 such that {Lz,} is an
aisbcg, sequence, proving then that if K is a nonempty, convex, closed and bouded
subset of ¢y, then K is weakly compact if and only if every nonempty, convex and
closed subset of K has the FPP. We also prove a similar result in the space c,, for
a € (0,1].

As we said, one of the key points of the Dowling, Lennard and Turett work in
[DLT] is to construct, in a nonempty, convex and closed subset K of ¢y, a sequence
with a ”similar” behavior to the ¢y summing basis. To do that, they define the aisbcg
sequences. Recall that cqq is the set of all eventually zero sequences in K.

Definition 1.1. Let {x,} be a sequence in a Banach space X. We say that {x,} is
an asymptotically isometric co-summing basic sequence, aisbcy sequence for short, if
there exists {e,,} C (0,00) with €, — 0 such that

sgg(l—i—sn)*l th < Ztnxn SSE§(1+€") Zt]— , (1.1)
n j=n n=1 n j=n

for all {t,} € coo. If L > 0, we say that {x,} is a L-aisbcy sequence if {Lx,} is an
aisbcy sequence.

Remark 1.1. In the previous definition we can replace cog by I'.

An aisbcy sequence is a bounded basic sequence equivalent to the summing basis of cg.
A subsequence of an aisbcy sequence {x, 5, is again an aisbcy sequence. More-

over, if {A\,} C (0,00) and A\, — 0, then we can select {x,, }3>, such that the

associated new sequence {E/n} satisfies that E;H < sln and E;L < Ap,n €N

In [DLT] the following results were proved.

Proposition 1.1. Let K be a nonempty, convex, closed and bounded subset of cg.
Then K is w-compact if and only if every nonempty, conver and closed subset of K
has the FPP.
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Proposition 1.2. Let K be a nonempty, convex, closed and bounded subset of c.
Then K is w-compact if and only if every nonempty, conver and closed subset of K
has the FPP.

Note that proposition 1.1 does not prove Llorens-Fuster “s and Sims” conjecture. In
2004 the same authors, Dowling, Lennard and Turett, proved in [DOL] the following
theorem.

Theorem 1.1. Let K be a nonempty, convex, closed and bounded subset of cy. Then
K is w-compact if and only if K has the FPP.

The conjecture in the case of ¢ remains still open.
2. THE FIXED POINT PROPERTY IN THE g, SPACE

Definition 2.1. Let o > 0 and [Z° the space of all scalar bounded sequences endowed
with the a-norm given by

[ @n) lla = [ (zn) lloo + all(zn)lls, (2n) €17,

)l =3 2ol

n=1

where

Note that ||.||o and ||.||cc are equivalent, since
lzlloe < fl7lla < (1 + ) [[2]l , = € 1.
As we said, Fetter H., and Gamboa de Buen B., proved in [FGB] that for all
a €10,1), the space ¢y, = (¢, ||-]|a) has the w-FPP and also that co, = (co, ||-||o) has
the w-FPP for all a > 0.
In what follows we shall fix o > 0.

Next we will see that in cg, there exist nonempty, convex, closed and bounded
subsets which are not w-compact and without aisbcy sequences with the norm ||.||4.

Example 2.1. Let {&,} be the ¢y summing basis. Then

C = {i/\ngn:)\n >0 and i)\nzl}
n=1 n=1

does not have aisbcy sequences with the norm ||.||q.

Proof. Tt is clear that C' is a nonempty, convex, closed and bounded subset of cy,
which is not w-compact. Suppose that C' contains an aisbcg sequence {y,} with the
norm ||.||q, for some sequence {e,}. By remark 1.1 we can suppose that {e,} satisfies
eny1 < en < §, n € N. Since {y,} € C we have that y, = Yoo A for some
sequence {A?} such that A\? > 0 and > =, A? = 1. Take m € N and define

(tn) = €m,

where {e,} is the canonical basis of ¢y. Then

oo
Z tnYn = Ym
n=1
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and

‘Z]k]

o0
Z tnYn

n=1

> 1+%. (2.1)

ix;”& —1+az
a i=1

On the other hand, since {y,} is an aisbco sequence with the norm ||.||, we get

(o)
Z tnln
n=1

which contradicts (2.1), since £, < §. O

<sup +en) t; (1+e¢
nGN( Z 1)

] n

In view of example 2.1, in a similar way to the Dowling, Lennard and Turett
definition given in [DLT] for ¢y, we will define the asymptotically isometric summing
basic sequences in the space (¢, ||.]|o ). First we recall the definition of convexly closed
sequences given in [GBN].

Definition 2.2. Let {z,,} be a bounded basic sequence in a Banach space X. We say
that {z,} is a convexly closed sequence if the set

{Ztnxn t, > 0 and Zt —1}

n=1
is closed, that is, if conv {z,} = C.

Note that subsequences of convexly closed sequences are again convexly closed and
that every basic sequence equivalent to a convexly closed sequence is convexly closed.

It is easy to see that the ¢y summing basis and the canonical basis of I! are convexly
closed. An aisbcy sequence is also convexly closed, since it is equivalent to the cq
summing basis.

Definition 2.3. Let {z,} be a sequence in a Banach space X and o > 0. We say that
{z,} is an asymptotically isometric coq-summing basic sequence, aisbco, sequence for
short, if {xn} is convezly closed and there exist {e,} C (0,00), {an} C (0,00) and
{0} C ( 0,v2 — 1) such that ,, — 0, ZJ 1@ <@y, n €N, 0py1 < 0p, n €N and

sup(l +e,)~ Zt +az 1+0,) Zt 20n41 (2.2)

neN

oo oo oo o0
Ztnwn <sup(l+ey,) th +a2(1 +0,) th Qn,
n=1 n€N j=n n=1 j=n

for all {t,} € I with >°°7  t, = 0. If L > 0, we say that {x,} is a L-aisbcoa sequence
if {Lxy,} is an aisbcy, sequence.

We saw in example 2.1 that there exist nonempty, convex, closed and bounded
subsets of cg, which are not w-compact and without aisbcy sequences with the norm
||.||o. The following example shows that there exist nonempty, convex, closed and
bounded subsets of ¢y which are not w-compact and without aisbcy, sequences with
the norm ||.||o-
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Example 2.2. Let {&,} be the ¢y summing basis. Then

C = {iAngn:/\nzo and il/\nl}

does not have aisbcy, sequences with the norm ||.||oo-

Proof. Suppose that C' contains an aisbcg, sequence {y,} with the norm ||.||s for
some sequences {e,,}, {a,} and {d,}. Since {y,} € C we have that y, = > =, \?¢;
for some sequence {A?};° such that A? > 0 and >;°; A\ = 1. Take m € N with
m > 1 and define

(tn) = —€1+ ém,
where {e,} is the canonical basis of ¢y. Then

o0
> tatn = Y1+ Ym
n=1

and

( sup ! > + o Z (146,)" " 2an41 (2.3)
n=2

1<n<m 1+ En

= sgg(l +e,)7t itj +a i(l +6,)7 ! i ti|2an4+1 < i thyn| < 1.
" j=n n=1 j=n n=1 0
Since (2.3) holds for all m € N, making m — oo in (2.3), we obtain
I+a i (1406, " 2a,11 <1,
n=2
which contradicts the fact that & 32°%, (1 +6,) " 2a,11 > 0. O

The following proposition is an “analogous” of theorem 2 of [DLT]. In its proof,
the set C' and the operator T are constructed as in [DLT]. However, to prove that T
is a nonexpansive mapping we have to do different estimations to those in [DLT].

Proposition 2.1. Let K be a nonempty, conver, closed and bounded subset of a
Banach space X. Fiz {e,} C (0,00) with e, < 27147 n > 2. If K contains an
aisbcos sequence {xn} such that (2.2) holds with this {€,} and some sequences {ay}
and {01}, then there exist C C K nonempty, conver and closed and T : C — C' affine,
nonexpansive and fized point free. Moreover, T is contractive.

Proof. Let {x,} C K be an aisbcg, sequence with {e,} C (0,00) such that &, <
27147 n >2 and {ax} C (0,00) and {6} C (0,42 — 1) as in definition 2.3. Set

C =conv {z,} = {Ztnwn:tn>0, neNandZtnzl} CK.

n=1 n=1

Thus C' is nonempty, convex, closed and bounded. Define Tz, = Z;’;l Tk,

n € N, and extend T linearly to C, that is, if x = Y °  t,z, € C then define
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T (0 tnwy) = >one  tyTx,. It is clear that T(C) C C and that T is an affine
mapping. It is easy to see that T is fixed point free. See [DLT].

We only need to show that T is a contractive mapping. Let x,y € C With
z #y. Then x =Y tyx, and y = Y07 | Sp&n, with t,,s, > 0 and Y~ =
Yoo i sn=1.Let B, =ty — sp, n €N, so that >, 8, = 0. Therefore,

n=1 n=1 7j=1
= (%)x +(§;+522> 3+(§§+§§+%’> Tyt
Define B; = 0 and B,, = 5251 + 5225 + ... + 2251 n > 2. Thus

Since {x,} is an aisbcp, we have

ZBa:n <sup1+€k ZB +a21+5k ZB ak.

By theorem 2 of [DLT] we obtain

1T ()

sup(1 + ex) ZB < sup(l + &) ~* Zﬁj. (2.4)
keN i keN et

On the other hand,

and

- _ b1 B2 Bn—1 b1 B2 Bn
ZBj - <2n 1+2n g Tt 2 >+<2n+2n 1+"'+2>

j=n

on+1 2n 2
b1 B2 Bn—2 -
= ona T ons T +Zﬂﬂ’”>3
j=n—1

Bj:%+2ﬂj:%_ 1| =

Jj=3 Jj=2

(]
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ZBJ - 7"_7""25] = ﬂQ (B1+ B2)
j=4
51 B2 |51| 181+ Ba| | 1B
7"‘*—(5 +5)’ 5 T oz
In general, if £ > 3 we have
Z |ﬁ1+ﬂ2+2 4 B 2| ) |/812:_£2|+2|fi|2~

Since 6, < V2 —1, k € N, then 1+ 6, <
0k, k € N; therefore

1+5 , k € N. We also have that §x11 <

j=k
k-2
< ;(1+5k_j)ak <|51 + B2 —|—2j +ﬁk—1—j|>
j=
k—2
< Z(1+5k J) <51+52—;J 1+5]€ — j|)
j=1

Thus

M8
N

(1+0) > Bjlar < ZZ (1+6c_) (|61+62+2] 1+/3k - J|>

k=3

o
Il
w

<
I
e

_ ag Qg
(1 + 0k) ! Zﬁg (ak+1+ 2+2+ 2;3—1—...)

(14 0x) " Zﬁj 2ap41
i—k

e g g

(1+5k)_1 ZBJ 2a541,

b
Il
_

since ap41 < ay, k € Nand Y,7 | 8, = 0. We know that > >~ B, => ", B, =0,
so we get

> (1+66) > Bilax <> (1+406k)" Zﬁj 2a 1. (2.5)
k=1 j=k k=1
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Finally, from (2.4) and (2.5) we obtain

IT@) - Tl = || Bea
k=1
< sup(l+eg) Z +aZ(1+5k)ZBj ap <
keN =k k=1 =k

<sup(l+eg)” Zﬂj +az (1+6,)~ ZBJ 20541 <

keN =k

= [lz =yl

o0
> Bk
k=1

O

To simplify the proof of the below proposition we make use of the decomposition
o = {l-loo + |- -

Proposition 2.2. Let K be a nonempty, convex, closed and bouded subset of coo
which is not weakly compact. Then K has an L-aisbcy, sequence {zx} such that (2.2)
holds for some sequence {,.} C (0,00) with &, < 27'47% k> 2.

Proof. Suppose that K is a nonempty, convex, closed and bouded subset of ¢, which
is not weakly compact. Since K is not w-compact in ¢g, by theorem 4 of [DLT],
there exist {y,} C K C ¢p and L > 0 such that {Ly,} is an aisbcg sequence and

Yn — y € 1™®\cp. Define z,, = Ly,, n € N. Since {x,} is an aisbcy sequence then
it is convexly closed and by remark 1.1 we can suppose that {z,} satisfies (1.1) for
some sequence &, C (0,00) with &, < 27147" n > 2 that is

sup(l+¢e,)” Zt Z tnxn|| < sup(l+e,) Z til, (2.6)
neN n—1 oo neN j=n

for all {t,} € I*. Suppose that z,, = {a?}°, and = = {ax},. Since z,, = z €
[°°\¢p we have that xz,, converges coordinatewise to x and

Z'a >O n,i € N. (2.7)

Moreover, since x,, converges coordinatewise to z we also have that ||z, — z||s — 0.

Fix {0,} C (0,v2—1) such that 6,41 < d,, n € N. Since ||z,, — z|[; — 0, there
exists B > 0 such that ||z, — z||s < B. Define Ny = 1, a; = B and b; = 1. Since
l|zn — z||s — 0, there exists My € N such that

- |am_a;1| 1
Z T om [zg —2r|[s < m7 q,r > M.
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Take ny; > M;. From (2.7) we can select Ny € N such that Ny > Ny,

0<Z i ~ml .

o lam — ol
Py= Z mimm >0,
m=N;+1
1
Py = 337 > 0,
and
> la — | ( 1 )
Y, <1 :
N1 2 14 6o

Since ||z, — z||s — 0, there exists Ms € N such that

|a 1
- —Trlls < s 4, ZM
Z sy = wrlle < gy 7 2 M

457

(2.10)

Since z,, converges coordinatewise to z, by (2.8), (2.9) and (2.10), there exists ng >

max { Mz, n1} such that

n2|

0<ag = Z — <ai,

N2 ny no
all —
bg = Z | m — m | > 07
m=N1+1
bg - QTZ > 0,
> ny _ N2 1
> Heen(-ng)
m=Na+1 + 02

and also that

= a2 — ap, 1 1
0<Z|2m:||xn2—x||s<2(b2—2N2>.

m=1

Let N3 € N such that N3 > Nz,

N3 ‘Oén2 _ Oém|
Py = Z - m > 07
m=Nz+1
1
P — > 0,
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and
o

|z — vy < 1 >
D e Y :
v 2 1443
Since ||z, — z||s — 0, there exists M3 € N such that

o~ log, —a,| 1
B Sm = |y = alls < s, @7 > M.
mZ:l om qu ‘/E”‘HS 2N3(1+($4) q, 7 =2 3

Since x,, converges coordinatewise to z, there exists ng > max { M3, no} such that

N3
= ot —amp| _ 1 1
O<a3:m_1T<§ b2_2N2 5

N3 no ns
(6] —
b3E Z | QO ml >07
m=Nz+1
1
b3—273 >0
© ne _ N3 1
3 W<b3(1_1 . )
m=Ns3+1 + 3

and also that

o’ — | 1 1
0< B <~ by — .
mz;l m 2\ 2N
Continuing in this way we can construct sequences {ax}ro, C (0,B] and {bx},-, C
(0,1] such that a; = B, b =1,

N NE—1 n
Qm — Oy 1 1
0<akz|2m‘<2<bk_121\/k1>’k23’ (211)
m=1
b, = f: Ll 2.12
k= T om >0, k=22 (2.12)
m=Ng_1+1

1
b — >0, k>2,

2N
1
2ak+1<bk—27k<bk<a,k, kZQ
and
00 MNk—1 Nk
«a -« 1
) "”7’”<bk 1- k> 2. (2.13)
2m 14 0
m=Ny+1

Since 2agy1 < ag, k > 2, then axy1 < ag, k > 2, and by construction we have that
as < aj. Moreover, since ny; > M; and ny > max {My,ng_1}, k > 2, by construction
we also have

ISCRNOY 1

Nk |am il
mzzl 2m < 2Nk (1 + Og41)

, keN. (2.14)
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Take now {t,} € I* such that ;2 tx = 0. Let Ny = 0. Since

o0 oo o0

n n
E thnk: E tk()élk’,g tkaf,... s
k=1 k=1 k=1

then

oo
E thnk
k=1 s

m=1 k=1
oo Niy1 1 oo
S )
i=0 m=N;+1 k=1
Let o = ayy, . Since > po; t = 0, we have
o0 o0
Ztka%’“ = Ztk (ks — )
k=1 k=1
oo
- (T 3 ) e
k=1 1=k-+1
oo

CS (S e

Z Z tka”‘“
m= 1

00 S
g = aml =D Dt lagy —ap

Thus,

N1 1
> o
m=1

p=2 |k=p
N2 1 o0
Nk
D |2tk
m=N1+1 k=1
N2 oo
S S A I M AP
m:N1+1 k=2 p#2 |k=p
i Nk
> Ztka
’ITL:N2+1
> E om E ti| |lag? — ap?| — E E ti| lagy — app—t
m=Ny+1 p#3 |k=p

Therefore, from (2.14), (2.12) and (2.13) we obtain

459
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0o Ny oo
A e )
- 2m 2771,
k=1 m=1 m=N1+1
o0 N1 N2 o0
+ Zt 7z|0433*0%1 + Z lagz —apt| Z lag? — ap |
k=2 m=1 m=N;+1 m=No+1

Z m — QTLQ‘ i |am am
2m

m=Na+1 m=N3+1
oo oo
‘04"4 _ an3| ‘an4 _ n | |an4 _ angl
z( >l el 3 -y bl
k=4 m=N3+1 m=N4+1

1
< 2N ( 1+5) b2b2<11+62>)

- 1 1
tl (oo by — by (1
. 2 * ( (40 ( 1+53>)+
— 1 1
te| (| —=———+bs— by [ 1—
+Z< 2o(i+b0) ( mn))*
et )
pod J 2Ne(1465) 140y
N N A TR P
> (M) 2 e
k=2 |j=k 1+ 0k k=1 |j—=k 1+
since Zakﬂgbk—ﬁ, > 2. On the other hand, by (2.11) and (2.13) we have
o0 oo oo 1
Zthﬂk < Z th (ak—l—bk (1— 1535 ))
k=1 s k=2 |i=k k
= A}
=2 |i=k k
oo oo 1
e (2_ )
= i 1+ 0
< Z th ak (14 dg) .
k=1 |j=k
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Then we obtain

Z th fi’j‘gl < Ztkznk SZ(1+5IC) th ag, (215)
k=1 |j=k k k=1 < k=1 =k

for all {5} € I* with >";2, tx = 0. Since {z,, } is a subsequence of {x;}, then {z,, }
is convexly closed with the norm [|.||cc and hence with the norm |[.||4. Since ||.||o =
[|-[oc + a||.]|5; by (2.6), (2.15) and remark 1.1 we obtain

sup 1+€k Zt —&—az (14 6k)~ Zt 2ap41 <

keN

<sup1+sk Zt JrOéZ (1+0x) Zt a,

keN

for all {t,} € I' with 372, #, = 0, for a new sequence ¢, C (0,00) such that ¢, <
27147% k> 2. Finally, define 2, = y,,,, n € N. Then {z} is the desired sequence.
O

From propositions 2.2 and 2.1 we get the following result.

Theorem 2.1. Let K be a nonempty, convex, closed and bounded subset of coq. If
K is not weakly compact, then there exist C C K monempty, convex and closed and
T:C — C affine, nonexpansive and fized point free. Moreover, T is contractive.

As we said, in [FGB], Fetter H., and Gamboa de Buen B., showed that for all
a > 0, the cg,, space has the w-FPP, then from this result and theorem 2.1 we obtain
the following theorem.

Theorem 2.2. Let K be a nonempty, convex, closed and bouded subset of con. Then

K is weakly compact if and only if every nonempty, convexr and closed subset of K
has the FPP.

We think that the conjecture of Llorens-Fuster and Sims is also true in the cgq
setting.

Now we turn to the ¢, space.

Define 7 : ¢ — K by n({xx}) = limzy. Thus, 7 € ¢*. Take a € K and consider
the set 7~ 1({a}). Define U : 7= 1({a}) — co by U({;}) = {z; — a} . In the proof of
corollary 7 given in [DLT], it was shown that U is an affine mapping and that

U (r ' ahole. @)y, ) — (00(co,c5)

is a homeomorphism. Since ||.|[, and ||.||, are equivalent, we also have that = € c,
and that

U (77 ({ad) o (car i), 1y ) — (a0 (c0s i)
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is a homeomorphism.
Consider K C ¢, nonempty, convex, closed and bounded which is not w-compact.
Set
Q(K) ={aeK:n '({a}) N K is not w-compact in ¢, } .
Since K is not w-compact in ¢,, by lemma 6 of [DLT] we have that Q(K) # ¢.

Theorem 2.3. Let K be a nonempty, convex, closed and bouded subset of c,. Then

i) The set K is weakly compact if every nonempty, convex and closed subset of
K has the FPP.

i) For a € [0,1), the set K is weakly compact if and only if every nonempty,
conver and closed subset of K has the FPP.

Proof. 1). Suppose that K is not weakly compact in ¢,. Then there exists a € K
such that 77! ({a}) N K is not w-compact in ¢, and hence U (77! ({a}) N K) is not w-
compact in ¢gq. By theorem 2.1, there exist D C U (7~!({a}) N K') nonempty, convex
and closed and R : D — D affine, nonexpansive and fixed point free. Moreover, R
is contractive. Therefore C' = U~!(D) is a nonempty, convex, closed and bounded
subset of 771 ({a})NK C K and the operator T = U~*RU : C — C' is nonexpansive
and fixed point free.

ii). This result follows by i) and that for & € [0,1), the space ¢, = (¢, ||.||o) has
the w-FPP. See [FGB]. O

Remark 2.1. If in the definition of ||.||, we take a sequence {u,} C (0,00) such that
S up <00 and Yo7 up < Uy, m € N instead of the sequence {5~} , then we
obtain analogous results to those given in this work.
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