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1. INTRODUCTION

Problems with non-local conditions have been extensively studied by several au-
thors in the last two decades. The reader is referred to [1]-[6] and [9]-[19] and references
therein.

Here we are concerning with the Cauchy problem of the differential equation

2 (t) = f(t,z(t),2'(t)), for a.e. t € (0,1) (1.1)

with the general internal nonlocal condition
m n
> ax(n) = @) bjx(n) (1.2)
k=1 j=1
where 7 € (a,¢), n; € (d,b), 0 < a < ¢<d < b < 1 and « is parameter.
Our aim here is to study the existence of at least one absolutely continuous solution
x € AC[0,1] for the problem (1.1)-(1.2) when the function f is measurable in t €
[0,1] for any (ui,usz) € R? and continuous in (u1,uz) € R? for almost all t € [0,1].
Also we deduce the existence of solutions for the Cauchy problem of equation (1) with
the nonlocal integral condition

/: 2(s) ds = a/db 2(s) ds. (1.3)
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It must be noticed that the following nonlocal and integral conditions are special cases
of our nonlocal and integral conditions

z(t) = Bz(n), 7 € (a,c) and 7 € (d,b), (1.4)
> apx(r) = Bx(n), 7 € (a,c) and 7y € (d,b), (1.5)
k=1

> agx(n) = 0, 7% € (a,0), (1.6)

k=1
[t ds = pata), e @), (17)

and .

/ z(s) ds = 0, (a,c). (1.8)

The following theorems will be needed.
Theorem. (Kolmogorov Compactness Criterion) (see [8])
Let QC LF(0,1), 1< P<oco. If
(i) € 4s bounded L?(0,1),
(ii) zp = x as h — 0 wuniformly with respect to x € ), then Q is relatively
compact in LY (0,1), where

Theorem. (Schauder) (see [14])
Let U be a convex subset of a Banach space X , and T : U — U is compact,
continuous map. Then T has at least one fized point in U .

2. EXISTENCE OF SOLUTION

Consider the nonlocal problem (1)-(2). Let d’fisf) = y(t), then
y(t) = ft,2(t),y(1)) (2.1)
and
z(t) = z(0) +/0 y(s) ds. (2.2)

Let ¢ =71 in (2.2), we obtain

z(mx) = z(0) + /OTk y(s) ds,

than
m m m Tk
Z arx(Ty) = Z arz(0) + Z ak/ y(s) ds. (2.3)
k=1 k=1 k=1 0

Let t=mn;in (2.2

), we can obtain
n

nj
0

az bjx(n;) = ozZ b;z(0) + OzZ bj/ y(s) ds. (2.4)
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From (2.3) and (2.4), we obtain

Zak/ ds—aZb / y(s) ds). (2.5)

Substitute from (2.5) into (2.2), we get

Zak/ ds—aZb/ s) ds) + /Ot y(s) ds, (2.6)

where 3 is the solution of the functional integral equation

s ta e [ o ds—azb [7 vras [ v ast v )

Then we proved the following lemma.
Lemma 2.1. Let a3 b; # —>' ax. Then the solution of the nonlocal
problem (1)-(2) can be expressed by the integral equation (2.6) where y is the solution
of the functional integral equation (2.7).

Consider the functional equation (2.7) with the following assumptions

(i) f:[0,1] x R?® — R is measurable in t € [0,1], for any (u1,u2) € R?> and
continuous in (u1,u2) € R% , for almost all t € [0,1] .
(ii) There exists a function a € L1]0,1] and constant b; >0 ; i =1,2 such that

2
|f(t,ur, uz)| < la(t)] —|—Z biluil; Y(t,ui,us) € [0,1] x R2.
i=1
(iii) (Ab1 (221:1 ak + o Z?:l bj) +b1+0b) <1
Now, we have the following theorem.
Theorem 2.1. Assume that the assumptions (i) - (iii) are satisfied. Then the func-

tional integral equation (2.7) has at least one solution y € L1]0,1].
Proof. Define the operator H by

= e A [ o ds—azb/ s+ [ ots) dsh, ulo).

(2.8)
Let

Br=A{y: |lylle, <r r>0},

r=lall(1 = (Ab1(>_ar+a D bj)+by+by)) "

k=1 j=1
Clearly B, is nonempty, convex and closed .
Let y € B,, then from assumptions (i) and (iii), we obtain

ol = [ |ft{AZak [ u ds—azb [ vtoris) + [ woras) ey
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/ (Ja(t Hbl\AZak/ dszaZb/ ds+/t (5)ds| + baly(#))dt
/ (la(t)|4+Aby Zak/ +Ablaji1/0m ly(s)|ds—+b1 /Ot ly(s)|ds+bsa|y(t)])dt

< |lall + Ab ZakllyHJrAmeb yll =+ ballyl] + b2l [yl
k=1 j=1

<|lall + (Aby Y ar + Abray by + by + o)yl
k=1 j=1

<|lall + (Ab1 (D ax +a > b;) + by +b)|lyl|
k=1 j=1

< H(IH + (Abl(Zak —i—aij) + by + bg)?“ <r.
k=1 j=1
Then ||Hyl||lL, < r, which implies that the operator H maps B, into it-
self, i.e H : B, — B,..
Assumption (ii) implies f € L1 — L1 and assumption (i) implies that H is continu-
ous. To apply Schauder fixed point theorem it remains to show that H is compact
Now, let ©Q be a bounded subset of B, , therefore H(Q2) is bounded in L4[0, 1],
i.e condition (i) of Kolmogorov compactness criterion is satisfied, it remains to show
that
(Hy)n — (Hy), in Lq1[0,1].

Let y € Q C L1]0,1] , we have the following estimation

1
(Hy)n — (HY)||z, :/0 [(Hy)n(t) — (Hy)(1)] dt

= [ [T e as-emora < [ G [ e - e @
< /01 ill/tt% (s AZak/ dT—aAZb / d7+/9 (r)dr; y(s))

tAZak/ ds—aAZb / ds—l—/t y(s)ds, y(t))| ds dt.

Now fel; —Liand yeQC Ly unphes that f € L1]0,1] and

1 [t+h m ™
E/ |f(37AZak/ y(r)dr
t k=1 0

_ aAZb / dT+/ y(r)dr, y(s) — f(t,Agak /OTk y(s)ds
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t
faAZb/ ds+/ y(s)ds, y(t))| ds — 0 as h — 0, forte[0,1].

Therefore (Hy)p, — (Hy), uniformly as h — 0. Then by Kolmogorov compactness

criterion, H() is relatively compact. Hence H has a fixed point in B, then there
exists at least one solution y € L1[0,1] such that y(t) = f(¢,2(¢),y(¢)), t € [0,1]. O
Theorem 2.2. Let the assumptions (i) - (iii) are satisfied. Then the nonlocal problem
(1)-(2) has at least one an absolutely continuous solution x € AC|0,1].
Proof. Form Theorem 2.1 and the integral equation (2.6) we deduce that there exists
at least one absolutely continuous solution z € AC(0, 1) of the integral equation (2.6).
Therefore the integral equation (2.6) has at least one absolutely continuous solution
x € AC(0,1) . Now,

t
tlgr(l)w Zak/ ds—aZb / ds)—l—hn% y(s) ds = z(0),

0

%gr%x(t) = A(;ak/o y(s) ds —aij/O y(s) d8)+/0 y(s) ds = z(1).

Then the integral equation (2.6) has at least one an absolutely continuous solution
x € ACI0,1] .
To complete the proof, we prove that the integral equation (2.6) satisfies nonlocal
problem (1)-(2). Differentiating (2.6), we get
dx dx
— = y(t) = f(t,z(t), —
= y(t) = f(a(0), 5

Let t =7 in (2.6) , we obtain

Zak/ ds—aZb / s) ds)+ /Oﬂc y(s) ds

).

= (A;ak +1) /o y(s) ds — aa; bj/o y(s) ds.

Then
m m m T m n n;
Z arx () = Z ar(A Z ag + 1) / y(s)ds — aA Z ay Z b / y(s)ds. (2.9)
k=1 k=1 k=1 0 k=1  j=1 0

Also, let t=mn; in (2.6), we obtain

Zak/ ds—aZb / s) ds) + /Om y(s) ds
= AZak/ ) ds + ( 1—aAZb /Om y(s) ds

Jj=1
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and

abenJ —aAZb Zak/ ds+aZb 1—aAZb / y(s)ds.
Jj=1 =

(2.10)
Subtraction (2.10) from (2.9), we obtain

Z arx(Ty) — O‘Z bjz(n;) =0
k=1 j=1

This completes the proof of the equivalent between the nonlocal problem (1)-(2) and
the integral equation (2.6). This implies that there exists at least one absolutely

continuous solution z € ACI0, 1] of the nonlocal problem (1)-(2). O
Now letting @« = 0 in (2), then we can easily prove the following corollary .
Corollary 2.1. Let the assumptions (i) - (iii) are satisfied. Then the nonlocal problem
dz(t) dx(t)
= .e. t 1
"~ p,a0, ), forae.t e 0),
Z apx(ty) = 0.
k=1

has at least one an absolutely continuous solution = € ACI0,1].

3. NONLOCAL INTEGRAL CONDITION

Let x € [0, 1] be a solution of the nonlocal problem (1)-(2). Let ap = tx, —tx—1,7% €
(tk—1,tx) = (a,c) C (0,1) and let b; = t; —t;_1,7m; € (tj—1,t;) = (b,d) C (0,1), then
the nonlocal condition (2) will be

m n
Z (ty — tr—1) Z tj —ti—1) z(n;).
k=1 j=1

From the continuity of the solution z of the nonlocal condition (2) we obtain

n
Azﬁo; b= te-1) aln) = Jiw a3 (6= ti-1) a(n).
J:

i.e the nonlocal condition (2) transformed to the integral condition

/: 2(s) ds:a/bd 2(s) ds (3.1)

and the solution of the integral equation (2.6) will be

/ / ) ds dt—a/ / ) ds dt) /Ot y(s)ds.  (32)

Now, we have the following corollary.



DIFFERENTIAL EQUATION o' (t) = f(t, z(t), 2’ (t)) 447

Corollary 3.1. Let the assumptions (i)-(iii) of Theorem 2.1 are satisfied. Then the
nonlocal problem with the integral condition
dz(t) dx(t)
= t,x(t
= ),

/aC x(s) ds = a/db x(s) ds

has at least one an absolutely continuous solution x € AC|0,1].

), fora.e.t € (0,1),

Letting o = 0 in (2.6), the we can easily prove the following corollary .
Corollary 3.2. Let the assumptions (i) - (iii) are satisfied. Then the nonlocal problem
dx(t dx(t
z(t) Ft, z(t), 2( )), fora.e. t € (0,1),

dt
/ x(s) ds = 0.

has at least one an absolutely continuous solution x € AC|0,1].

dt
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