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Abstract. Let H be a real Hilbert space. For each ¢ = 1,2,...m, let F;, K; : H — H be bounded
and monotone mappings. Assume that the generalized Hammerstein equation u + Y %, K;Fju =0
has a solution in H. We construct a new explicit iterative sequence and prove strong convergence
of the sequence to a solution of the generalized Hammerstein equation. Our iterative scheme in this
paper seems far simpler than the iterative scheme used by Chidume and Ofoedu [C. E. Chidume,
E. U. Ofoedu; Solution of nonlinear integral equations of Hammerstein type, Nonlinear Anal. 74
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1. INTRODUCTION

Let E be a real normed space and let S := {z € F : ||| = 1}. F is said to have a
Gateauz differentiable norm (and E is called smooth) if the limit

Ll iyl ]

t—0 t
exists for each z,y € S; E is said to have a uniformly Gateaur differentiable norm
if for each y € S the limit is attained uniformly for = € S. Further, F is said to be
uniformly smooth if the limit exists uniformly for (x,y) € S x S. The modulus of
smoothness of E is defined by

z+yll + |z -
i(r) o= sup{ ULl =]

E is equivalently said to be smooth if pg(7) > 0, V7 > 0. Let ¢ > 1, E is said to be
g-uniformly smooth (or to have a modulus of smoothness of power type ¢ > 1) if there
exists ¢ > 0 such that pg(7) < ¢r9. Hilbert spaces, L,(or [,) spaces, 1 < p < o0,

Liflall = 1, flyl =7 }; 7 >0,

427



428 C.E. CHIDUME AND Y. SHEHU

and the Sobolev spaces, WP 1 < p < oo, are g-uniformly smooth. Hilbert spaces are
2-uniformly smooth while

p — uniformly smooth if 1 < p <2

-
Ly(or £y) or W, is { 2 — uniformly smooth if p > 2.

Let E be a real normed space and let J,, (¢ > 1) denote the generalized duality
mapping from E into 2€" given by

Jo(x) = {f € B* : (x, f) = ||=[|* and ||f]| = [l[|*""},

where E* denotes the dual space of F and (., .) denotes the generalized duality pairing.
It is well known (see, for example, Xu [33]) that J,(z) = ||z||7"?J () if x # 0. For
g = 2, the mapping J = J, from FE to 27" is called normalized duality mapping. It is
well known that if E is uniformly smooth, then J is single-valued (see, e.g., [33, 34]).
A mapping A : D(A) C E — E is said to be accretive if Vx,y € D(A), there exists
j(x —y) € J(z —y) such that

(Az — Ay, j(x —y)) > 0.

For some real number n > 0, A is called n-strongly accretive if Vx,y € D(A), there
exists jq(x —y) € Jy(x — y) such that

(Gz = Gy, jo(z —y)) = nllz —yl|*.

In Hilbert spaces, accretive operators are called monotone. The accretive operators
were introduced independently in 1967 by Browder [1] and Kato [2]. Interest in such
mappings stems from their firm connection with equations of evolution. For more on
accretive/monotone mappings and connections with evolution equations, the reader
may consult any of the following references Berinde [3, 4], Chidume [5], Cioranescu
[6], Reich [7].

A nonlinear integral equation of Hammerstein type (see, e.g., Hammerstein [8]) is one
of the form

u(z) + . k(x,y) f(y, uly))dy = h(z) (1.1)

where dy is a o-finite measure on the measure space (2; the real kernel k is defined on
Q x Q, fis areal-valued function defined on 2 x R and is, in general, nonlinear and
h is a given function on Q. If we now define an operator K by

Ko@) = [ heply: « €9
Q
and the so-called superposition or Nemytskii operator by Fu(y) := f(y,u(y)) then,
the integral equation (1.1) can be put in the operator theoretic form as follows:
u+ KFu =0, (1.2)

where, without loss of generality, we have taken h = 0.

Interest in equation (1.2) stems mainly from the fact that several problems that arise
in differential equations, for instance, elliptic boundary value problems whose linear
parts possess Green’s functions can, as a rule, be transformed into the form (1.2).
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Among these, we mention the problem of the forced oscillations of finite amplitude of
a pendulum (see, e.g., Pascali and Sburlan [9], Chapter IV).

Example 1.1. The amplitude of oscillation v(t) is a solution of the problem

d% +a?sinv(t) = 2(t), t €[0,1]
{ 5(0) e (1.3)

where the driving force z(¢) is periodical and odd. The constant a # 0 depends on the

length of the pendulum and on gravity. Since the Green’s function for the problem
v (t) =0, v(0) = v(1) =0,

is the triangular function

t(l—2z), 0<t<ux,

k(t,x)—{ r(1—t), z<t<1,

problem (1.3) is equivalent to the nonlinear integral equation

v(t) = _/0 k(t,z)[z(x) — a® sinv(x)]dz. (1.4)
If
1
| bt)z(e)ds = g(t) and v(®) + 9(6) = ult),

then (1.4) can be written as the Hammerstein equation

1
u®)+ [ Kt f(wu()ds o
0

where f(z,u(x)) = a?sin[u(x) — g(x)].
Equations of Hammerstein type play a crucial role in the theory of optimal control
systems and in automation and network theory (see, e.g., Dolezale [24]). Several
existence and uniqueness theorems have been proved for equations of the Hammer-
stein type (see, e.g., Brezis and Browder [10, 11, 12], Browder [1], Browder and De
Figueiredo [14], Browder and Gupta [15], Chepanovich [17], De Figueiredo [23]). The
Mann iteration scheme (see, e.g., Mann [30]) has successfully been employed (see,
e.g., the recent monographs of Berinde [3] and Chidume [5]). The recurrence formu-
las used involved K ! which is also assumed to be strongly monotone and this, apart
from limiting the class of mappings to which such iterative schemes are applicable, is
also not convenient in applications. Part of the difficulty is the fact that the compo-
sition of two monotone operators need not be monotone. For more recent results on
Hammerstein equations, see, for example, [21, 22, 27, 35] and the references contained
therein.
Recently, Chidume and Ofoedu [18] introduced a coupled explicit iterative scheme
and proved the following strong convergence theorem for approximation of solution
of a nonlinear integral equation of Hammerstein type in a 2-uniformly smooth real
Banach space. In particular, they proved the following theorem.
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Theorem 1.2. (Chidume and Ofoedu, [18]) Let E be a 2-uniformly smooth real
Banach space. Let F, K : E — F be bounded and accretive mappings. Let {u,}52
and {v, }22; be sequences in F defined iteratively from arbitrary u;, v; € E by

Unp+1 = Unp — )\nan(Fun - Un) - )\nen(un - ul)v (1 5)
Un+1 = Un — )\nan(Kvn + un) - )\ngn(vn - Ul)a '

where {A,}52,, {@,}52, and {6,}52, are real sequences in (0,1) such that A\, =
0(0,), an =0(0,) and > 2, A0, = +oo. Suppose that u + K Fu = 0 has a solution
in E£. Then, there exist real constants €9, €1 > 0 and a set Q C W = E x E such
that if a,, < g¢6,, and A, < £16,,,Vn > ng, for some ny € N and w* := (u*,v*) €
(where v* = Fu*), the sequence {u,}>2 ; converges strongly to u*.

A nonlinear integral equation of Urysohn type (see, e.g., Gupta [25, 26]) has the form

ula) + / Az, y, u(y))dy = hz), (1.6)

where € is the domain of a o-finite measure in R. The inhomogeneous term h and
the unknown function u are measurable on . The function A : Q@ x Q@ x R — R is
called the Urysohn kernel. When

Az, y,r) = k(z,y) f(y,7),

the Urysohn equation becomes a Hammerstein one.
In this paper, we shall discuss convergence results for Urysohn equations in which the
kernels are of the form

m

A(xayar) :Zki(xay)fi(yar)a Vﬂ?ayGQaTER- (17)
i=1

The integral equations with these kernels can be regarded as generalized equations of
Hammerstein type and integral equation (1.6) with kernel in equation (1.7) can be
put in operator theoretic form:

u—l—ZKzeu =0, (18)

i=1

where, without loss of generality, we have taken h = 0. The study of equation (1.8)
was initiated by Browder [13] and further developed by Joshi [28] and Gupta [25, 26].
More recently, Chidume and Shehu [19] generalized the results of Chidume and Ofoedu
[18] and proved the following strong convergence theorem for approximation of solu-
tion of generalized equation of Hammerstein equation in real Hilbert spaces.

Theorem 1.3. Let H be a real Hilbert space. Foreach: =1,2,...m,let F;, K; : H —
H be bounded and monotone mappings. Let {u,}52, {vin}ieq, i =1,2,...,m be
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sequences in H defined iteratively by

Up41 = Up — AnQin <un Zz 1 K;v; n) )\n - ’LL1),
Vin+1 = Vin — )\nan(Flun - vl,n) >\n9 (’U] n — U1 1)
A (V2,n — v2.1),

V2n+1 = UV2n — )\nan(F2un - U2,n)

Umn+1 = Um,n — )\nan(qun - Um,n) - )\nan(vm,n - Um,1)7

where {\,}52, {@,}52, and {6,}52, are real sequences in (0,1) such that A\, =
0(6,), a, = o0(0,) and > "2, A0, = +oo. Suppose that u + >." | K;F;u = 0 has a
solution in H. Then, there exist real constants g, €1 > 0 and a set 2 C W such that if
ap, < gob, and Ay, < 10,0 > ng, for some ng € N and w* := (u*, 27, 25,...,2}) €
Q (where f = Fu*, i =1,2,...,m), the sequence {u,}52, converges strongly to u*.
We remark here that conditions imposed on the iteration parameters in Theorem 1.2
and Theorem 1.3 are too strong compared to the conditions we shall imposed on our
iteration parameters in Section 3.

It is our purpose in this paper to introduce a new explicit iteration scheme which
converges strongly to a solution of generalized equations of Hammerstein type u +
S KiFyu =0 in real Hilbert spaces when K;, F;, i =1,2,...,m are bounded and
monotone. Our iterative scheme in this paper seems far simpler than the iterative
scheme used by Chidume and Shehu (Theorem 1.3) in real Hilbert spaces. Thus,
our results improve the results of Chidume and Shehu (Theorem 1.3) in real Hilbert
spaces. Furthermore, our results improve and generalize the results of Chidume and
Ofoedu (Theorem 1.2) in real Hilbert spaces.

2. PRELIMINARIES
We shall make use of the following lemmas in the sequel.
Lemma 2.1. Let H be a real Hilbert space. Then
[z +yl* < [l2* + 2y, = +y),
forallx,y € H.

Lemma 2.2. (see, e.g., [4, 32]) Let {a, }52, be a sequence of nonnegative real numbers
satisfying the following relation:

An+1 S (1 - an)an + On, M Z 17
where {a, }52 1 C [0,1] and {0, }5% is a sequence in R such that - | a,, = co. Sup-
pose that o, = o(an), n > 1 (i.e., lim 2= =0) or )", |on| < 400 orlimsupZ= < 0.
n—oo0 &n n—oo
Then, a, — 0 as n — oo.

Lemma 2.3. (Shioji and Takahashi, [31]) Let (xq, 21, X2, ...) € loo be such that ppz, <
0 for all Banach limits p. If imsup(x,4+1 — ,,) < 0, then limsupz,, < 0.

n—oo n—oo
Lemma 2.4. (Lim and Xu, [29]) Suppose E is a Banach space with uniform normal
structure, K a nonempty bounded subset of £ and T : C — C is a uniformly L-
Lipschitzian mapping with L < N(E)%. Suppose also there exists a nonempty bounded
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closed convex subset B of C' with the following property (P):
x € B implies wy,(z) € B,
(where wy,(x) is the w-limit set of T at x, that is, the set {y € E : y = weak w —

lim T™z for some n; — oo}). Then T has a fized point in B.

3. MAIN RESULTS

Theorem 3.1. Let H be a real Hilbert space. For each i = 1,2,..m, let F;, K, :
H — H be bounded and monotone mappings. Let {u,}52q, {vin}oe, i=1,2,....,m
be sequences in H defined iteratively from arbitrary ui, v;1 € H by

Up+1 = Up — ﬁ% (un + Zzil Kivi,n) - ﬂn(un - U1)7
Vin+1 = Vi,n — Bz(Flun - Ul,n) - 5n(v1,n - U1,1),

V241 = Vo, — BE(Foty — van) — Br(ven — v2.1), (3.1)

Um,n+1 = Um,n — ﬁr%(qun - Um,n) - 5n(vm,n - Um,l)y

where {8,152, is a real sequence in (0,1) such that lim 5, = 0. Suppose that
n— 00

i=1

has a solution in H. Then, the sequences {un}o2q, {vin}tor,, ¢ = 1,2,...,m are
bounded.

Proof. We exploit the method used in Chidume and Shehu [19]. Let
W:=HxHx...xH

be the Cartesian product with (m + 1) factors and the norm

lollw == (P + D [l )
=1

Nl=

Define the sequence {w,}>2, in W by w, = (un,V1n,V2n,...,Vmn). Let u* be
a solution of u + >I" | K;Fu = 0, 7 = Fyu*, 23 = Fou*,... 2}, = Fou* and
w* = (u*,zf,23,...,2%). We observe that u* = —> " | K,z}. It suffices to show

that {w,}52; is bounded. For this, let ny € N, then there exists » > 0 sufficiently

large such that wy € B(w*, §), wn, € B(w*,r). Define B := B(w*,r). Since F;, K;
are bounded, then

m 2
MQZSUP{HU‘i‘ZKﬂi H+2r2 (U, w1, T, T) GB} < 400
i=1

M; = sup{||Fyu — z||% + 2r% : (u, 21, 22,...,%,) € B} < 400, i =1,2,...,m.
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Let M = Z;’;O M;. We show that w,, € B for all n > ng. We do this by induction.

By construction, w,, € B. Suppose w, € B for n > ng. We prove that w,41 € B.
Observe that

m
lwnt1 = w|* = {[unt1 = w*]* + D |vinsr — 25|
i=1
Then, we obtain

|\un+1—u*|\2 = |‘un7U*7ﬂi(un+ZKivi,n> 7Bn(un*ul)||2
i=1
m
= up —u*|]* - 2<6i (un + ZKivi,n) + B —u1), uy — u*>
i=1

|

i+ 3 )
i=1

IN

m
[ = w12 = 282 (i + D Kot — ")
i=1

—2B (U — Ut Uy — ) + 452 M. (3.2)

But since K; is monotone, we obtain
m m m
<un + ZKivi,mun — u*> = <un + ZKﬂh’,n —ut - Z Kz} u, — u*>
i=1 i=1 i=1

= [fun = u*|* + (K1v1, — Kaiag, (un — w*) + (01, — 27) = (V1,0 — 27))
+(Kavs,,, — Koxh, (uy, — u™) + (Vo — 5) — (V2,0 — T3))
+ o (K vmn — Ky, (Un, —u") + (Umn — ) — (Umn — 20))
> |fun —u*[|* + (Kyv1,0 — Kia7, (ug — u*) = (V1,0 — 7))
+(Kav ,, — Koy, (uy, — u*) — (va,n — 23))
+. oo+ (Epvmn — Ky, (un, —u™) — (U — Ty )
and
(U, — U1, U — ™) = [|un — u*||* + (U — ug, up — u*).
Thus, substituting in (3.2), we obtain
tn1 —w[? < (1= 28,)]|un — || + 265 Ao
—2Bp (u* — Uy, Uy, — u*) + 462 My (3.3)
where

Ag = sup [(Kq1v1,, — Ky27, (U — u*) — (V1,0 — 27))

n>ngo
+<K2U2,n - KQJSZ, (Un - U*) - (U2,n - 1‘3»
+...+ <Kmvm,n - Kml':w (’U,n - U*) - (’Um)n - x:z)>|
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Also,

o141 — 25 = lvin — 27 — BA(Fiun — v1n) = Ba(v1n — vi1)|?

= ||U17n - 'rgls||2 - 2<ﬂT2L(F1u77/ - Ul,n) + ﬁn(vl,n - 'Ul,l)/Ul,n - $T>
82118 (Fitn — v1,n) + (V1,0 — v11)|[?
[v1,n — 5|17 — 2B2(Fittn — v1n, V1,0 — TF)

—2Bnlvin — 23|17 = 2B (0} —via, 010 — @}) + 462 M. (3.4)

IN

Observe that

* * * *

(Fiy — 010,010 — 27) = (Fity — Fivy, + Fivi, — Fia] + Fia] — v1,, 01, — 27)
* * * *
= (Fivin — Fiay, v, — 27) + (Fiu, — Fivi, + Fia] — vi g, v, — 27)

> (Fiup — Froyp + Fia] — vig, v1,, — 27).
Substituting this into (3.4), we have

lorn1 —21]? < (1 =280)[|v1n — 7 ° + 2854
—25n<$>{ —V1,1,V1,n — $T> -+ 452M1 (35)

where A; = sup [(Fiu, — Fiv1 n + Fiz] — v1,,v1,, — 27)|. Continuing, we have for
n>ngo

each i = 2,3,...,m that

vimgr — 23 |> < (1 =280)l[vin — 271> + 285 4;
—2ﬁn<.’br — Vi1, Vin — l';k> + 4ﬁ721M1 (36)
where A; = sup [(Fiup — Fiv1 + Fix} — vipn, vip —2))]. Let A = 21‘10 A;. Then,

n>ngo

from (3.3), (3.5) and (3.6), we obtain

[wnpr —w*||? < (1= 28,)[|w, —w*|* + 2674
725n |:<U* — U1, Un — U*>

+ 3@k = vi v — @)| + 482M (3.7)
=1

IN

(1= 28w, — w*||? + 282 A+ 482 M
+Ballwn = w2 + [fwn — w*|?]
= (1= Ba)llwn — w I[P+ Bal un — w|? + 2624 + 452 M

2
< (1=Bu)r?+ ﬁn% +2B2A + 452 M
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. . _ . f”z T2 .
Since nlgI;oﬁn = O7 then ,8n < min {m, m s vn 2 ng. 'I‘hen7 we obtain

2
. r
[|wnt1 —w H2 < (1- Bn)TQ + an + ZBZA + 462M
2 6nr2 6nAT2 BnTQM

< Q=B+ =+ 9y T i
< (1-p+ 20
= 2—Bnr2<r2.

Hence, w,+1 € B.
Thus, by induction, {w,}2; is bounded and so are {u,}5;, {vin}il, @ =
1,2,...,m. This completes the proof.

Theorem 3.2. Let H be a real Hilbert space. For each v = 1,2,..m, let F;, K; :
H — H be bounded and monotone mappings. Let {un}52q, {vin}oe:, i=1,2,....,m
be sequences in H defined iteratively by (3.1), where {5,}52, is a real sequence in
(0,1) such that nler;oﬂn =0and Y7 Bn = +o0. Suppose that u+ Y ;" K;Fiu =0
has a solution in H. Let W := H x H x ... x H be the Cartesian product with
(m+ 1) factors. Then, there exists a set Q@ C W (defined below) such that if w* :=

(u*, 23,25, ...,25) € Q (where xf = Fu*, i =1,2,...,m), then sequence {uy}5>,

converges strongg to u*.

Proof. Since, by Theorem 3.1, we have that {u,}52;, {vin}s2;, ¢ = 1,2,...,m
are bounded, there exists R > 0 sufficiently large such that w, € By(u*,R), v;n €
By(zf,R), Yn>1, i =1,2,...,m. Furthermore, the sets By (u*, R) and By (z}, R)
are bounded, closed, convex and nonempty subsets of H. For each ¢ = 0,1,...,m,
define the maps ¢; : H — R by

wo(@) = pnllun — 2l|F, @i(y) = pnllvin —yllE, i=1,...,m
where p is a Banach limit). en for each ¢ = 0,1,...,m, ¢; is continuous, convex
here pisa B h limit). Then f h:=0,1 p; i ti

and coercive. Since H is reflexive, there exist * € By (u*, R) and y} € By (z}, R)(i =
1,...,m) such that

wo(z*) = min{yg(z) : z € By (u*,R)}

and
wily;) = min{ei(y) : y € Bu(z], R)}.
So, the sets
Qg := {u € By(u*,R) : ¢o(u) = min cpo(x)}
z€Bpy (u*,R)
and
Qi 1= {ws € Bu(al, B) s gilwg) = _min__gi(y)}

yEBH(a:: )R)

are nonempty sets.
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Let t € (0,1), Q := Qg X Q1 X ... x Q, and let w* := (u*,z},25,...,25) € Q.
Then, by convexity of By (u*, R), we have that (1 — t)u* + tu; € By (u*, R). Thus,
| [t — w*||? < pn ||t — (1 — t)u* — tuq||?. Moreover, we have, by Lemma 2.1 that

[t — u* —t(uy — u)||* < | — u*||* = 2t{us — u*, uy — u* — t(ug — u*)).
This implies that p, (u; —u*, u, —u* —t(u; —u*)) < 0. Furthermore, we obtain that

tlgr(l)((ul—u s Up — U >—<u1—u yUp — U —t(ul—u )>) = 0.

Thus, given € > 0, there exists 6. > 0 such that for all ¢t € (0,0,) and Vn € N,
(ug —u™  up —u™) < e+ (ug —u*,uy —u™ —t(ug —u)).
Taking Banach limit on both sides of this inequality, we obtain
tn{ur —u™ u, —u®) <e.
Since € > 0 is arbitrary, we have
tn{uy — u* uy —u) < 0.

Furthermore, since {u,}52q, {vin}o2y, Fi, K, ¢ =1,2,...,m are all bounded, we
have from (3.1) that

1 = ttnl| < B | Bullfunl| + D [[EKsvill) + [un = wall] < BuFo,
i=1

for some constant Ko > 0. Thus, lim ||up+1 — uy|| = 0. Again, we have
n—oo

lim (i1 = s wgr = ) = (g = "y — ) ) = 0.
n— oo

Thus, the sequence {(u; —u*, u, —u*)} satisfies the conditions of Lemma 2.3. Hence,
we obtain that

lim sup(u; — u*, u, — u*) <0.
n— oo

Following the same line of arguments, we obtain

. N X .
limsup(v;1 — zf,v;p —2;) <0, i=1,2,...,m.
n—o0
Now, define
—— * * —— * * .
oy = max{(u;—u*, u,—u"*),0} and §; ,, := max{(v; 1—x;,v; n—;),0}, (i=1,...,m)
then, lim o, =0= lim & ,, 1 =1,2,...,m. Furthermore,
n—oo n—oo

(ug —u*,up —u™) <oy

* * .
<’Ui,1 —.’I?i,Ui’n—LL'Z) Sgi,n, z:1,2,...,m.
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From (3.7), we have

lwnsr —w|* < (1= 260)|lwn — w||* + 2674

—28, [<u* g — )+ S @ v, v — x;ﬂ +482M
=1

(1= 28u)llwn = w’|[? + 2824+ 28, (0 + Y i ) +482M

i=1

IN

— (1= 280)llwn — w2 + 2807,

where v, = 8, A+ (Un—I—Z;Zl fi}n) 428, M. Hence, by Lemma 2.2, we have that w,, —

w* asn — 0co. But wy, = (un, V1n, V2,n, - .-, Umn) and w* = (u*, 27,25, ..., 2% ). This
implies that u,, — u*. This completes the proof.

Definition 3.3. Let E be a real linear space. A mapping T : D(T) C E — E is said
to be generalized Lipschitz if there exists L > 0 such that

1Tz = Tyl|| < L(1 + ||z — y||) Yo,y € D(T).

Clearly, every Lipschitz map is generalized Lipschitz. Furthermore, any map with
bounded range is a generalized Lischitz map. The following example (see, e.g., [16])
shows that the class of generalized Lipschitz maps properly includes the class of
Lipschitz maps and that of mappings with bounded range.

Example 3.4. Let £ = (—00,4+0) and T : E — E be defined by
x—1, x € (—oc0,—1),

o —/1=(z+1)?2 xe[-1,0),
z++/1—(x—-1)2 z€]0,1],

z+1, z € (1,+00).

Tx =

Then, T is a generalized Lipschitz map which is not Lipschitz and whose range is not
bounded.

Clearly, every generalized Lipschitz map is bounded. So, we obtain the following
corollaries.

Corollary 3.5. Let H be a real Hilbert space. For eachi =1,2,..m, let F;, K; : H —
H be generalized Lipschitz and monotone mappings. Let {un,}52,, {vin}ieq, i =
1,2,...,m be sequences in H defined iteratively by (3.1), where {8,}52, is a real
sequence in (0,1) such that nlLIIOloﬁn =0 and Y o7, Bn = +00. Suppose that

m
ut Y KFu=0
i=1
has a solution in H and w* = (u*,z},25,...,2},) € Q (where xf = Fu*, i =

1,2,...,m) with Q as defined in the proof of Theorem 3.2, the sequence {u,}>>
converges strongly to u*.
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Corollary 3.6. Let H be a real Hilbert space. For eachi=1,2,..m, let F; : H —> H
be generalized Lipschitz, monotone mapping and K; : H — H bounded, monotone
mapping. Let {u,}5L;, {vin}S2q, ¢ = 1,2,...,m be sequences in H defined itera-
tively by (3.1), where {152, is a real sequence in (0,1) such that nh_{%oﬁn =0 and

>0 Bn = +oo. Suppose that

m

U+ Z KiFiu =0

i=1
has a solution in H and w* = (u*,z},25,...,25,) € Q (where xf = Fu*, i =
1,2,...,m) with Q as defined in the proof of Theorem 3.2, the sequence {un}S 4
converges strongly to u*.
We make the following remark concerning how the condition ”there exists a set Q@ C W
(defined below) such that if w* := (u*,x},25,...,2%,) € Q (where z7 = Fu*, i =
1,2,...,m)” made in Theorem 3.2 can be checked.

Remark 3.7. Let m = 1. Let H be a real Hilbert space and F, K : H — H be
monotone mappings with D(F) = H = D(K). Let W:=H x H and A: W — W be
a mapping defined by

Aw = (Fu —v, Kv +u), Yw = (u,v) € W.

Then by the results of Chidume and Shehu [20], A is monotone. Suppose u+KFu =0
in Hand A: Hx H— H x H is defined by Aw = (Fu — v, Kv+ u), Yw = (u,v) €
H x H. Observe that v* in H is a solution of u+ K Fu = 0 if and only if w* = (u*,v*)
is a solution of Aw =0 in H x H for v* = Fu*. Let A71(0) := {w* € W = H x H :
Aw* = 0}.

Let I—A be a nonexpansive mapping on W = Hx H. Then 2 = Qqx; is a nonempty,
closed and convex subset of W = H x H (which is a Hilbert space) that has property
(P). By Lemma 2.4, it follows (since every nonexpansive mapping is asymptotically
nonexpansive with k, = 1 < N(W)z = 23,VYn > 1) that QN A~1(0) # 0.

Thus, if I — A is a nonexpansive mapping on W = H x H, then QN A=1(0) # 0.

Remark 3.8. It is easy to see that the iterative scheme studied in this paper seems

far simpler than the iterative scheme used by Chidume and Shehu [19] in the sense

that the conditions lim 8, = 0 and >~ , 3, = 400 on our iteration parameter
n—oo

are natural and not too strong compared to the conditions imposed on iteration
parameters by these authors. Prototype for our iteration parameter is, for example,

1

Remark 3.9. In Hilbert spaces, the results of Chidume and Shehu [19] generalize the
results of Chidume and Ofoedu [18] and our results in this paper improve the results
of Chidume and Shehu [19]. Thus, our results in this paper improve and generalize
the results of Chidume and Ofoedu [18] in real Hilbert spaces.
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