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1. INTRODUCTION

Let E be a real Banach space and C' a nonempty closed convex subset of E. We
denote by J the normalized duality map from E to 2F" defined by

J(x)={f € B :(z,f) = |«|* = I/}
for all z € E, where E* is the dual space of FE and (.,.) denotes the duality pairing
between elements of E and those of E*. The space E is said to be uniformly convex
if given € € (0, 2], there exists 6 > 0 such that for all x,y € E with ||z|| < 1,]|]y|| <1

Tty Tty
2‘ 2H<1forall

and ||z — y|| > €, we have H ‘ < 1-—0. E is strictly convex if

z,y € E with ||z]| =||y|| =1 and = # y.

The space E is smooth if for any « € E, with ||z|| = 1 there exists a unique z* € E*,
with ||z*|| = 1, such that z*(z) = 1. If dimE > 2, then the modulus of smoothness of
E is a function pg : [0,00) — [0, 00) defined by

r+y|| +l|lr—y
pE<t>:=sup{ I +1 ”—1:||x||=1;y||=t}-

2

The space E is called uniformly smooth if and only if lim+ p%(t) = 0.
t—0

337



338 BASHIR ALI AND G.C. UGWUNNADI

It is known that if E' is strictly convex, smooth and reflexive then the duality map
J is one-to-one, single-valued and onto. Also if E is uniformly smooth, then J is
norm-to-norm uniformly continuous on bounded subsets of E.

Let E be a smooth Banach space. We always use ¢ : E x E — R to denote the
Lyapunov functional defined by

o(z,y) = [|=]|* — 2{x, Jy) + l|y|]*, Va,y € E. (1.1)
It is obvious from the definition that
(Il = 1ylD* < ¢(x, y) < (|lz]| + [ly]))?, Vz,y € E. (1.2)

Let F be a smooth Banach space, C' be a nonempty, closed and convex subset of E.
Let N(C) be a family of nonempty subsets of C and T : C — N(C') be a mutivalued
mapping. A point p € C' is a fixed point of T if p € T'p. The point p € C'is said to be
an asymptotic fixed point of T' if Tz # () Vx € C, there exists a sequence {z,}32, C C
such that z,, — p and d(z,,, Tz,) — 0 as n — oco. Also the point p € C' is said to be a
strong asymptotic fixed point of T' (see [28]) if there exists a sequence {z,}3>, C C

such that x,, = p and d(z,, Tx,) — 0 as n — oo where d(z,,, T2z,) = inf |z, —ul
u€eTx,y
We denote the set of all fixed point of T, the set of all asymptotic fixed point of

—_—

T and the set of all strong asymptotic fixed point of T by F(T), F(T) and F(T),
respectively.
Definition 1.1. (1) A mapping T : C — C is said to be relatively nonexpansive

(see e.g. [14]) if F(T) # 0, F(T) = I*f(?) and
¢(p,Tx) < ¢(p,z), Vx € C, p € F(T).
(2) A mapping T : C — C is said to be quasi-¢-asymptotically nonexpansive if

F(T) # 0 and there exists a real sequence {k,} satisfying k, — 1 as n — oo such
that

o(p, T"z) < knp(p,z), Yn>1, x € C, pe F(T). (1.3)
(3) A mapping T : C — C is said to be total quasi-¢-asymptotically nonexpansive
if F(T) # 0 and there exist nonnegative real sequences {v,} and {u,} with v, —
0, up, — 0 (as n — o0) and a strictly increasing continuous function ¢ : R™ — R
with ¢(0) = 0 such that for all x € C, p € F(T)

¢(p, T"x) < ¢(p, @) + un((S(p, ) + vy, Yn = 1. (1.4)
Definition 1.2. (1) A multi-valued mapping T': C — N(C) is said to be relatively
nonexpansive if F(T) # 0, F(T) = F(T) and

o(p,w) < ¢(p,x), Ve e C, we Tz, pe F(T).
(2) A multi-valued mapping T : C — N(C) is said to be quasi — ¢ — asymptotically
nonexpansive if F(T) # () and there exists a real sequence {k,} C [1,00) with k,, — 1
(as m — o0) such that
o(p,wn) < knd(p,x), Vn > 1, v € C, w, € T"x, p € F(T).

(3) A multi-valued mapping T' : C — N(C) is said to be total quasi — ¢ —
asymptotically nonexpansive if F(T) # () and there exist nonnegative real sequences
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{un} and {v,} with u,, — 0,v, — 0 (as n — o0) and a strictly increasing continuous
function ¢ : R* — Rt with ¢(0) = 0 such that for all x € C, p € F(T)

¢(p,wn) < G(p, ) + un((d(p, ) + vn,, Y0 21, wy € T"a. (1.5)

(4) A multi-valued mapping T : C — N(C) is said to be closed if, for any sequence
{z,} € C with z,, — z and w,, € T'(z,,) with w,, — y, then y € Tx.

(5) A multi-valued mapping 7' : C — N(C) is said to be uniformly L — Lipschitzian
if there exists a constant L > 0 such that for all z,y € C,

[lwn, — snll < Ll||lz —y||, Vw, € T"z, s, € T"y, n > 1.

The class of total quasi—¢—asymptotically nonexpansive mappings is important as a
generalisation of the class of relatively nonexpansive mappings. Approximating fixed
points of multivalued nonlinear mappings if they exist are of enomous importance
due to their applications in various fields such as in game theory and market economy
(see for example [15, 16]), nonsmooth differential equations (see for example [5, 6, 7])
to mention just a few.

In 2005, Matsushita and Takahashi [14] proved weak and strong convergence theo-
rems for fixed point of a single relative nonexpansive mapping in a uniformly convex
and uniformly smooth Banach space. Various generalizations of relatively nonex-
pansive mappings were introduced and studied by numerous authors see for example
[2, 11, 13],[17]-[20], [21, 23, 24],[26]-[31] (just to mention but a few) and the references
contained in them. In 2010, Chang et al. [3] obtained a strong convergence theorem
for an infinite family of quasi-¢-asymptotically nonexpansive mappings in a uniformly
smooth and strictly convex Banach space with Kadec-Klee property.

Still in 2010, Li et al. [12] introduced the following hybrid iterative scheme for ap-
proximation of fixed point of a relatively nonexpansive mapping T’ using properties
of generalized f-projection operator in a uniformly smooth real Banach space which
is also uniformly convex: xg € C,

Yn = J HapnJz, + (1 — an)JTz,),
Cni1 = {w €Cy: Gw,Jy,) < Glw, Jzy,)},
Tptl = chn+1z0, n > 0.

They proved a strong convergence of the scheme to an element in the fixed point set
of T.

Recently, Homaeipour and Razani [9] proved weak and strong convergence theorems
for a single relatively nonexpansive multi-valued mapping in a uniformly convex and
uniformly smooth Banach space.

Quite recently, Tang and Chang [22] introduced a new hybrid iterative scheme for
approximation of fixed point of a total quasi-¢-asymptotically nonexpansive multi-
valued mapping in a uniformly smooth and strictly convex Banach space with Kadec-
Klee property. They actually proved the following theorem.

Theorem 1.3. [22] Let E be a real uniformly smooth and strictly convex Banach
space with Kadec-Klee property, and C be a nonempty closed and convex subset of
E. Let T : C — N(C) be a closed and total quasi-¢-asymptotically nonexpansive
multi-valued mapping with nonnegative real sequences {v,} and {u,} and strictly
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increasing continuous function ¢ : Rt — R™ such that pu; = 0,v, — 0,1, — 0 (as
n — o0) and ¢(0) = 0. Let zp € C,Cy = C and {z,,} be a sequence generated by

Yn = J HanJz, + (1 —apn)Jz,)
Zn = J_1<5nt]$n + (1 - Bn)J'wn)

Crt1={v € Cp : $(v, Jyn) < d(v, Jap) + &0}
Tpy1 = Ue, %0, 12> 0

(1.6)

where w, € T"xp, Vn > 1, & = vy SuPpepr) C(A(P; Tn)) + fin, Lo, +1 is the gen-
eralized projection of E onto Cp41, {a,} and {5,} are sequences in [0, 1] satisfying
the following conditions:

(a) liminf, ﬂn(l - ﬂn) > 0;

(b) 0 < ay, < a <1 for some a € (0,1). If F(T) is a nonempty and bounded subset
of C, then the sequence {x,} converges strongly to ILpr)zo.

More recently, Zhang et al. [28] introduced the notion of weak relatively nonexpansive
mappings. They studied a new hybrid algorithm for fixed point of multivalued weak
relatively nonexpansive mappings. They proved the following Theorem.

Theorem 1.4. [28] Let E be a uniformly convex and uniformly smooth Banach
space, let C' be a nonempty closed convex subset of E, let T': C' — C be a weak
relatively multivalued nonexpansive mapping. Assume that {a,},{8,} and {v,} are
sequences in [0, 1] such that o, + Bn +7, = 1, nlﬁgoozn =0and0<y <y, <1Vn>1

for some constant v € (0,1). Define a sequence {x,,} in C by the following algorithm:

rg € C
Yn = J  HanJzo + Budrn +Ynd2n), 2n € Ty
Cpn={2€Cho1:0(z,yn) < (1 —apn)d(z,zn) + and(z,20),n > 1,
Co=0C
P e chl'o.

Then {z,} converges to ¢ = IIpr)xo.

Motivated by the above results, it is our purpose in this paper to study a new modi-
fied iterative scheme and prove strong convergence theorem for infinite family of total
quasi-¢-asymptotically nonexpansive multi-valued mappings in a real uniformly con-
vex and uniformly smooth Banach space using a generalized f—projection operator.
Our result improve and unify several recent important results announced by numerous
authors.

2. PRELIMINARIES

Let E be a smooth, strictly convex and reflexive real Banach space and let C' be
a nonempty, closed and convex subset of E. Following Alber [1], the generalized
projection Il from E onto C is defined by
Mo (x) := argming(y,z), Vo € E.
yeC

The existence and uniqueness of Il follows from the property of the functional ¢(z, y)
and strict monotonicity of the mapping J (see, for example,[1]). If E is a Hilbert space,
then IIo become the metric projection of H onto C.
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Let G: C x E* - RU {400} be a functional defined as follows:

G(&,0) = [[E]]” = 2(&, ) + llel* + 2p£(8), (2.1)

where £ € C,p € E*, p is a positive number and f : C — RU {400} is proper, convex
and lower semi-continuous. From the definition of G and f, it is easy to observe the
following properties:

(i) G(&, ) is convex and continuous with respect to ¢ when ¢ is fixed;

(ii) G(&, ¢) is convex and lower semi-continuous with respect to & when ¢ is fixed.
Definition 2.1. (Wu and Huang [25]) Let E be a real Banach space with its dual
E*. Let C be a nonempty closed and convex subset of E. A mapping Hé : B* = 2C
defined by

M = {u€ C: Glu,p) = MEG(E )}, Vo € B

is called a generalized f-projection operator.

For the generalized f-projection operator, Wu and Hung [25] proved the following
basic properties:

Lemma 2.2. (Wu and Huang [25]) Let E be a real reflexive Banach space with
its dual space E*. Let C be a nonempty closed and convex subset of E. Then the
following statement hold:

(i) Hécp is a nonempty closed convex subset of C for all ¢ € £,

(ii) If F is smooth, then for all p € E* x € Hécp if and only if

(x =y, —Jx) +pfly) — pf(x) > 0,Vy € C;

(iii) If F is strictly convex and f : C' — R U {400} is positive homogeneous (i.e.,
f(tx) = tf(x) for all t > 0 with tx € C where x € C'), then Hé(p is a single valued
mapping.

Fan et al. [8] showed that the condition f is positive homogeneous which appeared
in Lemma 2 can be dropped.

Lemma 2.3. (Fan et al. [8]) Let E be a real reflexive Banach space with its dual
space £ and C' a nonempty closed and convex subset of E. If E is strictly convex,
then ch is a single valued mapping.

Recall that J is single valued in a real smooth Banach space E. This implies that for
each z € E there exists a unique element ¢ € E* such that ¢ = Jz. Using this in
(2.1), we obtain, in a real smooth Banach space,

G(&, Jx) = |[€][* — 2(¢. Ja) + [||* + 2p£ () (2.2)

With this, the generalized f-projection operator in a real smooth Banach space can
be defined as follows.

Definition 2.4. Let F be a real Banach space and C' a nonempty closed and convex
subset of . We say that Hé : B — 2% is a generalized f-projection operator if

Héx ={ueC:Gu,Jz)= gin(f;G(g,Ja:)}, Vo e E.
ce

The following definition follows from the relations between ¢ and G.



342 BASHIR ALI AND G.C. UGWUNNADI

Definition 2.5. A multi-valued mapping T': C — N(C) is
(i) relatively nonexpansive if F(T) # (0, F(T) = F(T) and
G(p, Jw) < G(p,Jx), Ve € C, pe F(T), x € C, and w € Tx.

(ii) weak relatively nonexpansive if F(T) # 0, F(T) = F/'EZ/’) and
G(p,Jw) < G(p,Jz), Ve € C, pe F(T), x € C, and w € Tx.

(iil) going to be call total quasi — ¢ — asymptotically nonexpansive with respect to
fif F(T) # 0 and there exist nonnegative real sequences {u,} and {v,} with u, —
0,v, — 0 (as n — oo) and a strictly increasing continuous function ¢ : Rt — RT
with ¢(0) = 0 such that for all x € C, p € F(T)

G(p, Jw,) < G(p, Jx) + un((G(p, JT)) + Uy, Yn > 1, w, € T"x. (2.3)

Lemma 2.6. (Li et al. [12]) Let E be a Banach space and f: F — RU {+oco} be a
lower semi-continuous convex functional. Then there exist z* € E* and o € R such
that
f(z) > (z,2") + o, Vz € E.

Lemma 2.7. (Li et al. [12]) Let C be a nonempty, closed and convex subset of a
smooth and reflexive Banach space E. Then the following statements hold:
(i) Héx is a nonempty, closed and convex subset of C for all x € E;
(ii) forallx € E, & € Héw if and only if

(@ —y, Jo—Ji) +pf(y) — pf(2) 20, Yy € C;
(iii) if FE is strictly convex, then Héx is a single valued mapping.
Lemma 2.8. (Li et al. [12]) Let C' be a nonempty, closed and convex subset of a
smooth and reflexive Banach space E. Let x € F and % € Héx, then

oy, &) + G(&, Jx) < G(y, Jx), Vy € C.

Lemma 2.9. (Kamimura and Takahashi [10]) Let C' be a nonempty closed and convex
subset of a smooth uniformly convex Banach space E. Let {z,}52; and {y,}5>, be
sequences in E such that either {z,}52; or {y,}32 is bounded. If nlLrI;O¢(xn, Yn) =0,
then lim ||x, — yn|| = 0.
n—roo
Lemma 2.10. (Chang et al. [4]) Let E be a uniformly convex real Banach space.
For arbitrary r > 0, let
B.(0):={z € E:|lz|| <r}.
Then, for any given sequence {x, }52; C B,(0) and for any given sequence {\, }52; of
positive numbers such that >~°°; A; = 1, there exists a continuous strictly increasing
convex function
g:[0,2r] = R, g(0)=0
such that for any positive integers i, 7 with ¢ < j, the following inequality holds:

o
n=1

2 [eS)
<D Aallzall? = Xidgg(llzs — ;).
n=1
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3. MAIN RESULTS

Lemma 3.1. Let E be a real uniformly convex and uniformly smooth Banach space,
and C be a nonempty closed and convex subset of E. Let T : C — N(C) be a
closed and total quasi-¢-asymptotically nonexpansive multi-valued mapping with non-
negative real sequences {u,} and {v,} and a strictly increasing continuous function
¢ :RT — R* such that u, — 0,v, — 0 asn — oo and ((0) = 0. Let f: E - R
be a convex, and lower semi continuous mapping with C' C int(D(f)). Then F(T) is
closed and convex.
Proof. First, we show that F(T) is closed. Let {z,}52; be a sequence in F(T') such
that x, — p (as n = 00). Since x,, € Tx,, by the closure of T, we have p € Tp, that
is p € F(T). Thus, F(T) is closed.
Next we show that F'(T) is convex. Let x,y € F(T), put z =tz + (1 — t)y for any
€ (0,1), we prove that z € F(T'). Indeed, let {w,} be a sequence generated by
wy € Tz,wy € Twy C T?%2,...,w, € Tw,_1 C T"z,... by the convexity of ||.||?,
letting gy, == t{u,((G(x, J2)) + va] + (1 — t)[unl(G(y, J2)) + vy,], we have

G(z, Jwy) = [|2]1* = 2(z, Jwy) + ||wn]|* + 2pf (2)
= (211> = 2z, Jw,) — 2(1 = t)(y, Jwn) + t|[wn]|* + (1 = t)]|[wnl|* + 2pf (2)
= [[2]1* + tG(x, Jwn) + (1 = )Gy, Jwy) + 2pf ()
—t||z|]* = (1 = 0)[lyl|* = 2tpf(x) — 2(1 = t)pf(y)
< ||2|]? + t[G(x, J2) + unC(G(x, T2)) + vy
+(1 =[Gy, J2) + unl(G(y, J2)) + va] + 2pf (2)
—t||z|* = (1 = 0)[lyl|* = 2tpf(x) — 2(1 = t)pf(y)
= [|2[1? = 2(z, J2) + ||2|* + 20f (2) + pn = G(2, J2) + pi-

Since G(z,Jz) < G(z, Jwy,) and p, — 0 as n — oo, we have G(z, Jw,) — G(z, Jz),
which implies that ¢(z,w,) — 0 as n — oo, by Lemma 2.9 we have w, — z (as
n — o0). Since T is closed, we have z € Tz that is z € F(T). Therefore F(T) is
convex.

Theorem 3.2. Let E be a real uniformly convex and uniformly smooth Banach space,
and C' be a nonempty closed and convex subset of E. Let T; : C' — N(C), i € N be an
infinite family of uniformly L;—Lipschitzian, closed and total quasi-¢-asymptotically
nonexpansive multi-valued mappings with nonnegative real sequences {u,;} and {v,;}
and sequences of strictly increasing continuous functions ¢; : R™ — R* such that
Uni — 0,0, — 0 as n — o0, and (;(0) =0, ¢ € N. Let F =N, F(T;) # 0, bounded
and f: E — R be convex and lower semi continuous mapping with C' C int(D(f)).
Suppose {x,}52, is a sequence iteratively generated by xg € C,Cy = C,

20 = T HamoJzn + 322 ani Jwl?);
Cn-i—l = {U S Cn : G(U, Jyn) S G(U7 an) + Un};
Tpt1 = HéonO? n >0,

(3.1)
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where {a,; }22; are sequences of positive real numbers, wﬁ,) €Tz, 1 €N,

Op = ; (67 (UniIS)EECi(GCpa an)) + uni)7

and
(1) Y2y ani = 1; liminfaneon; > 0 Vi € N;
n—oo

(ii) 0 < B < By <1 for some B € (0,1).
Then, {z,}52, converges strongly to H?zo.
Proof. We first show that C,,,Vn > 0 is closed and convex. It is obvious that Cy = C
is closed and convex. Thus, we only need to show that C,, is closed and convex for
each n > 1. Since G(v, Jy,) < G(v, Jx,) + 04, is equivalent to
2(v, Jxp — Jyn) < | Jynll? — || Jzn||* + 04, n € N, we obtain that Cj,; is closed and
convex for all n > 0.
We now show that {z,} is bounded and the limit lim G(z,,Jxg) exists. Since

n—oo

f:+ F — Ris convex and lower semi-continuous, by Lemma 2.6, there exists u* € E*
and o € R such that.

fy) =z (y,u’) +a, Vy e E.
It follows that
G (@n, Jz0) = [[2a[* = 2(xn, Jx0) + |[z0||* + 20 (x5)
> |zal? = 2(@n, Jz0) + [lzo|[* + 2p(zn, u”) + 2pa
= ||zn||? = 2(xn, Jzo — pu*) + ||20||* + 2000
> ||zl = 2[[2a||l[Jz0 — pu*|| + [2ol[* + 2pa
= (llzall = 1720 — pu™[])? + [|z0]* = [|J2o — pu™||* + 2pa. (3.2)
Since z,, = Hén xo, it follows from (3.2) that
G(u, Jx0) > G(zn, J20) = (||2all = |20 — pu[])* + ||20|[* — [|T20 — pu™|* + 2par
VYn > 0 and for each v € F. This implies that {z,}52, is bounded and so is
{G(2n, J20)}22 . By the construction of C),, we have that C,,, C C,, and x,, = Hénxo
for any positive integer m > n. Then from Lemma 2.8, we obtain that
(T, Tn) + G(Tn, JTo) < G(Tm, J0). (3.3)
In particular,
(Tnt1,Tn) + Glan, Jo) < G241, J20)
In view of (1.2), we have

G(xn-‘rla Jﬂ?o) - G(xna JJ?()) Z ¢($n+1,1‘n) Z (||$n+1|| - Han)Q Z 07
and so {G(zp, Jzo)}S2, is nondecreasing. It follows that the limit lim G(zp, Jxg)

exists.

We now show that F C C,,,Vn > 0. Since {x,} is bounded, so is {G(u, Jz,,)} for any
fixed u € C. Let B, C R be some ball of positive radius r satisfying {G(u, Jz,,)} C B,
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for every u € F. Also let B be a set defined by B := {t € B, : t > 0} and define a

map ¢ : B — RY by ((t) = supi(t).
i>1

For n = 0, we clearly have F' C C' = Cy. Now let u € F, then we have
Gu,Jyn) = Gu,Bndzn+ (1 — Bn)Jay)

Hu||2 = 2Bn(u, Jzn) = 2(1 = Bn){u, Jzy)

1Bnd 2+ (1 = Br) Jwn| |* + 2pf (u)

[l = 285 (u, Tzn) = 2(1 = B )(u, Jx,)

BallTzn|* + (1 = Bu)[[Jn* + 20 (u)

BnG(u, Jzn) + (1 — Bn)G(u, Jzy,)

+ IAN +

= (1- )G, Jun) + BuGlu, anoJan + Y aniJwd)

i=1

= (1= Ba)G(u, Jan) + Bulllul* = 2(u, anoJzn + Y aniJw?)

=1

T anoTzn + 3 aniTul@P +2pf ()]

i=1

(1= Bn)G(u, J23) + BranoG(u, Jan) + B > G(u, Jw))

i=1

IN

- ﬂnanoanig(Han - JwSLZ)”)
(1 = Bn)G(u, Jxy) + BraneG(u, Jx,)

IN

+ Bn Z Qn; [G(u7 an) + 'UniC(G(u> an)) + uni]
i=1
< G(’U,, an) + Bn Z Qlng [Um‘SUPC(G(U, J.Z‘n)) + Unz]
i=1 ueF
- /Bnanoanig(HJzn - Jwgf)H)
Therefore
G(u, Jyn) < G(u, Jx,) + 0y, Y u € F. (3.5)

ie.,, u € Cpqq and so F' C Cp4q for all n > 0. Since C,41 is closed and convex and
FcC,,Vn >0, it follows that Hén+1z0 is well defined for all n > 0.
By the assumptions on {u,;} and {v,;} for each i = 1,2, ... we have

On = Zani (vm-supC(G(p, an)) + unz) —0 (n - OO)
i=1 PeEF
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Now,(3.3) implies that
(T, ) < G(Tm, Jxo) — G(2p, J0), (3.6)
taking the limit as m,n — oo, we obtain

lim ¢(xpm, z,) = 0.

n—0o0

It then follows from Lemma 2.9 that ||z, — z,|] = 0 as m,n — co. Hence {x,}52
is Cauchy. As F is a Banach space and C' is closed, then there exists p € C' such that
Tp — P as n — oo.

Now since ¢(xm,, ) — 0 as m,n — oo we have in particular that
7}i_>ngo¢(xn+lamn) =0

and this further implies that

lim ||zp 41 — 2,|| = 0. (3.7)

n—oo
By the fact that x,,41 € C,,41 C Oy, it follows that

(@41, Yn) < P(@nt1,Tn) + On,

hence

lirlgo¢<mn+17 yn) =0.

n—

By Lemma 2.9 we obtain

Jim |21 — ynl| = 0.
So
[0 = Ynll < |[Tng1 — zall + [[Znr1 — ynll,
implies

nh_)H;OHxn = ynll = 0. (3.8)
Since J is uniformly norm-to-norm continuous on bounded sets we also have
lim ||Jz,, — Jya|| = 0. (3.9)
n—oo
As 0 < < B, <1, then

1
[|Jzn — Jxp|| = 6—||an —Jyn|| = 0, as n — oo.

Since J~! is uniformly norm-to-norm continuous on bounded sets we obtain
lim ||z, — x,|| = 0,
n—oo
so that z, — p as n — oco. From (3.4), for any v € F and wl) € Tla,, i =1,2, ...,
we have
G(u, Jyn) < G(u, Jzn) + 00 — Branonig(||Jzn — Jwgzl)”)v
it follows that,
Bnanoanig(HJmn - Jw»g:)H) S G(u, an) - G(’LL, Jyn) + On,
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but
Glu, Jzn) = Glu, Jyn) = [lanll? = lyall® — 2(u, Jz, — Jyn)
< Jllwall® = llynl 2] + 2[(, T2 = Ty)
< ‘llxn\l = llynll| (]l + lynll) + 2/l Jzn — Jynl|
< Men = ynll(lznll + lynl) + 2[ulll| Jzn = Jynl|

from this, (3.8) and (3.9), we obtain G(u, Jz,) — G(u, Jy,) — 0 as n — oo, using
condition (i) and (ii) it follows that

Tim g(||Jzn — Jwi|]) = 0.

By property of g, we have
lim ||Jz, — Jw®|| = 0. (3.10)
n— oo

Since J~! is uniformly norm-to-norm continuous on bounded sets we obtain

i —w®|| =
nl;n;o||xn w,’|| = 0. (3.11)

Aswl) € T{'x, it implies that Tw c T2, now let sgf)ﬂ € Tyw'” which implies
that SS)+1 € T/""'z,,. Then, since T} is uniformly L;-Lipschitzian, i € N, we have

151 —w@| < (188, —wl ||+ [wly = zpa]l + 1Znss — zal + [Jen — 0wl

< (Li + Dllenss — @l + [0 — @] + 2 — wD]].

From this together with (3.7) and (3.11), we obtain that 7}1{2()”55;11 - w,(f)|| =0 and
SO s&)rl — p as n — oo for each ¢ € N. In view of the closure of T;, we have that
p € T;p, for each i € N, therefore p € F.

Finally, we show that p = HJ;QJO. Since F' = N2, F(T;) is closed and convex, by
Lemma 2.7 H{, is single valued and so if we denote v = Héxo, as r, = Hén xo and
v e F e (C,, we have

G(zp, Jxg) < G(v,Jxg), ¥ 1 > 0.

We know that G(&, Jy) is convex and lower semi-continuous with respect to £ when
@ is fixed, this implies that

G(p, Jxg) < lirginfG(xn, Jxg) < limsupG(zy,, Jxo) < G(v, Jxg).

n—o0 n— o0

From the definition of HJI;QUO and the fact that p € F, we see that p = v. This
completes the proof.
The following important corollaries follow from Theorem 3.2 and Lemma 3.1.
Corollary 3.3. Let E be a real uniformly convex and uniformly smooth Banach
space, and C' be a nonempty closed and convex subset of E. Let T; : C — N(C),
1 =1,2,3,... be an infinite family of uniformly L;—Lipschitzian, closed and relatively
nonexpansive multi-valued mappings. Let F = N2, F(T;) # 0 and f : E — R be
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convex and lower semi continuous mapping with C' C int(D(f)). Suppose {z,, }22, is
iteratively generated by zq € C,Cy = C,

n = Jﬁl(anojl’n + Zzl Oémng));

Yn = Jfl(ﬁnjzn + (1 - ﬂn)an)Q
Cry1={v e Ch: G, Jyn) < G(v,Jzpn)};
Tpt1 = Hén+1x0, n >0,

(3.12)

o i )
where {a,;}52 ; are sequences of positive real numbers, wl) e Tizp, © € N and

(1) Yoo omi = 15 liminfanpay; > 0 Vi € N;
n—oo

(ii) 0 < B8 < By <1 for some S € (0,1).
Then, {z,}5°; converges strongly to HJ;.’E().
Corollary 3.4. Let F be a real uniformly convex and uniformly smooth Banach
space, and C be a nonempty closed and convex subset of E. Let T; : C — N(C), i =
1,2, 3, ... be an infinite family of uniformly L;—Lipschitzian, closed and weak relatively
nonexpansive multi-valued mappings. Let FF = N2, F(T;) # 0 and f : E — R be
convex and lower semi continuous mapping with C' C int(D(f)). Suppose {z,}52, is
iteratively generated by zg € C,Cy = C,

Zn = Jfl(anOJ‘rn + Z;)il aning));

Yn = Jﬁl(ﬁnjzn + (1 - ﬁn)an)v
Cry1={veCy: G, Jy,) < G(v,Jxp)};
Tpil = Hén+1x07 n >0,

(3.13)

where {a,; 122, are sequences of positive real numbers, wﬁ,) € Tyxy,, i € N and

(1) Y2y ani = 1; liminfaneon; > 0 Vi € N;
n—o0
(ii) 0 < B8 < By <1 for some S € (0,1).
Then, {x,}2, converges strongly to Héxo.
Corollary 3.5. Let F be a real uniformly convex and uniformly smooth Banach
space, and C be a nonempty closed and convex subset of E. Let T; : C — N(C),
i = 1,2,3,... be an infinite family of uniformly L;—Lipschitzian, closed and quasi-
¢-asymptotically nonexpansive multi-valued mappings with real sequences {k,;} i =
1,2,... such that k,; — 1, as n — oo, Vi € N. Let F = N2, F(T;) # 0, bounded
and f : E — R be convex and lower semi continuous mapping with C' C int(D(f)).
Suppose {z,}52 is a sequence iteratively generated by xg € C,Cy = C.
2n = J Hano STy + Z;’il OéniJwr(zz));
Yn = J_l(ﬁnjzn + (1 - Bn)an)a
Cry1 ={veCy:Gv,Jy,) < G(v,Jzy) + op};
Tpt1 = Hénﬂmo, n >0,

(3.14)

where {a,;}22, are sequences of positive real numbers, wﬁ,) €eTlxy, 1 €N,

Op = gam((km — 1)supG(p, an)>,

peF
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and

(1) Yoo = 1; liminfanoay; > 0 Vi € N;
n— o0

(ii) 0 < B < By <1 for some S € (0,1).

Then, {x,}52, converges strongly to II%zo.
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