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Abstract. In this paper we present an application of a class of quasi-nonexpansive operators to
iterative methods for solving the following variational inequality problem VIP(F,C): Find @ € C
such that (Fu, z—u) > 0 for all z € C, where C is a closed and convex subset of a Hilbert space H and
F : H — H is strongly monotone and Lipschitz continuous. A classical method for VIP(F,C) is the
gradient projection (GP) method zFt! = Po(x* — uFxF) which generates sequences converging to
the unique solution of VIP(F,C) if > 0 is sufficiently small. Unfortunately, in many optimization
problems the GP method cannot be applied, because it requires an explicit computation of Pou®
in each iteration, where u¥ = z* — pFzF. To overcome this disadvantage of the GP method, one
can replace the operator Po employed in the k-th iteration of the method by a quasi-nonexpansive
operator Ty, and a constant u by A\, > 0, k > 0, satisfying (32, Fix T}, 2 FixT and limg A\, = 0.
The new method can be presented equivalently as a so called general hybrid steepest descent (GHSD)
method in the form uF*1 = TpuF — A\ FT,uF. One should, however, suppose something more on
the operators T}, in order to guarantee the convergence of u* to the solution of VIP(F,C). In this
paper we introduce a class of approximately shrinking operators, prove the closedness of this class
with respect to compositions and convex combinations and apply the operators from this class to a
general hybrid steepest descent method for solving VIP(F,C). We give sufficient conditions for the
convergence of the GHSD method as well as present several examples of methods which satisfy these
conditions. In particular, we apply the results in the case, when C' = (/_, FixU; and U; : H — H
are quasi-nonexpansive operators having a common fixed point, i = 1,2,...,m.
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1. INTRODUCTION

Let H be a real Hilbert space equipped with an inner product (-,-) and with the
corresponding norm ||-||. In this paper we consider the following variational inequality
problem (VIP): Given a nonlinear operator F' : H — H and a closed convex subset
C C H, find w € C such that

(Fa,z—1u) >0 forall z € C. (1.1)
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This problem, denoted by VIP(F, (), is a fundamental problem in optimization the-
ory, because many optimization problems can be translated into VIPs. The VIP
problem was intensively studied in the last decades; see, e.g., the two-volume book by
Facchinei and Pang [22], the book of Kinderlehrer and Stampacchia [29] and papers
by Yamada [38], Yamada and Ogura [39] and Hirstoaga [28]. In the whole paper
we suppose that F' is Lipschitz continuous and strongly monotone which guarantees
the existence and the uniqueness of a solution of VIP(F,C) (see, e.g., [40, Theorem
46.C]). The standard method for VIP(F,C) is the gradient projection (GP) method

" = Po(ab — pFa®), (1.2)

where Po : H — H denotes the metric projection onto C' (see [25]). If y is sufficiently
small, then the operator Po(Id —uF') is a contraction, consequently, the Banach fixed
point theorem yields the convergence of sequences generated by the GP method to
the unique solution of VIP(F,C). Denoting u* = 2* — uFx"* one can present the
method in an equivalent form

bt = Poub — pF Pouk. (1.3)

The method can be efficiently applied if the metric projection Pou* can be easily
computed. Otherwise, the method can be essentially affected, because PouF should
be computed in each iteration. Some researchers overcome this obstacle by replacing
the metric projection Po by a nonexpansive or a quasi-nonexpansive operator 1" with
FixT = C and the constant u > 0 by a sequence A, with limgy Ay, = 0 (see, e.g.,
[27, 36, 38, 39]). This leads to the method

uF T = Tub — N\ FTuF (1.4)

called by Yamada a hybrid steepest descent method (see [38]). Other researchers
apply different nonexpansive or quasi-nonexpansive operators T with Fix T, O C in
particular iterations (see [1, 10, 28, 30]). This leads to the method

ubtlt = Tkuk — )\kFTkuk (1.5)

called in [10] the generalized hybrid descent method.

In this paper we study generalized hybrid descent method (1.5) for solving
VIP(F,C), where T} are quasi-nonexpansive operators satisfying ﬂzio FixT, O C.
Roughly spoken, we suppose that the method generates sequences for whose the dis-
placement ||T,u® — u*|| cannot be too small for those u* which are far from C (see
also [39] and [28] for related assumptions). The paper is organized as follows. Section
2 contains preliminaries on nonexpansive, firmly nonexpansive, quasi-nonexpansive
as well as demi-closed operators. The properties recalled in Section 2 will be applied
in the rest part of the paper. In Sections 3 and 4 we introduce the notion of approx-
imately shrinking (AS) operators, present some basic examples of these operators
and give properties of AS operators, in particular, we prove that the family of AS
operators is closed under composition and convex combination. These properties are
applied in Section 5, where we extend the notion and the properties of AS opera-
tors to the uniformly approximately shrinking (UAS) families of operators. Section
6 contains one of the main results of the paper (Theorem 6.3), where we show that
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an application of UAS operators in (1.5), satisfying some additional conditions guar-
antees the convergence of {u*}2°  to a unique solution of VIP(F,C). In Section 7
we present several examples of GHSD method for VIP(F,C) with C = N, Fix U;,
where U; : H — H are quasi-nonexpansive operators having a common fixed point.
We apply the results of Sections 3—6 in order to prove that the sequences generated
by particular methods converge to a unique solution of VIP(F, ). The methods are
combined with a a string-averaging scheme which is presented in Section 7. More-
over, we present an independent convergence result (Theorem 7.6) dedicated to this
specific scheme. In the Appendix we prove the equivalence of some conditions for real
valued functions (Lemma 8.1). This result is used in the proof of the equivalence of
various definitions of approximately shrinking operators as well as in the proof of the
equivalence of various definitions of boundedly regular operators.

2. PRELIMINARIES

2.1. Nonexpansive and firmly nonexpansive operators. We say that U is n-
strongly monotone, where n > 0, if (Uz — Uy,z — y) > n|lz — y||? for all x,y € H.
We say that U is k-Lipschitz continuous, where k > 0, if |Uz — Uy|| < kljlz — y||
for all z,y € H. If k = 1, then U is called a nonexpansive (NE) operator. If
k < 1 then we say that U is a contraction. An example of a nonexpansive and
monotone operator is a firmly nonezpansive (FNE) one, i.e., an operator U satisfying
(Uz—Uy,x—y) > [|[Us—Uyl|? for all 2,y € H (apply the Cauchy—Schwarz inequality).
A relazation U, := Id +a(U — Id) of an FNE operator, where « € [0, 2], is called an
a-relazed firmly nonexpansive (a-RFNE or RFNE) operator. If « € (0,2) then the
relaxation U, of an FNE operator is called a strictly relaxed firmly nonexpansive
operator. Furthermore, U is FNE if and only if S := 2U — Id is NE (see [23, Chapter
12]). Equivalently, an operator S : # — H is NE if and only if U := (5 +1d) is
FNE.

Proposition 2.1. Let U; : H — H be (strictly) relazed firmly nonexpansive, i € I :=
{1,2,...,m}. Then

(i) a composition U :=U,,...U; and
(ii) a convex combination U =) _; w;Us, where w; > 0,i € I and ) w; =1

are (strictly) relaxed firmly nonexpansive.

Proof. See [33, Theorem 3(b)], [5, Lemma 2.2 and Proposition 2.1] or [7, Theorems
2.2.35, 2.2.42]. U

Let C C H and @ € H. If there is y € C such that ||y — x| < ||z — x| for all z € C
then y is called a metric projection of x onto C' and is denoted by Pcxz. Let C be
nonempty, closed and convex. Then for any « € H the metric projection y := Pox
is uniquely defined and characterized by the following inequality (z — y,z —y) < 0
(see, e.g., [20, Theorems 3.4(2) and 4.1]). A function d(-,C) : H — R defined by
d(z,C) := ||Pcx — z|| is continuous and convex, consequently, it is weakly lower
semi-continuous (see [21, Chapter I, Corollary 2.2]).
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2.2. Quasi-nonexpansive operators. Let U : H — H be an operator having a
fixed point. We say that U is quasi-nonezpansive (QNE) if [|[Uz — z|| < ||z — z|| for all
x € H and all z € FixU. We say that U is v-strongly quasi-nonexpansive (v-SQNE),
where v > 0, if

Uz — 2|* < [lo = 2)|* = yllUz — ||?

for all z € H and all z € FixU. If v1 < v and U is 72-SQNE then it is v1-SQNE. If
~ > 0 then U is called strongly quasi-nonexpansive (SQNE). We say that U is a cutter
if (z—Uz,z—Uz) <0 forall z € H and all z € FixU. A NE operator having a fixed
point is QNE. The fixed point set of a QNE operator is closed and convex (see [4,
Proposition 2.6(ii)]). U is a cutter if and only if its a-relazation is 2=*-SQNE, where
a € (0,2] (see [19, Proposition 2.3(ii)] and [7, Theorem 2.1.39]). In particular, U is a
cutter if and only if U is 1-SQNE. Furthermore, U is QNE if and only if %(U +1d) is
a cutter (see [4, Proposition 2.3(v)<(vi)] or [7, Corollary 2.1.33(ii)])

A FNE operator having a fixed point is a cutter (see [24, pp. 43-44] or [7, Theorem
2.2.5)).

Proposition 2.2. Let U; : H — H be p;-strongly quasi-nonexpansive, i € I =
{1,2,...,m}, with ,c; FixU; # 0 and p := mingeg p; > 0. Then:
(i) a composition U := U, ... Uy is £- strongly quasi-nonexpansive;
(ii) a conver combination U := ) w;Us;, where w; > 0,i € I and ) w; =1,
s p-strongly quasi-nonexpansive.
Moreover, in both cases,
FixU = () FixU;.
il

Proof. See [7, Theorems 2.1.26, 2.1.42, 2.1.48 and 2.1.50] O

A comprehensive review of the properties of NE, QNE, SQNE and FNE operators
can be found in [7, Chapter 2].

2.3. Demi-closed operators. We say that an operator U : H — H is demi-closed
at 0 if for any sequence {xk}i‘;o C H converging weakly to y € H and such that
Uxz* — 0 it holds Uy = 0. If we replace the weak convergence by the strong one then
we obtain the definition of the closedness of U at 0. If U is nonexpansive then U — Id
is demi-closed at 0 (see [34, Lemma 2]). It is clear that in a finite dimensional Hilbert
space the notions of a demi-closed operator and a closed one coincide. Note that a
continuous operator defined on a finite dimensional Hilbert space is closed.

3. APPROXIMATELY SHRINKING OPERATORS AND BASIC EXAMPLES

In this Section we introduce some subclasses of quasi-nonexpansive operators U :
H — H with the property that the displacement ||[Uz — z|| cannot be too small for
those x which are far from FixU. This property is important for the convergence
analysis of methods for solving variational inequality problem over FixU. These
convergence analysis will be presented in Sections 6 and 7.
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Definition 3.1. We say that a quasi-nonexpansive operator U : H — H is ap-
prozimately shrinking (AS) on a subset D C H if for any sequence {z*}3°  C D it
holds

lim |[Uzb —2F|| =0 = lilgnd(xk,Fix U)=0. (3.1)

We say that U is approximately shrinking if U is AS on any bounded subset D C H.
If U is AS then we say that the AS property holds for U.

Proposition 3.2. Let U : H — H be quasi-nonexpansive. Then the following condi-
tions are equivalent:
(i) U is approzimately shrinking.
(ii) For any bounded sequence {x*}3° C H and for any n > 0 there are v > 0
and ko > 0 such that for all k > kg it holds

|UzF — 2¥|| < v = d(2*, FixU) < 7. (3.2)
(iil) For any bounded subset S C H and for any n > 0 there is v > 0 such that for
any x € S it holds

Uz —z|| <y = d(z,FixU) <. (3.3)

Proof. The proposition follows from Lemma 8.1 (see Appendix) with f, g: H — [0, c0)
defined as

F(@) =Nl — Usll, g(x) = d(z, FixU).
O

Definition 3.3. We say that a quasi-nonexpansive operator U : H — H is linearly
shrinking (LS) if there is 6 > 0 such that for any = € #H it holds

Uz —z| > dd(z,FixU). (3.4)

It is clear that if U is linearly shrinking then it is approximately shrinking.
Conditions which play a similar role to (3.1) or (3.4) appear in many applications
(see [3, 6, 8, 26, 28, 31, 32, 34, 35, 39]).

Proposition 3.4. Let U : H — H be quasi-nonexpansive. If U is AS (LS) then its
relazation U, is AS (LS) for all o € [0,1]. If, furthermore, U is a cutter then its
relazation U, is AS (LS) for all a € [0, 2].

Proof. Let U be AS (LS). If @ = 0 then U, = Id and the claim is obvious. We have
Uyr —z=a Uz —z) for all z € H and all o € R, therefore, FixU, = FixU for any
a > 0. If « € (0,1] then the convexity of the norm and the quasi nonexpansivity of
U yield

ez —z|| = [[A-a)(z—2)+alUz—2z)| < -a)le—z|+al|lUz—z|
<l ==
for all x € H and z € FixU,, i.e., U, is quasi-nonexpansive. If U is a cutter and « €

(0,2], then U, is quasi-nonexpansive. In both cases we have ||Uyz —z| = a||Ux — z||,
consequently, U, is AS (LS). O
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Example 3.5. Let C C H be a nonempty, closed and convex subset. By the
characterization of the metric projection, P¢ is a cutter. Furthermore,

Fix Po = C.

Since a cutter is QNE and ||Pex — z|| = d(x, C), Pc is linearly shrinking. By Propo-
sition 3.4, an a-relaxation of Pc, where a € (0, 2], is linearly shrinking.

Example 3.6. Let dimH < oo, f : H — R be a convex function and Py : H — H
be a subgradient projection relative to f i.e.,

f(@) .
Pp(a) =" Tormeds (@) if gr(z) #0,
x otherwise,

where g¢(z) denotes a subgradient of f at « € #H. The existence of g(x) and,
consequently, of Py(x) follows from [3, Corollary 7.9]. Suppose that the sublevel set

S(f,0) :=A{z € f(z) <0} #0.

Then Fix Py = S(f,0) (see [7, Lemma 4.2.5]) and Py is a a cutter (see [7, Corollary
4.2.6]). By [10, Lemma 24|, Py is approximately shrinking. By Proposition 3.4, an
a-relaxation of Py, where o € (0, 2], is approximately shrinking.

Example 3.7. Let C C H be a nonempty, closed and convex subset and 6 € (0, 1].
Define set valued mappings T¢,Uc,Cs : H — 27 by

To(z) :={y e H|lly — 2| <[l — 2| for all z € C},

Uc(z) ={yeH|{x —y,z—y) <0forall z € C}
and

Cs(z) :={y e H [y — |l = d|[Pox — x||}.
Further, define set valued mappings ’T(‘; ,Ug cH — 2" by
Té(x) == Te(z) N Cs(x) and UL (x) := Uc(z) NCs(x), = € H.
It follows from the characterization of the metric projection that
Po(x) € Us(z), = € H.

Furthermore, U2 (z) C T&(z), € H, because a cutter is a quasi-nonexpansive op-
erator. Therefore, 73(z) # 0, * € H. Note that an operator T with FixT = C is
quasi-nonexpansive (a cutter) if and only if T" is a selection of T¢ (of Uc). Therefore,
it follows from [7, Corollary 2.1.33(ii)] that

1
Ue(z) = 5(7’@(3&) +x), x € H.
By definition, any selection T : H — H of ’Tg is linearly shrinking. In particular, any

selection U : H — H of Z/lg is linearly shrinking. In Figure 1 there are presented the
subsets T2 (x), U (z) for a closed convex subset C C H and for some z € H.
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R

Subsets 72 (x) and UL ()
Note that there are quasi-nonexpansive operators which are not approximately
shrinking, e.g., the operator U : H — H defined by

[ Ppx ifx¢D
Ux'_{ Pex ifxz e D,

where C:={z e H | ||z|| <1}, D :={x e H | |z] < 2}.

4. PROPERTIES OF APPROXIMATELY SHRINKING OPERATORS
In this section we present further properties of approximately shrinking operators.

Proposition 4.1. Let U : H — H, with FixU # (), be quasi-nonexpansive. Then the
following hold:

(i) If U is approximately shrinking, then U — Id is demi-closed at 0.

(ii) If dimH < oo and U —1d is closed at zero, then U is approzimately shrinking.

Proof. (i) Let U be AS and {z*}2°, C H be bounded. Assume that ¥ — z and
|Uzk — 2*|| — 0. Let {z"*}22, C {2F}22, be such that liminfy e d(z*, FixU) =
limg—, 00 d(z™,FixU). Then, by the AS property of U and by the weak lower semi
continuity of d(-, FixU), we have

0= lim d(z"*,FixU) = liminf d(z*, Fix U) > d(x, Fix U).
k—00 k—o00

The closedness of FixU (see Subsection 2.2) yields now z € FixU which proves
the demi closedness of U.

(ii) Assume that dimH < oo and U — Id is closed at 0. Let {z*}$2, C H be
bounded. Hence, there is a subsequence {z™*}%  of {z*}° ), which converges to
r € H. Without loss of generality we can assume that limsup,_, ., d(z* FixU) =
limy, oo d(x™*, FixU). Suppose that ||[Uz* — 2| — 0. The continuity of d(-, FixU)
implies that

0 <limsupd(z® FixU) = lim d(2™*,FixU) = d(z, FixU).
k— 00 k—o0
By the closedness of U —1d at 0 we get that « € Fix U, i.e., d(x, FixU) = 0. Therefore,
limg_s o d(2%, Fix U) = 0, which completes the proof. O
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Because a continuous operator is closed, Proposition 4.1 yields the following result.

Corollary 4.2. If a quasi-nonexpansive operator U : R™ — R"™ is continuous (e.g., a
nonexpansive one), then U is approxzimately shrinking.

An important subclass of quasi-nonexpansive operators with similar properties
to approximately shrinking operators was introduced by Yamada and Ogura [39,
Definition 1]. Below, we present an equivalent definition. A proof of equivalence can
be found in [9, Proposition 2.9].

Definition 4.3. We say that a quasi-nonexpansive operator U is quasi-shrinking on
a subset C' C H if for any sequence {u*}$2, C C the following implication holds

lilgn(d(uk, FixU) — d(Uu*, FixU)) = 0 = lim d(u*, FixU) = 0. (4.1)
If U is quasi-shrinking on H, then U is just called quasi-shrinking.

Proposition 4.4. If an operator U : H — H is quasi-shrinking then it is approz-
imately shrinking. Moreover, if dimH < oo and U is approzimately shrinking and
strongly quasi-nonexpansive, then U is quasi-shrinking.

Proof. Suppose that C' C H is bounded, U is quasi-shrinking on C' and denote S :=
Prixy. Let {uf}22, C C and limy, |[Uuf — u¥|| = 0. Since the metric projection is
nonexpansive, we have

0< li]£n||SUuk — SuF|| < li]£n|\UUk —u*| =0,

ie.,
lim |SUu® — Suf|| = 0. (4.2)
By the quasi nonexpansivity of U and by the triangle inequality,
0 < [|Su® —u*|| — [|Su* — Uu|| < |Uu* —u*],
consequently,
lilgn(”Suk —uF|| = ||Su* — Uu¥|) = 0. (4.3)

Applying again the triangle inequality, (4.2) and (4.3), we obtain

0 < limksup(”Suk —uP|| — | SUW® — UuF||)
< tmsupllSut — o] - (|Su — Uuk| - STt — S|
= limksup(”Suk —uF|| = ||Su* — Uu*|) =0,
ie.,
lilgn(HSuk —uF|| — | SUW* — Uuk||) = 0.
Since U is quasi-shrinking, we have limy, d(u*, FixU) = limy, ||Su* — v*|| = 0 which

completes the first part of the proof. Let now dimH < oo and U be approximately
shrinking and strongly quasi-nonexpansive. By Proposition 4.1(i), U —Id is closed at
0. Consequently, [9, Proposition 2.11] yields, that U is quasi-shrinking. O
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Let U := {U; : H — H | @ € I} be a finite family of operators, where I :=
{1,...,m}. The following result is a simple extension of [7, Theorem 4.8.2], where
the operators U; : H — H are assumed to be cutters (or, equivalently, 1-SQNE), i € I.
The proof goes along lines of [7, Theorem 4.8.2] with some simple modifications.

Proposition 4.5. Let U; : H — H be pi-SQNE, p; >0, i € I, with (;c; FixU; # 0,

U= crwili, where w; > 0,4 € I, and Y c;w; = 1, and let x € H and z €
Nic; FixU; be arbitrary. Then

Uz = 2|* < [l& = 2[* = Y wipil| Uiz — ]| (4.4)
i€l

Consequently,

1

o= S winllUia — 2 < Uz — a (4.5)

iel

for any positive R > ||z — z||.
Proof. By [7, Corollary 2.1.43], U; is an «y-relaxed cutter with «; := %ﬂ € (0,2).
Hence,

i (Uix — z,0 — 2) < —||Usz — z||?
(see [7, Remark 2.1.31]). Therefore, the triangle inequality and the convexity of the
function ||-||* yield

Uz =22 = o+ Y wli— ) — 2|
el
< e ol + 1wl — )+ 23wl — 2, U — )
€] i€l
2w;
< ool + Sl — ol - 3 2 i — ol
1€1 €1
2
— Jo— = o (2 - 1) i - of?
1€l v

= lz =2 = > wipill Uiz — ||,
1€1
i.e., (4.4) is satisfied. Let R > 0 be such that ||z — z|| < R. Inequality (4.5) is clear
for 2 € (,c; FixU;. Suppose that = ¢ (), ; FixU;. Then = ¢ FixU (see Proposition

2.2) and ||[Uz — z|| > 0. By the Cauchy—Schwarz inequality, we have
Uz — 2| Uz —2|* + |z — 2|* + 2(Uz — 2,2 — 2)

||Ux—x\|2+||x—z||2—2R||Ux—xH. (4.6)

v

Now (4.4) and (4.6) yield
1
3R Y wipil| Uz — a|* < Uz — 2|
i€l
which completes the proof. O
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Proposition 4.6. Let U; : H — H be pi-SQNE, p; >0, i € I, with (;c; FixU; # 0,
U:=U,U;p_1..U1, and let x € H and z € ﬂiel Fix U; be arbitrary. Then

m
Uz =2 < llz = 2> = ) pillSix — Si—rzll?, (4.7)
=1

where S; :=U;U;_1... Uy, i € I, Sy :=1d. Consequently,
1 m
ﬁZPiHSix—SFMHQ < |Uz -zl (4.8)
i=1

for any positive R > ||z — z||.

Proof. By the definition of an SQNE operator and by the definition of S;, i =
0,1,...,m, we have

Uz — 2|2 = [|[UnUn_1...Urz —z|)?
< |[Smo1z = zl” = pu ]| St — Sm—12?
S Hsmf2m - Z||2 - p'm71||Sﬂfol-7j - Sm72$||2 - pm”Smx - Smflez
m
< < e =P =)0 pillSiw — Sicax]l?,

i=1
i.e., (4.7) is satisfied. The rest of the proof is similar to the proof of Proposition 4.5,
with an application of (4.7) instead of (4.4). O

Before we formulate two most important results of this section, we recall a definition
of a boundedly regular family of operators. Let C; C H, i € I := {1,2,...,m}, be
closed convex subsets with C' := (,.; C; # 0. Denote C := {C; | i € I}.

Definition 4.7. (cf. [18, Definition 5.1]) We say that the family C is boundedly
regular (BR) if for any bounded sequence {z¥}2°, C H the following implication
holds

lim max d(z*, C;) = 0 = limd(z*,C) = 0.
ki€l k

Similarly to the definition of an approximately shrinking operator, the notion of
bounded regularity has also equivalent forms which are presented in the proposition
below. We will apply this equivalence in the sequel.

Proposition 4.8. The following conditions are equivalent:

(i) C is boundedly regular.
(ii) For any bounded sequence {x*}°, C H and for any n > 0 there are v > 0
and ko > 0 such that for all k > kg it holds

max{d(z*,C;) | i € I} < 6 = d(z",C) < 7.

(i) (¢f. [3, Definition 5.1]) For any bounded subset S C H and for any n > 0,
there is § > 0 such that for any x € S it holds

max{d(z,C;) |i € [} <6 = d(z,C) <.
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Proof. The proposition follows from Lemma 8.1 (see Appendix) with f, g: H — [0, c0)
defined as f(z) := max{d(z,C;) | i € I}, and g(z) := d(z, C). O

The following proposition gives sufficient conditions for a family C to be bound-
edly regular. The proof of the proposition can be found in [3, Proposition 5.4 (iii),
Corollary 5.14 and Corollary 5.22].

Proposition 4.9. Let C; C H, i € I := {1,2,...,m}, be closed convex with C :=
Nicr Ci # 0. If one of the following conditions is satisfied:

(i) dimH < oo,

(ii) G Nint N Cy £ 0,

(iii) C; are half-spaces, i € T
then the family C :== {C; | i € I} is boundedly regular.

An example of a family which in not boundedly regular can be found in [2, Example
5.5]. Note that a subfamily of a BR family C needs not to be BR. To see it consider
two closed convex subsets A, B C H having a common point such that the family
{4, B} is not BR. It follows from the definition that the family {A, B, A N B} is
boundedly regular.

For quasi-nonexpansive operators U;, i € I := {1,2,...,m}, denote F := {Fix U; |
iel}.

Theorem 4.10. Let U; : H — H be pi-SQNE, p; > 0, i € I, with (;c; FixU; # 0.
If U;, i € I, are approzimately shrinking and the family F is boundedly regular, then
the operator U := ), ;w;U;, where w; > 0,1 € I, ), ;w; = 1, is approvimalely
shrinking.

Proof. Let {z*}22, C H be bounded. Assume that ||[Uz* — 2*|| — 0. Then, by (4.5)
with R > ||z* — z|| for all £ > 0 and some z € Fix U, it holds

lim |Uszk — 2F|| =0, for all 4 € 1.

The AS property of U; implies that
lim d(z*, Fix U;) = 0, for all i € I.

Since {z*}2° ; is bounded and the family F is boundedly regular, we have
h]?l d(z®, FixU) = 0,
which completes the proof. O

Theorem 4.11. Let U; : H — H be p;-SQNE, p; > 0, i € I, with (¢, FixU; # 0.
If U;, i € I, are approximately shrinking and the family F is boundedly regular, then
the operator U := U,,Up,—1 ... Uy is approzimately shrinking.
Proof. Let {xk}g"zo C H be bounded. Since S; := U;U;_1...U; is QNE as a com-
position of SQNE operators (see Proposition 2.2), the sequence {S;z*}%2 is also
bounded, i € I. Therefore, by the AS property of U;, it holds

hin ||U1(Sl_1l‘k) — Si_ll‘kH =0= h]?’ld(si_lxk,FiX Uz) =0, (49)
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i € I. Assume that |[Uz* — 2*|| — 0. By (4.8) with R > ||z* — z|| for all £ > 0 and
some z € FixU, we have

hlgn ||Ul(51,11'k) - Si,1$k|| = 0, (410)

i € I. Moreover, the definition of the metric projection and the triangle inequality
yield

d((Ek7FiX Uz) = H:rk - PFiXUiLL'k” S ||.’L'k - PFiXUiSi,lka
1—1
< Z [|S;2% — S;_12%|| + [|Si—12* — Prixv, Sic12®|).
j=1

Therefore, (4.9) and (4.10) imply limy, d(z*, Fix U;) = 0, for all i € I. By the bounded
regularity of F, we have lim, d(z*, Fix U) = 0 which completes the proof. 0

5. UNIFORMLY APPROXIMATELY SHRINKING FAMILIES OF OPERATORS

In this section we extend the notion and the properties of an approximately shrink-
ing operator to a family of operators. The most important results of this section are
Theorems 5.4 and 5.6, where we present conditions under which a uniformly ap-
proximately shrinking family of operators is closed under convex combination and
composition. This property is applied in Section 7, where we present several meth-
ods for solving variational inequality problem over the common fixed point set of
quasi-nonexpansive operators.

Let U :={U; | H — H,i € I} be a family of QNE operators. In this section we do
not suppose that I is finite.

Definition 5.1. We say that the family U is uniformly approximately shrinking
(UAS) if for any bounded sequence {z*}3° ; C H and for any 1 > 0 there are v, > 0
and kz; > 0, such that for all £ > k;; and for all 7 € I it holds

||Uiack — xk|| <y = d(xk, FixU;) < n.

It is clear that if U is a finite family of AS operators then U/ is uniformly approxi-
mately shrinking.

Example 5.2. Let C C H be a nonempty, closed and convex subset and 6 € (0, 1].
Let U be the family of all selections of the set valued mapping ’Tg (see Example 3.7).
Then U is uniformly approximately shrinking. To verify this fact, it suffices to choose
Y =né and ky = 0. Note that vz and ky do not dependent on {z*}2° .

Lemma 5.3. Let U be a uniformly approximately shrinking family of cutters and
e € (0,2].Then the family Uy := {Uqs | U € U, a € [¢,2]} is uniformly approzimately
shrinking.

Proof. Let {z¥}22, be bounded, n > 0 and let 474 > 0 and ky > 0 be such that for
any k > ky and for any U € U, it holds d(z*, FixU) < n whenever |[Uzk — 2*|| < .
Let U € U and « € [¢,2]. Then U, is QNE and FixU, = FixU. Put vy := evyy,
ko := ky and let k > ko. Suppose that |[Uyz* — 2% < v9. Then

e =0 > |Uaz® — 2| = a|Uz" - a*|| > e[| Uz — 2|
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and, consequently,
d(z*, Fix U,) = d(z", FixU) < 7.

Suppose that (), FixU; # (. For a subset J C I denote
Fy={FixU; | je J}

and F := Fr. Suppose that F is finite. Note that F can be finite even if I is infinite.
Further, for a fixed m € N and ¢ € (0, =] denote

TIm :={J CI||J|=mand F, is BR}

and

Vi =3 V=Y @l | J € Tpywj € [e,1],5 €T, wy =1
jeJ jed
Note that if 7, # 0 and the operators U; are SQNE, ¢ € I, then any element of V,,
is SQNE (see Proposition 2.2(ii)).

Theorem 5.4. Let U; : H — H be p;-SQNE, i € I, p := infierp; > 0 and
Nier FixU; # 0. Assume that F is finite, m < |I| and Jy, is nonempty. If U is
uniformly approzimately shrinking then Vy, is uniformly approximately shrinking.

Proof. We have to show that for every bounded sequence {:ck}iozo C H and for any
1 > 0 there exist vy, > 0 and ky > 0 such that for all V' € V,,, and all k > ky, it holds

|Var —2*|| < vy = d(2¥, Fix V) <7,

Let 7 > 0, {2%}2°, C H be bounded and V € V,,, i.e., V = > jegw;iUj, for some J €
Tm, where wj € [e,1],j € J, 3, ;w; = 1. By Proposition 2.2, Fix V' = ;. ; Fix U;.
Let z € FixV and R > 0 be such that ||2* — z|| < R for all k > 0. By Proposition
4.5, we have

Y wipilUja* —a*|* < [Va* -t (5.1)

€ 1
2V =+ < 55 3

~ 2R
for all i € J and all k¥ > 0. Since the sequence {x*}2°  is bounded and Fj is
boundedly regular, there exist 6 > 0 and kg > 0 such that
meajcd(ack, FixU;) < § = d(z",FixV) < n (5.2)
J
for all k£ > kq. Note that § and ky may be chosen independently of J € 7,,. To prove
this, consider the families F;, J € J,,. For any F; we can find §; > 0 and k; > 0
such that (5.2) holds with ¢ := d§; and ko := k; (note that F; is BR). It is easily
seen that d;, J € J, and kj > 0, can be chosen such that ¢ := inf;c 7 d; > 0 and
ko :=sup e kg < +o0, because F is finite.
The family U is uniformly AS, hence, we can find 7y, > 0 and k; > 0 such that for
all j € I and all k > kK, it holds

|U;z% — 2F|| < yy = d(2F, Fix U;) < 4. (5.3)
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Let ky = max{ky,ko}, 7w = ev4p/2R and let k > ky. Assume that [|[Va* —
z*|| < 4y. Then, by (5.1), |U;a* — 2*| < 4y for all j € J. Therefore, (5.3) yields
max;e ;s d(z*, FixU;) < §, which, by (5.2), completes the proof. O

Let U be AS and 1 > 0. Consider a family of bounded sequences X := {{zF}2° , |
n € I}, where I is finite. By the AS property of U, it is clear that for any sequence
{xk}>e | n € I, there are 7, > 0 and k,, > 0, such that for all & > k,, it holds

Uz —2F || < v, = d(2F, FixU) < n.

If we put v := min,es v, and kg := max,cs ky, then for all £ > ko and for all n € I it
holds

|UzF — 2| < v = d(zF  FixU) < 7.
Such an approach cannot be applied in the case when [ is infinite. Nevertheless, if
I is countable we can omit such inconveniences by presenting another approach for
choosing v and kg. Moreover, such an approach can be presented not only for one AS
operator U, but for a family of UAS operators.

Lemma 5.5. Let U be uniformly approzimately shrinking and let X := {{xk}2, |
n € N} C H be bounded. Then, for any n > 0 there are v > 0 and ko > 0 such that
forallU elUd, n € N and k > kg it holds

|Uzk — 2k || < v = d(2F, FixU) < .

n?

Proof. Let n > 0 be fixed. The family X is countable, hence there is a sequence
{ul}fio which consists of all z¥, k,n > 0, and maintains the order of indices, i.e.,
if k1 < kg, n1 < ng and z’flll,z’fﬁz have the positions l1,lz in {u!}%,, respectively,
then I; < I (one can apply, e.g., a well known construction which shows that N? is
countable). By the boundedness of X, the sequence {u'}?®, is also bounded. By the
UAS property of U, there are 7,4 > 0 and [y > 0, such that for all U € Y and [ > Iy,
it holds
|Uu! — || <y = d(u!, FixU) < 7.
Let v := vy and ky be the smallest integer such that a:]f“ has a position Iy > [y
in {u'}f°,. Suppose that k > ko, n > 0, |[Uzk — 2F|| < v and 2% is situated at
the position I, in the sequence {ul}zozo, i.e., 2¥ = ul*». Then it follows from the
properties of the sequence {u'}2 that z¥ has a position Iy, > Iy in {u'}?°,. Hence,
d(zF FixU) = d(u'* FixU) < n

which completes the proof. O

For a fixed m € N denote
TIm =4J =01,y Jm) | Ji € 1,4=1,2,...,m, and F; is BR} (5.4)
and
Smi={S=U;, ..Uy |JETn}.
We identify J := (j1,...,Jm) in (5.4) wit a subset {j1,...,4m} C I and, for simplicity,
we write J = {j1,...,Jm}. Note that if 7, # 0 and the operators U; are SQNE then
any element of Sy, is SQNE (see Proposition 2.2(i)).

m
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Theorem 5.6. Let U; : H — H be p;-SQNE for all i € I, p := infjerp; > 0
and (N, FixU; # 0. Assume that U is countable, F is finite, m € N is fized and
Tm s nonempty. If U is uniformly approximately shrinking then Sy, is uniformly
approzimately shrinking.

Proof. Let n > 0 and {2*}$2, be bounded. We have to show that there exist vs > 0
and ks > 0 such that for all S € S,,, and all k£ > ks it holds

|Szk — 2F|| < v5 = d(a*, Fix S) < n. (5.5)
Denote
J={J=0U1,-.-,je) | i €l,i=1,2,....t,1 <t <m},
SZ:{S:th...Ujl |J:(j1,...,jt)€j},
and

Y= {y" )i = {Se" )R | S € SPu{{a"}io )
We divide the proof in 5 steps.

Step 1: Let z € (;c; FixU; and R > 0 be such that ||z — z|| < R, for all k > 0
and let S € S. The operator S is QNE, hence ||Sz* — z|| < ||z* — z|| < R, for all
k>0 and z € Fix S = (,.; FixU; (see Proposition 2.2). Therefore, ) is bounded.

Step 2: Let S € S, ie., S = U, ...U; for some J = (j1,...,5m) € Tm-
Assume, for simplicity, that J = (1,...,m). Let z € Fix S and R > 0 be such that
|lz* — z|| < R. By Proposition 4.6, we have

: P
st — k] = 23 0 - 5,0t (5.6
j=1

where S; :=U;... Ui, j=1,2,...,m and Sy := Id.
Step 8: Since Y is bounded and Fj is boundedly regular, there exist 6 > 0 and
ko > 0 such that it holds
ma}(d(zk,FiX Uj) < § = d(2",Fix S) < n (5.7)
JjE
for all £ > kg. Note that § and kg may be chosen independently of J € J,,,, by similar
arguments to those made in the proof of Theorem 5.4.
Step 4: The family U is countable, hence, by definition, ) consists of a countable
number of sequences. By Step 1, ) is bounded and, by assumption, ¢/ is uniformly

approximately shrinking. Therefore, it follows from Lemma 5.5 that there are 7,4 > 0
and k;; > 0 such that for all U € U, {yk}zozo € Y and k > kg it holds

IUy* = y*|| <y = d(y*, FixU) < /2. (5.8)
By (5.8) with U = U; and y* = S;_12%, we have
|U;(S-12%) — S;_12%|| <y == d(Sj_12", FixU;) < 6/2, (5.9)

for all j € J.
Step 5: Now we go to the main part of the proof. Let 0 < vy < §/2m,

ks = max{ky, ko}, vs = pV3y/2R (5.10)
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and suppose that ||Sxz* — 2*| < 75 for some k > ks. Hence, by (5.6),
||Uj(5j_1$k) - Sj_ll‘kH < yy, forall j € J.
By (5.9), the definition of the metric projection and the triangle inequality, we get
d(z* FixU;) = |z* - PFiXUj:ckH < ja® — PFiXUij_lka
j—1

< Z 1Siz® — Sj_12|| + [|Sj—12" — Prixu, Sj—12¥|
=1

< Z’YL{ +46/2 <4.
=1

By the bounded regularity (see (5.7)) d(z*, Fix S) < 1, which completes the proof. [
The following two Corollaries follow immediately from Theorems 5.4 and 5.6.

Corollary 5.7. Let U; : H — H, i € I := {1,...,m}, be approzimately shrinking
cutters with a common fixved point. Let e € (0, %] be arbitrary. If F is boundedly
reqular, then the family

V= {V = ZwiUwi | i € [e,2 —¢l,w; € [g,1],i € I,Zwi = 1}

icl il
is uniformly approximately shrinking.

Corollary 5.8. Let U, : H — H, i € I := {1,...,m}, be approzimately shrinking
cutters with a common fized point. If F is boundedly reqular and A C [g,2 —¢], where
e € (0,1), is a countable subset, then the family

S:{S:Um,am-“Ul,al |O(1,...,Oém€A}

is uniformly approximately shrinking.

6. GENERAL METHOD FOR VIP OVER THE COMMON FIXED POINT SET OF
QUASI-NONEXPANSIVE OPERATORS

Let U; : H — H, i € I := {1,2,...,m}, be quasi-nonexpansive with C' :=
Nic; FixU; # 0 and F : H — H be x-Lipschitz continuous and 7-strongly mono-
tone, where 0 < n < k. It is clear that C is a closed convex subset, because Fix U;,
i € I, are closed convex. Consider the following variational inequality problem, called
VIP(F,C): Find u* € C such that

(Fu*,u—u*) >0 for all u € C. (6.1)

The existence and uniqueness of a solution of VIP(F,C') follows from [40, Theorem
46.C]. In this Section we will analyze the convergence properties of the following
method, which we call a generalized hybrid steepest descent (GHSD) method:

u’ e H — arbitrary

WL = Ty — A FTyuk, (6.2)
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where {T}}72, is a sequence of quasi-nonexpansive operators T} : H — H satisfying
C' C Niso Fix Ty and {\e}32, C [0,2n/£%] (cf. [10, Section 3]). Before we present

our main result of this Section, we recall a definition of an s-approximately shrinking
method (cf. [10, Definition 11]).

Definition 6.1. Let T} : H — H be pg-strongly quasi-nonexpansive, where p; > 0,
k > 0. We say that method (6.2) is s-approzimately shrinking with respect to a subset
D C H if for any n > 0 there are v > 0 and kg > 0, such that for all k£ > kg it holds

s—1
Zpk,lHTk,luk_l —uF? <y = d(u*, D) < 7. (6.3)
1=0

We say that the method is approximately shrinking with respect to D if it is 1-
approximately shrinking with respect to D.

The following result follows from [10, Lemma 9 and Theorem 12].

Theorem 6.2. Let {u*}?° ) be generated by the GHSD method (6.2). If the following
conditions are satisfied:

(i) the operators Ty are pg-SQNE with py, > 0, k > 0,
(i) limg Ap =0 and >_7 Ak = +00,
then {uk}3° , and {FT,uk}32, are bounded. Moreover, if
(iii) the method is s-approzimately shrinking with respect to C' for some s > 1,

then {u*}2° ) converges in norm to a unique solution of VIP(F,C).

The most difficult problem in applications of Theorem 6.2 is to guarantee that the
method is s-AS with respect to C. In the theorem below, which is the main theorem
of this section, we present sufficient conditions for the method to be s-AS. These
conditions correspond directly to the quasi-nonexpansive operators Ty, k£ > 0, and
U;, ¢ € I, and not to the method. Such conditions are in most applications easier to
verify than the condition that the method is s-AS (see Section 7).

One can prove that the iteration in (6.2) is equivalent to the following one

uF T = (1 — ) Teu® + arQTiu”, (6.4)

where @ : H — H is a contraction. Recently, Hirstoaga in [28] proposed a method for
solving VIP(F, C'), where C' := (>, Fix T}, which is slightly more general than (6.4).
Hirstoaga supposed that the method has the following property: if [|u**! —Tpu*|| — 0
then any weak cluster point of {uk}zozo belongs to C. Furthermore, Hirstoaga gave
several examples of methods satisfying this condition, where Ty, k > 0, are assumed to
be nonexpansive (see [28, Section 3]). In Section 7 we will present, however, examples
of method (6.2), where Ty, k > 0, are quasi-nonexpansive. In many applications these
operators are simpler to evaluate than the nonexpansive ones with corresponding
properties. As an example we give here the subgradient projection Py relative to a
convex function f : H — R defined on a finite dimensional Hilbert space H with
S(f,0) :=={x € H| f(z) <0} # 0 (see Example 3.6). In general, Psz is simpler to
evaluate than Pg(f o)z for x € H with f(z) > 0.
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Theorem 6.3. Let {uf}3° ) be generated by method (6.2) and the following conditions
be satisfied:

(i) the operators Ty, are pi-SQNE, k > 0, with p := infy, py, > 0,

(ii) limg Ay =0 and Y ;2 o A = +00,

(iii) there is s > m, such that for any i € I and k > s — 1, there is l; €

{0,...,s =1} with Fix Ty, , C FixUj,

(iv) the family T := {T} | k > 0} is uniformly approzimately shrinking,

(v) the family F :={FixU; | ¢ € I} is boundedly regular.
Then the method is s-approximately shrinking with respect to C, consequently {uk}z’;o
converges in norm to a unique solution of VIP(F,C).

Proof. Let n > 0 be fixed and {uk}z‘;o be a sequence generated by method (6.2). By
Theorem 6.2, the sequences {u*}2° ; and {FT,u*}2° ) are bounded. By the bounded
regularity of F, there are § > 0 and k; > 0, such that for any k > kit holds

mealxd(uk, FixU;) < § = d(u*,C) <. (6.5)
K]

By assumption, T is uniformly AS, consequently, there are v+ > 0 and k7 > 0 such
that for all £ > ks it holds

| Thu® — u*| < v = d(u”, Fix Ty) < 6/2. (6.6)
Put v := pmin{~y%, (§/4s)?} and ko := max{ky, k1, k2} + s , where kj is such that for

all k> ko

s—2

> Mt P < 6 /4.
=0

The existence of k5 follows from the assumption limy Ay = 0 and from the boundedness
of {FT,u*}%,. Assume that k > ko and

s—1
> el Temu? ™ =117 <y (6.7)
=0

Hence, || Ty_ju*~'—u*~!| < 47, foralll € {0,...,s—1}. In particular, this inequality
holds for I = l,; where I, is the smallest integer from {0,...,s — 1} such that
Fix Ty, , € FixU;, i € I. By (6.6), we have

d(ub i Fix Ty, ) < §/2. (6.8)

Furthermore, (6.7) yields
4]

T b=t — bl < 2
1T~ u | i
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for any [ =0,1,...,s — 1. Now, for any i € I we have

lk,i—1 s—2
Huk _ uk—lk,i < Z ||uk—l _ uk—l—IH < ”uk—l _ uk—l—lH
=0 =0
s—2 s—2
e S [ VA IS YD VI RY ) 3 ST |
=0 =0
< §/4+6/4=05/2.

Consequently, (iii), the definition of the metric projection, the triangle inequality and
(6.8) yield for any i € I

IN

Huk - PFiinuk” Huk - PFika,lkﬁi’U/kH < ||uk - Ppikaflk)iuk_l"‘*i ||

IN

b — bt | 4 bt = Py, bl

< 6/2+6/2=06.

By implication (6.5), we obtain d(u¥,C) < 7, consequently, method (6.2) is s-
approximately shrinking with respect to C. Now, Theorem 6.2 yields the convergence
of u* to a unique solution of VIP(F,C). O

7. EXAMPLES

In this Section we present several examples of GHSD method with various con-
structions of operators T} basing on a finite family of operators and analyze their
convergence properties by applying Theorem 6.3.

Let Uy : H — H, i € I := {1,2,...,m}, be quasi-nonexpansive with C' :=
Nic; FixU; # 0 and F : H — H be k-Lipschitz continuous and 7-strongly monotone,
where 0 < 1 < k. We assume without loss of generality that all U, i € I, are cutters,
because any QNE operator U : H — H can be treated as a relaxation of a cutter
S:H — H and FixU = Fix S (see Subsection 2.2). We consider the GHSD method
(6.2) for solving VIP(F,C), where {T}}?°, is a sequence of quasi-nonexpansive op-
erators Ty, : H — H satisfying C C (oo FixTy and {M\}32, C [0,2n/k?] is a
sequence satisfying limy A, = 0 and >_;2; Ay = oo. Denote U := {U; | i € I} and
F:={FixU; | i€ I}.

At the beginning we present a general procedure of a construction of operators T}
basing on the family &. This procedures is related to the so called string-averaging
scheme introduced by Censor et al. in [12] and studied in [13, 14, 15, 16]. The scheme
has the following form.

Procedure 7.1 (String-Averaging Scheme). Let k> 0 and r € N.

Step 1. For p = 1,2, ..., ¢, where ¢, < m, choose nonempty, ordered subsets I of
elements taken from I, called strings, of the form

P _ (P P P
I = (i, ihs, ""Zkﬂni)’
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where i}, € I, j = 1,2,...,my and mj < r. Further, choose vectors aj of
corresponding relaxation parameters of the form

P _ (P P P
ap = (0, 0, ""akﬂni)’

where azj €le,2—¢],j=1,2,..,m}, and € € (0,1] is a constant.
Step 2. For p = 1,2, ..., %, and j = 1,2,...,m}, denote by V], the relaxation of Uy
J

with a relaxation parameter o, ;o le,
P p ,
Vi = Id +akj(Ui£]_ —1d),
and create operators

P ._ PP P
SE=VEVE LV,

J—1°
and
VI = S0 = Ve Vi Vi (7.1)

Step 3. For p = 1,2,...,t; choose weights w} > w satisfying Z;’;l wl = 1, where
w € (0, =] is a constant, and define

tr
Ty =Y WiV (7.2)
p=1

In the original string-averaging scheme there is supposed that the strings do not
depend of k, i.e., t, =t and m} = m? for all k, and that aij =1,5=12,..,mP,
p=1,2,....t consequently, V' = VP and T}, = T (cf. [13]).

First, we present some properties of the operators defined above, basing on the
facts given in Subsection 2.2. It follows from Proposition 2.2 that for all £ > 0,
p=12,..,t and j = 1,2,...,m} the operators defined in Procedure 7.1 have the
following properties:

:-
apg; <2
(2) Si; is 3--SQNE because S is a composition of j operators V}/}, i = 1,2, ..., 7,
which are 5-SQNE and j < mj, < r;
(3) V)0 is 5--SQNE because V! = Si,mi;
(4) Ty is 5--SQNE because T}, is a convex combination of operators V' which are
5--SQNE.

Consider the GHSD method combined with the string-averaging scheme of the
construction of operators Ty. This approach gives a very flexible framework related
to a lot of results known in literature.

Because the operators T}, are pp-SQNE, with p := infy pr > 0, Theorem 6.3 implies
that only conditions (iii), (iv) and (v) have to be checked in order to guarantee the
convergence of sequences generated by the GHSD method. In the examples below we
present several constructions of T}, satisfying these conditions, which are special cases
of the string-averaging scheme.

(1) Vi is 5-SQNE because V)7 is an aj;-relaxation of a cutter Ug, and e <
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Example 7.2. (Hybrid steepest descent method) Let m = 1. Then the family U
consists of only one operator U : ‘H — H which is a cutter. Trivially F is BR.
Assume that U is AS. GHSD method (6.2) combined with Procedure 7.1 has the
form:

uFt = U, uf — M FU,, u”,

where U,, is an aj-relaxation of a cutter U with oy € [6,2 —¢] and ¢ € (0,1].
Condition (iii) of Theorem 6.3 is trivial and condition (iv) follows from Lemma 5.3.
Consequently, u¥ converges in norm to a unique solution of the VIP(F, FixU). If we
take o, = o € [0,2], k > 0, then T := U, is quasi-nonexpansive and we obtain the
hybrid steepest descent method

uFtl = Tuk — A\ FTuF

studied by Yamada in [38] and developed by Yamada and Ogura in [39]. In [38] T
is supposed to be nonexpansive and the convergence was proved under an additional
assumption limg(Ar — Aks1)/AZ,; = 0 (see [38, Theorem 3.2 ]). Recall that if H
is finite dimensional, then a nonexpansive operator is approximately shrinking (see
Corollary 4.2). In [39, Theorem 4] the convergence was proved under the assumption
that T is quasi-shrinking. This assumption implies that T is approximately shrinking
(see Proposition 4.4). Therefore, for a € (0,2) the convergence follows from Theorem
6.3.

In the next examples we assume that m > 1. Furthermore, we assume that U;,
i € I, are approximately shrinking and the family F is boundedly regular.

Example 7.3. (GHSD with successive projections) Consider GHSD method (6.2)
combined with Procedure 7.1, where t, = 1, my := m,l~C =1, I = I,% = 1 and
Qp = a}ﬂ7 k > 0. The method has the form

k41 _ k k
u =Uip 0, " — M FU;y, o, u”.

Condition (iv) of Theorem 6.3 follows from Lemma 5.3, because ay, € [¢,2—¢], k > 0,
for a constant € € (0,1]. The sequence {i;}32, is called a control. We consider two
types of control:

(a) (almost cyclic control) Suppose that there is s > m such that I C
{ik,. . iggs—1} for all & > 0. Such a control {ix}3°, is called s-almost
cyclic (cf. [11, Definition 3.4]). Then condition (iii) of Theorem 6.3 is satis-
fied. Consequently, u* converges in norm to a unique solution of VIP(F,C).
The convergence of the method was proved in [10, Theorem 21]. A special
case of the above iteration with a cyclic control and 7T} being nonexpansive
was studied by Lions [30, Theorem 4], Bauschke [1, Theorem 3.1], Yamada
in [38, Theorem 3.3], Xu and Kim in [37, Theorem 3.2] and Hirstoaga in [28,
Corollary 3.1], where the convergence was proved under various assumptions
on the sequence {\;}72, and the family F.

(b) (mazimal displacement control) Let i), = argmax{||Uu® —u*|| | i € I}.
We show that the method is approximately shrinking with respect to C'. Let
n > 0. Because F is boundedly regular and {u*}2° , is bounded (see Theorem
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6.2), there are § > 0 and ko > 0 such that

max d(u*, FixU;) < § = d(u*,C) < (7.3)
for all £ > ky. Because U; is approximately shrinking, there is 7; > 0 and
k; > 0 such that for all £ > k; it holds

HUiuk — ukH <7 = d(u*, FixU;) < 6, (7.4)
1 € I. Let Y= miniei Yi and k' = maxie{o’l,wm} ki~ Suppose that & > K
Ui, u® — u*|| < ~. Then, ||Uju* —u*|| < v; and (7.3) and (7.4) imply
d(u*,C) < n. Therefore, the method is approximately shrinking. Theorem
6.2 yields that u* converges to a unique solution of VIP(F, ().

and

Example 7.4. (GHSD with simultaneous projections) Consider GHSD method (6.2)
combined with Procedure 7.1, where ¢, = m, m{ = 1, I} = p and o} = oy, p =
1,2,...,m, k > 0. The method has the form

m
Ty :=1d+ox (D wilU, — 1d). (7.5)
p=1
By Proposition 2.2, FixT, = C, k > 0, i.e., condition (iii) of Theorem 6.3 is satisfied.
Condition (iv) follows from Corollary 5.7. Consequently, u* converges in norm to a
unique solution of VIP(F,C). The above construction of the operator T}, arises very
often in the literature, not only related to the variational inequalities. For VIP(F, C)
the method with U;, i € I, being firmly nonexpansive and with constant weight
vectors wy = w and relaxation parameters aj = « was studied by Yamada in [38,
Corollary 3.6], where o = 1 and by Hirstoaga in [28, Remark 3.5], where « € [0, 2].

Example 7.5. (GHSD with sequential projections) Consider GHSD method (6.2)
combined with Procedure 7.1, where ¢ = 1, my := m}, = m and Iy := I} consists of
all elements of I, k > 0. Denote by Iy := (ig1, k2, -, ikm ) the string in k-th iteration
and by ay := (g1, 2, ..., pm) the corresponding vector of relaxation parameters.
Then,
Ty = Uipysonm Uik,m—hak,WL—l"'Uikl,akl

Similarly as in Example 7.4, condition (iii) of Theorem 6.3 is satisfied and condition
(iv) follows from Corollary 5.8. Therefore, u* converges in norm to a unique solution
of VIP(F,C). Such sequential approach for VIP was studied by Yamada in [38,
Theorem 3.5] and by Hirstoaga in [28, Corollary 3.4 and Remark 3.5], where U; were
supposed to be nonexpansive and Ty = U,,U,,—1...U;, where the convergence was
proved under some additional assumptions on the sequence {\;}32, and the family

F.

Although, I} is an ordered subset in Procedure 7.1, by the same symbol we denote
the corresponding subset of I, i.e., I} = {izl,igz,...,i;mi}, k>0 p=12..1t.
Further, denote I := I,i U I,? U...u I,i’“.

Let {T:}72, be a sequence of operators defined by Procedure 7.1 and suppose
that the procedure is s-intermittent, where s > m, i.e., [y U1 U...Ulpis 1 =1
for all k& > 0 (cf. [3, Definition 3.18]). If we assume that all subfamilies of F are
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boundedly regular, then, by Theorems 5.4 and 5.6, the family 7 := {T} | ¥ > 0}
is uniformly approximately shrinking. In this case the sequence {7}, fits into
the frame of Theorem 6.3, which allows a more general construction of T} than the
string-averaging scheme. Consequently, the sequence {uk},;";o generated by the GHSD
method converges in norm to a unique solution of VIP(F,C). Unfortunately, the
assumption that all subfamilies of F are boundedly regular is very restrictive. This
assumption can be weakened, if we restrict the construction of Ty to the string-
averaging scheme.

Theorem 7.6. Let U; : H — H, i € I := {1,2,...,m}, be approximately shrinking
cutters with C' = (\,c; FixU; # 0, and u” be generated by GHSD method (6.2),
where Ty, k > 0, is constructed by the string-averaging scheme (Procedure 7.1). If
Procedure 7.1 is s-intermittent for some s > m and the family F is boundedly regular,
then the GHSD method is s-approzimately shrinking with respect to C'. Consequently
u® converges in norm to a unique solution of VIP(F, Q).
Proof. Let Procedure 7.1 be s-intermittent for some s > m and let 7 > 0. We have to
show that there exist v > 0 and kg > 0 such that for all k > kg it holds d(u*,C) < n
whenever ), . pil|Tiu! —u!||? < 7. By Theorem 6.2, the sequences {u*}?°  and
{FTyu*}22 , are bounded. We divide the proof into three steps.

Step 1. In this step we present three auxiliary properties of Procedure 7.1.

(a) Let R > 0 be such that |[u* — z|| < R for some z € ,.; FixU; and for all
k> 0. Let 6g > 0 and k1 > 0 be such that for any k > &y it holds

max d(u*, FixU;) < 6o = d(u*,C) <. (7.6)

The existence of g and ky follows from the bounded regularity of F.

(b) Let ¢ € I be arbitrary. Let k > s—1and Iy € {k—s+ 1,k —s+2,....k},
pr € {1,2,..,t;, } and j € {1,2,...,m{"} be such that U; = Upx . The existence

Uk
of Iy, pr and ji follows from the assumption that Procedure 7.1 is s-intermittent.

Because Slpk ’“’ je—1 18 QNE as a composition of strongly quasi-nonexpansive operators

having a common fixed point (see Proposition 2.2) and u* is bounded, we have that
oF = SP ut* is bounded. Note that

koJk—1
yk =GPk g lk — Pk (Uk) — V/P* (Spk ul’“)
: sk Lk by ke N, gk —1
: l k
= Ui,ozlp:vjk (Slp:tjk—lu k) = Ui,alp:.’jk (1} )7 (77)

where O‘f:,jk > ¢. Because U; are approximately shrinking, the family {U;, | « €
[e,1],¢ € I} is UAS (see Lemma 5.3). Consequently, there are 4, > 0 and ky > 0
such that for all k£ > ky; it holds

Ui at® — 0| <y = d(v", Fix U;) < 6o/4. (7.8)
Let d := min{vyy, do}. Recall that V;*; =1U;, ore and oyl ;. > €. Therefore,
k2 k) k"jk} Rl

o

Pk
Qa5 F
Pk

o — ka < 6 = (", FixU;) < 8o /4. (7.9)
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(c) Let ko > 0 be such that for all k > ks it holds

k
> NIFTW| < 5/4. (7.10)
l=k—s+1
The existence of k5 follows from the assumption limy Ay = 0 and from the boundedness
of {FTu*}2,.
Step 2. We show the following inequality

k m?

> HW—ulH_Q433 Z ZZ

4
P l P l
‘VIJ (SP;_qw') =87, _qu H . (7.11)
l=k—s+1 l=k—s+1p=1j=1

By Propositions 4.5, 4.6 and properties 1-4 above, we have

k k
2
l:kX_;H T’ =] > l:kZ;H R ; P vt =
2
p € 2
= :Zsﬂ 232 '2r | 2R Z 2 HSP ST 1“lH
24R3 ‘Vp SPi uh) SfjilulHél.
I=k—s+1p=1 j=1
Step 8. Now we go the main part of the proof. Put
3= min{p( ), (e (E0 ) (712)
and ko := max{ky, k2, ki, s — 1}. Assume that k > kg and
k
Z pu| Tt — ut|)? < . (7.13)
I=k—s+1
Then, for any [ € {k —s+ 1,k — s+ 2...,k}, we have
u 5
> T =l < s(v/p)* < 5 (7.14)
l=k—s+1
and by (7.11) and (7.12) it holds
H (S7,_qul) = ST, 1ulH < 4% <4, (7.15)

forany l € {k —s+ 1,k —s+2,...k}, pe{1,2,...,t;} and j € {1,2,...,m'}. Now,
(7.9), (7.7), the quasi nonexpansivity of V’*; and (7.8) yield

IN

|v" = Prixv,v"|| = HV}Z'““ PFiinka

do
4

Hyk - PFiinka

IN

[v* = Prixu,of|| < = (7.16)
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By the triangle inequality, (7.14), (7.10) and (7.15), we have

e I e s = N s [ (e
1=l —1
k—1
< Y Tt P T -+ = g ot
l=k—s+1
k-1 k—1
< D me =wll+ Y A FT|
l=k—s+1 I=k—s+1
Jr—1
+ ZHS%H“I'“*S%“M
7=0
k-1 k-1
= D T =+ Y A ET
I=k—s+1 I=k—s+1
<§/4 <6/4
Jr—1
> Hvlifjﬂ(sﬁkj“lk) — Spyu't
7=0
<6/4
3
< 15. (7.17)

Finally, the triangle inequality, (7.16) and (7.17) yield

Huk - PFixUl-ka
[ = * ||+ [|v* = Prixv.y”||

Huk - PFixU,-UkH

IN

A

3.1
20+ 200 < bo. (7.18)

Note that the choice of dg and k; does not depend on 1.

Therefore, max;c d(u®, Fix U;) < §y and, by (7.6), d(u*, C) < n. We proved that the
method is s-approximately shrinking with respect to C. By Theorem 6.2, {uk}z"zo
converges to a unique solution of VIP(F,C). O

Note added in proof. We became aware of the paper [17] by Y. Censor and
A.J. Zaslavski in which a string-averaging projected subgradient method is studied
for constrained minimization problems. Although formulated in a different setting
and employing different assumptions in its analysis, this paper is closely related to
the results presented here.

Acknowledgment. Second author was financially supported by the Polish Na-
tional Science Centre within the framework of Etiuda funding scheme under agreement
No. DEC-2013/08/T/ST1/00177.
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8. APPENDIX

Let S C H be a nonempty subset.

Lemma 8.1. Let f,g: H — [0,00) be given functions. Then the following conditions
are equivalent:

(i) For any sequence {x*}3° ) C S it holds

lim f(z") = 0= lim g(2*) =0.
k—o0 k—o0

(ii) For any sequence {x*}32, C S and for any n > 0 there are v > 0 and ko > 0
such that for all k > kg it holds

f@*) <y = g(a*) <.
(iil) For any n > 0 there is v > 0 such that for any x € S it holds
fla) <v=g(z) <n.

Proof. By the definition of a limit, condition (i) is equivalent to the following one:
For any sequence {z*}2°  C S it holds:

(Vy>03k 20Yhzk, f(2°) <7) = (Vi>03kaz0Vkzr,9(a%) < 1)

(iii)=(ii) The implication is obvious.
(ii)=(i) Let {z*}22, C S. Suppose that

Vos0Tk, 50k, f(2F) < 7.
Let n > 0 be arbitrary. Let v > 0 and ko > 0 be such that
Viezko (F(2") < v = g(a*) < ). (8.1)
The existence of such v and kg follows from (ii). Let k; > 0 be such that
szklf(xk) <A. (8.2)

Let ko = max{ko, ki}. Then (8.2) yields that for all & > ko it holds f(x*) < ~,
consequently, (8.1) yields that g(x*) < .
(i)=-(iii) Assume, to the contrary, that there is n > 0 such that

Vys03ees (f(x) < v and g(z) = 7).
Put ~y := k%-l and let ¥ € S be such that

f(@") < v, and g(z*) > 7.

Note that limy_, o f(2*) = 0 and, by (i), limg_,00 g(2*) = 0, which is in contradiction
with lim infy, . g(z¥) > n > 0. O
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