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1. INTRODUCTION

In the recent past, equilibrium problems, variational inequality problems and fixed
points problems have been attracted so much attention. How to construct algorithms
for finding the common element of the set of solution of an equilibrium problem, the
set of solution of a variational inequality problem and the set of common fixed points of
nonexpansive mappings is an interesting topic. Some related works have been studied
extensively in the literature. See, for instance, [1]-[26] and the references therein. It
is our main purpose in this paper that we construct a hybrid method for finding a
common element of the set of solution of an equilibrium problem, the set of solution
of a pseudomonotone, Lipschitz-continuous variational inequality problem and the
set of common fixed points of an infinite family of nonexpansive mappings. We will
show the strong convergence of the proposed algorithm to the common element of the
set of solution of an equilibrium problem, the set of solution of a pseudomonotone
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variational inequality problem and the set of common fixed points of an infinite family
of nonexpansive mappings.

We next briefly review some historic approaches in the literature which relate
to the variational inequality problems and fixed points problems. Let us start with
Korpelevich’s extragradient method which was introduced by Korpelevich [13] in 1976
and which generates a sequence {x,} via the recursion:

{yn = Po(x, — Muzy,),

(1.1)
Tpt1 = Po(xn — Myy), Vn >0,

where Pg is the metric projection from R™ onto C, A : C — H is a monotone operator
and A is a constant. Korpelevich [13] proved that the sequence {x,, } converges strongly
to a solution of VI(C, A). Note that the setting of the space is a finite dimension
Euclid space.

Korpelevich’s extragradient method has extensively been studied in the literature
for solving a more general problem that consists of finding a common point that lies in
the solution set of a variational inequality and the set of fixed points of a nonexpansive
mapping. This type of problem aries in various theoretical and modeling contexts,
see e.g., [27]-[33] and references therein. Especially, Nadezhkina and Takahashi [34]
introduced the following iterative method:

ro=x € C,

Yn = Po(xn — AnAxy,),

Zn = apy + (1 — an)SPo(xn — A Ayn),
Co={2€C: || — 2] < ltn — 21},
Qn={z€C:{(xn—2z2—x,) >0},
Tn+l = PC'nﬁQn (SU), Vn >0,

where Pg is the metric projection from H onto C, A : C — H is a monotone k-
Lipschitz-continuous mapping, S : C — C is a nonexpansive mapping, {\,} and
{a,,} are two real number sequences. They proved the strong convergence of the
sequences {z,}, {y»} and {z,} to a common element of the set of solution of a
variational inequality problem and the set of fixed points of a nonexpansive mapping.

Very recently, Ceng, Teboulle and Yao [35] further suggested a new iterative
method as follows:

Yn = Po(xn — AnAxy,),

Zn = apy + (1 — an)SnPo(n — AnAyn),

Cpn={2€C:|zn— 2| < |lzn — 2|}, (1.3)
find x,,41 € C,, such that

(X — Tpy1 + €n — OnATpi1, Tnp1 — T) > —€,, VY € Cy,

where A : C — H is a pseudomonotone, k-Lipschitz-continuous and (w,s)-
sequentially-continuous mapping, {Sl-}l]-\]:1 : C — C are N nonexpansive mappings.
Under some mild conditions, they proved the weak convergence of the sequences {z,},
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{yn} and {z,} to a common element of the set of solution of a pseudomonotone varia-
tional inequality problem and the set of fixed points of a finite family of nonexpansive
mappings if and only if liminf,, (Az,,z — x,) >0, Va € C.
On the algorithms (1.2) and (1.3), we have the following remarks.

Remark 1.1. (1) We note that Nadezhkina and Takahashi’s method (1.2) combines
Korpelevich’s extragradient method and a C@ method. They obtained the strong
convergence of their method. It is observed that Nadezhkina and Takahashi [34] em-
ployed the monotonicity and Lipschitz-continuity of A to define a maximal monotone
operator T as follows:

=10 ifvgc,
where Nov ={w € H : (v—u,w) > 0,Yu € C} is the normal cone to C' at v € C (see,
[36]). However, if the mapping A is a pseudomonotone Lipschitz-continuous, then T'
is not necessarily a maximal monotone operator. This fact implies that the approach
used in [34] cannot be applied.

(2) Ceng, Teboulle and Yao’s method (1.3) combines Korpelevich’s extragradient
and approximate proximal method. It is interesting that they have overcome the diffi-
culty mentioned above, i.e., they assumed the involved operator A is pseudomonotone
(not monotone). However, Ceng, Teboulle and Yao’s method has only weak conver-
gence.

It is an interesting problem: could we construct a new algorithm involving pseu-
domonotone operators such that the strong convergence is guaranteed?

Motivated and inspired by the works of Nadezhkina and Takahashi [34] and Ceng,
Teboulle and Yao [35], in this paper we suggest a hybrid method which combines two
well-known methods: extragradient method and C'Q method. We derive a necessary
and sufficient condition for the strong convergence of the proposed sequences for
finding a common element of the set of solution of an equilibrium problem, the set
of solution of a pseudomonotone, Lipschitz-continuous variational inequality problem
and the set of common fixed points of an infinite family of nonexpansive mappings.

{Av 4+ New, ifved,

2. PRELIMINARIES

In this section, we will recall some basic notations and collect some conclusions
that will be used in the next section.

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively.
Let C be a nonempty closed convex subset of H. Recall that a mapping A : C — H
is called a-inverse-strongly monotone if there exists a constant o > 0 such that

(Az — Ay, —y) > o|| Az — Ay|]*>, Va,y € C.
A mapping A : C — H is called monotone if
(Ar — Ay,x —y) >0, Va,yeC.
A mapping A : C — H is called pseudomonotone if
(Az,y —x) > 0= (Ay,y —x) >0, Va,yeC.

It is clear that if a mapping A is monotone, then it is pseudomonotone.
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Recall also that a mapping S : C — (' is said to be nonezpansive if
1Sz — Sy|| < [le —yll, Vz,yeC.

Denote by Fixz(S) the set of fixed points of S, that is, Fiz(S) = {x € C': Sz = z}.
Let B : C'— H be a nonlinear mapping and F : C' x C' — R be a bifunction. The
equilibrium problem is to find z € C such that

F(z,y)+ (Bz,y—2) >0, VyeC. (2.1)

The solution set of (2.1) is denoted by EP(F, B). If B = 0, then (2.1) reduces to the
following equilibrium problem of finding z € C' such that

F(z,y) >0, YyeC. (2.2)

The solution set of (2.2) is denoted by EP(F). If F = 0, then (2.1) reduces to the
variational inequality problem of finding z € C such that

(Bz,y—2z) >0, VyeC. (2.3)

The solution set of variational inequality (2.3) is denoted by VI(C, B).
Throughout this paper, we assume that a bifunction F': C' x C' — R satisfies the
following conditions:
(H1) F(z,z) =0 for all z € C;
(H2) F is monotone, i.e., F(x,y) + F(y,z) <0 for all z,y € C;
(H3) for each z,y,z € C, limy o F(tz + (1 — t)z,y) < F(x,y);
(H4) for each z € C, y — F(x,y) is convex and lower semicontinuous.
It is well known that, for any u € H, there exists a unique uy € C such that

llu — uo|| = inf{|ju — z|| : x € C}.

We denote uy by Po(u), where Po is called the metric projection of H onto C.
The metric projection Po of H onto C has the following basic properties:

(1) | Po(e) — Po(y)] < o — y| for all 2,y € H.

(2) (x — Po(x),y — Pe(z)) <Oforallz € H,y € C.

(3) The property (2) is equivalent to

le = Po(@)|? + ly - Pe(@)|® < lle —yl, VeeH, yeC.

(4) In the context of the variational inequality problem, the characterization of the
projection implies that v € VI(C, A) & u = Po(u — Mu), VA > 0.

Recall that H satisfies the Opial condition [37]; i.e., for any sequence {x,} with
x, converges weakly to z, the inequality liminf, o ||z, — 2| < liminf,, o ||z — ||
holds for every y € H with y # z.

Let C be a nonempty closed convex subset of a real Hilbert space H. Let {S;}32,
be infinite family of nonexpansive mappings of C' into itself and let {;}52, be real
number sequences such that 0 < & < 1 for every i € N. For any n € N, define a
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mapping W, of C into itself as follows:

Un,n+1 - Ia

Un,n = gnSnUn,n+1 + (1 - fn)la

Un,n—l = gn—lsn—lUn,n + (]— - gn—l)-[a

Unk = &SkUn 1 + (1 — &)1, (2.4)
Un -1 =E-1-1Un i + (1 — &u1)1,

Uno=685U,3+ (1 —6)1,

Wp=Up1=65Un2+ (1 -8&)I

Such W, is called the W-mapping generated by {S;}2; and {§;}32,.

We have the following crucial Lemmas 3.1 and 3.2 concerning W,, which can be
found in [38]. Now we only need the following similar version in Hilbert spaces.
Lemma 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let Sy, 82, -+ be nonexpansive mappings of C into itself such that (\,—, Fix(Sy) is
nonempty, and &1,&, -+ be real numbers such that 0 < & < b < 1 for any i € N.
Then, for every x € C' and k € N, lim,,_,oc Uy, 1@ exists.

Lemma 2.2. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let 51,52, -+ be nonezpansive mappings of C into itself such that (,—, Fiz(S,) is
nonempty, and &1,&a, -+ be real numbers such that 0 < & < b < 1 for anyi € N.
Then Fiz(W) = (", Fiz(S,).

Lemma 2.3. ([39]) Using Lemmas 2.1 and 2.2, one can define a mapping W of C
into itself as: Wa = lim, oo Wy = lim,,yoo Up 1 for every x € C. If {z,} is a
bounded sequence in C, then we have lim, o |Wx, — Wyz,|| = 0.

We also need the following well-known lemmas for proving our main results.
Lemma 2.4. ([6]) Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let F : CxC — R be a bifunction which satisfies conditions (H1)-(H4). Let u > 0
and x € C. Then there exists z € C' such that F(z,y) + i(y— z,z—x) >0, VyeCl.
Further, if T,(z) = {z € C : F(z,y) + %(y —z,z—1) >0 for ally € C}, then the
following hold:

(a) T, is single-valued and T), is firmly nonexpansive, i.e., for any x,y € C,

[Tz — Tuyll* < Tz — Tuy, @ — y);

(b) EP(F) is closed and convex and EP(F) = Fiz(T),).

Lemma 2.5. ([40]) Let C be a nonempty closed convex subset of a real Hilbert space
H. Let S : C — C be a nonexpansive mapping with Fix(S) # 0. Then S is demiclosed
on C, i.e., if yp — z € C weakly and y,, — Syn, — y strongly, then (I — S)z = y.
Lemma 2.6. ([41]) Let C be a closed convexr subset of H. Let {x,} be a sequence
in H and uw € H. Let ¢ = Po(u). If {x,} is such that w,(x,) C C and satisfies the
condition ||z, —u|| < ||lu—gq|, Vn. Then z, — q.

We adopt the following notation:

1. z, — x stands for the weak convergence of (x,) to z.
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2. x, — x stands for the strong convergence of (z,,) to x.
3. For a given sequence {z,} C H, wy(z,) denotes the weak w-limit set of {x,};
that is, wy(2,) := {x € H : {x,,} converges weakly to x for some subsequence {n;}

of {n}}.
3. MAIN RESULTS

In this section we will state and prove our main results.
Theorem 3.1. Let C be a nonempty closed convexr subset of a real Hilbert space
H and F : C x C — R be a bifunction satisfying (H1)-(H4). Let A: C — H be a
pseudomonotone, k-Lipschitz-continuous and (w, s)-sequentially-continuous mapping.
Let B : C — H be an a-inverse-strongly monotone mapping and {S,}52, : C' — C be
an infinite family of nonexpansive mappings such that Q .= EP(F,B)NVI(C,A) N
N, Fiz(S,) # 0. Forzg € C, let {xn}, {yn}, {zn} and {u,} be sequences generated
by
F(unay)+<B$nay_un>+%<y_un7un_xn> 207 Vyecv
Yn = PC(I - )\nA)U"ru
Zp = QnTp + (1 - an)WnPC(Un - )\nAyn)a
Cn={z€C:|zn— 2|l < llzn — 2},
Qn={z€C:{(xy—2z0—2,) >0},
Tnt1 = Po,nq, (o), n >0,

(3.1)

where p € (0,2a) is a constant and W, is W-mapping defined by (2.4). Assume the
following conditions are satisfied:

(a) {An} C [a,b] for some a,b e (0, 1);

(0) {an} C [0,¢] for some c € [0,1).
Then the sequences {xyn}, {yn}, {2n} and {u,} generated by (3.1) converge strongly
to the same point Po(xo) if and only if liminf, (Az,,z — x,) > 0, Vo € C.

Next, we will divide our detail proofs into several Lemmas. In the sequel, we
assume that all conditions of Theorem 3.1 are satisfied.
Lemma 3.2. (a) C,, and Q,, are closed and convex, Vn > 0;

b QcCcC,NQp, Vn > 0;

(¢) {zn} is well-defined.
Proof. Tt is obvious that C, is closed and @Q,, is closed and convex for every n > 0.
From (3.1), we can rewrite C,, as

It is clear that C,, is a half space. Hence, C,, is convex. Therefore, C,, and @Q,, are
closed and convex, Vn > 0. Next we show that Q C C,, N Q,,,Vn > 0.

From Lemma 2.4, we have u,, = T,,(I — pB)xn, Vn > 0. Set ¢, = Po(un — AAyn)
for all n > 1. Pick up u € Q. From property (3) of P, we have

lltn — u||2 < un — AnAyn — u||2 — lun — AnAyn — tn||2

= llun = ull® = flun = tall* + 220 (Agn, u — tn)
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= ||un — uH2 — lun — tn||2 + 22 (Ayn, u — yn) + 22X (Ayn, Yn — tn).
Since u € VI(C, A) and y,, € C, we get (Au,y, —u) > 0.
This together with the pseudomonotonicity of A imply that
(AYn, Yyn —u) > 0.
Combine (3.2) with (3.3) to deduce
th - UH2 < ||un - U||2 - ||un - tn||2 + 2>\n<Ayna Yn — tn>
= [lun — u||2 — lun = yull = 2(un — Yn, Yn — tn) = lyn — tn||2
= |lun — u||2 — [lun — yn||2 = [lyn — tn||2
+ 2<un - AnAyn - ynvtn - yn>

317

(3.2)

(3.3)

(3.4)

Note that y,, = Po(u, — ApAuy,) and ¢, € C. Then, by using the property (2) of Pe,

we have (u, — A\pAuy, — Yn, tn — yn) < 0. Hence

<un - )\nAyn — Yn,tn — yn> = <un — A Au, — Ynytn — yn> + <)‘nAun - )\nAyna ty, — yn>

S <)\nAun - AnAynvtn - yn> S AnkHun - ynH”tn - yn”-
From (3.4) and (3.5), we get

(3.5)

It = ull® < llun = ull® = llun = yall* = lygn = tall* + 2Xnkllun = yallltn = yal

< lun = ull® = lun = yall* = llyn — tall® + N2k lun — ya?
Hyn = tall? = lun — ull® + A0k = Dllun = yal® < flup — ull*.
Notice that I — uB is nonexpansive and for all z,y € C'
It = pB)a = (I = uB)yl* < llo = yl* + u(p — 20)|| Bz — By|*.
Then we have
[un = ul® = | T, (2n — pBn) = Tu(u — pBu)|®
< = uB)zn — (I = pB)ul?
< lzn — u||2 + p(p — 2a)|| By, — Bqu

< Jlzn = ull®.

(3.6)

(3.7)

Therefore, from (3.6) and (3.7), together with the convexity of the norm, we get

20 — ul®
= llan(zn —u) + (1 = an)(Watn —u)|?

+ (1= an) [Watn — ul|?
< apllzn — u||2 + (1 — an)lltn — u||2

+( Mllwn = ull* + A2k = Dllun — ynll*]
< anllzg = ull® + (1 = an)[llzn — ull® + p(p - 20)|| By — Bul®
+ ()\ELkQ = Djun — yn||2]

< lwn —ull?,

< aplzn — u||2

< apllz, —ull? + (1 - ay,

(3.8)
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which implies that
u € Cy,.

So,
QccC,, Vn>0.

Next, let us show by mathematical induction that {z,} is well-defined and 2 C
C, NQ, for every n > 0. For n = 0 we have g = C. Hence we obtain

QCCoon.

Suppose that xj, is given and Q C Cx N Qy for some k € N. Since 2 is nonempty,
Cr N Qg is a nonempty closed convex subset of C. So, there exists a unique element
Trp+1 € Ck N Qg such that xx+1 = Po,ng, (20). It is also obvious that there holds
(Xpy1 — u, k0 — Tpg1 > 0 for every u € Cy N Q. Since Q C Ck N Qy, we have

(The1 — U, 20 — Tpg1) 20, Yu€Q

and hence
QC Qi
Therefore, we obtain
QC Cry1 N Qrya-
Lemma 3.3. The sequences {x,}, {zn}, {un} and {t,} are all bounded and
lim,, 00 || 20 — 0| exists.
Proof. From z,4+1 = Pc,ng, (z0), we have

(X0 — Tpt1,Tnt1 —Y) >0, Yye Cp,NQy.
Since 2 C C\, N Q,,, we also have
(o — Tpt1, Tny1r —uy >0, Yu € .
So, for u € €2, we have
0 <{(xg—Tpt1,Tnt1 —u)

= (@) — Tpt1, Tnt1 — To + To — u)

—llzo = zpsal|* + (o — 2py1, 20 — )
< —llzo — znpaI” + 1w — zppa |0 — ul-
Hence
zo = i1l < llzo —ull, Vue€Q, (3.9)

which implies that {z,} is bounded. From (3.6)-(3.8), we can deduce that {z,}, {un}
and {¢,} are also bounded.
Since zp41 € Cp, N Qy, C @y and x,, = Py, (z0), we have

[2n = o] < [[€nt1 = zoll-

This together with the boundedness of the sequence {z,, } imply that lim,_ o ||€n—20||
exists.

Lemma 3.4. lim, o ||Znt1 — Znl| = limpsoo |20 — Ynll = limy oo |20 — 20| =
limy, o0 |2 — trll = 0 and limy, o0 |2 — Wan || = limy oo |2, — Way|| = 0.
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Proof. Tt is well-known that in Hilbert spaces H, the following identity holds:
lz —yl* = llzlI* = lylI* - 2(z —y,9), Vo,yeH.
Therefore
|Zn+1 — zn”Q = [[(zn+1 — o) — (20 — xO)”Q
= [|lznt1 — zol® = l|lzn — zo|* = 2(@ni1 — Tn, Tn — o).
Since z,41 € @, we have
(p — Tpg1,T0 — xy) > 0.
It follows that
[zt = zall? < llznts — o]l = [lzn — ol
Since lim,, o ||, — zo|| exists, we get ||x,11 — 20|? — ||#n — 20]|> — 0. Therefore,
nh_{go |Zn+1 — 2nll = 0.
Since z,,41 € C,, we have
2n = Zptall < l2n — Tnal,

and hence
|20 — 20l < 120 — Togal| + [|[Tng1 — 2all

< 2[|Tpt1 — znl|
— 0.
For each u € €2, from (3.8), we have
(1 = an)ua — )| Ban — Bul® + (1 — an)(1 = A k) [un — yal®
< lwn = ull* = llz0 — ull?
< (lzn = ull + 120 — ulDllzn = 2nll-
Since ||, — 2y — 0, liminf,, oo (1= )p(2a—p) > 0, liminf, o (1—ay, ) (1-A2k%) >
0 and the sequences {z,} and {z,} are bounded, we obtain ||Bx, — Bu| — 0 and

[un — ynll — 0.
From Lemma 2.4, we obtain

1t — ]

= ||T(zn — pBxy,) — T)(u — pBu)|?

< ((zn — pBzxy) — (u — pBu), un — u)
1

= 5 (@ = uBey) = (u = pBu)|* + [y, —ul”
—ll@n = un) = p(Bzy, — Bu)||?)

IN

1
5 (lzn = ull® + flun = ull® = Iz = wn) = p(Bzn — Bu)|)

1
= 5 (lzn = ull® + llun = wl® = llzn = unl* + 2p(@n — wn, Brn — Bu)

— W?||Ba, — Bul]?).
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It follows that

[

< lzn — uH2 —l2n — un”2 + 20(zn, — tn, B, — Bu) — NZHan - Bu||2
<l = ull? = llzn — unl® + 2plley — wnll| Bzy, — Bull
<l = ull? = llzn — unl® + M| By — Bul,
where M > 0 is some constant. Therefore
2 — ull?

< aplzn — qu + (1 = an)|un — u||2

< anllzn = ull* + (1 = an) |z — ull* = 2 — un||* + M| Bay — Bul|]

< g — ull® = (1 = an)llen — un||* + M|| Bz, — Bull.
It follows that

(1= ap)llen — un||2
<z — ull® = |20 = ull* + M||Bx,, — Bul

< (lzn = ull + llzn — ul)llzn — znll + M| Bz, — Bul|,
which implies that

|z — unl|| — 0.
We note that

[t — u]?

< un = ull® = [Jun = yall® = lyn = tall® + 2Xnkl[tn = ynlllltn — yall
<l = ul? = [Jun = yall® = llyn = tall® + llun = yall® + 22k lyn — tall?
=S |[Up — U Un — Yn Yn n Un — Yn n Yn n
= [lun —ul® + (NLE* = 1)lyn — tall*.

Hence

12 = ull® < omllzn —ull* + (1 = o) |t — ul|?

< apllan = ull® + (1 = an)(lun = ull* + O2F = 1)llyn — tal®)

< lan —ull® + (1= an) ALK = 1)|lyn — tal®.
It follows that

1
Itn =9l < g sz (lon = ull® = llza = ull®)
1
S T e —zgz e =l e = wllizn = 2]
— 0.

Since A is k-Lipschitz-continuous, we have ||Ay, — At,| — 0. From

lzn = toll < |20 — unll + lun — Ynll + llyn — talls
we also have

|lzn, — tn] — 0.
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Since z, = @,y + (1 — ) Wyit,, we have
(1 —an) (Wit —tn) = an(tn — xn) + (20 — tn)-

Then
(1 =) Witn =t < (1 = an)||[Wat, — ]|

< anlltn - an + Hzn - th
< A+ an)lltn — znll + |20 — znll
and hence ||t, — Wyt,| — 0. Observe also that
20 — Waan|| < [l — tall + [t — Watnll + [[Watn — Wazn||
< lzn = tall + (1tn = Watn |l + [Itn — 2nl
< 2|z — toll + [tn — Whtall.

So, we have ||z, — Wyz,|| — 0. On the other hand, since {z,} is bounded, from
Lemma 2.3, we have lim,,_, |W,x, — Wz, || = 0. Therefore we have

lim ||z, — Wz,| =0.
n—oo

Finally, according to Lemmas 3.2-3.4, we prove the remainder of Theorem 3.1.
Proof. First, we claim that the necessity of Theorem 3.1 holds. Indeed, suppose that
{zn}, {yn}, {zn} and {u,} converge strongly to the same element @ € . From the
(w, s)-sequential continuity of A, we have Ax,, — Awu. Observe that, for every x € C,

[(Azp, x — xn) — (AG, . — G|
< [(Axp,x — xp) — (Al — )| + [(AG, ¢ — ) — (AT, @ — )]
= [(Azy,, — A,z — zp)| + (AT, @ — x4,)]
< [[Azy — Adll|lz — 2ol + [(AG, @ — 2)].
This implies that

liminf{(Az,,z — x,) = lim (Az,,z — z,) = (Au,z — @), VzeC.

n—oo n— oo

Consequently, the necessity holds.
Next, we claim the the sufficiency of Theorem 3.1 holds. Indeed, by Lemmas
3.2-3.4, we have proved that

lim ||z, — Wz,| =0.
n— o0

Furthermore, since {z,} is bounded, it has a subsequence {z,,} which converges
weakly to some @ € C, hence, we have lim; o [[2,; — Way,|| = 0. Note that,
from Lemma 2.5, it follows that I — W is demiclosed at zero. Thus @ € Fix(W) =
N2, Fiz(S,). Observe that, for every z € C,

Az, & — zp,) — (AU, x — @)

< [Azy,, 2 — 2p,) — (A, 2 — 2p,)| + (AT, 2 — 2p;) — (AT, 2 — @)
= [(Azy,, — Al v — xp,)| + [(Al, T — y,)|

< Az, — A2 = 2, | + (A& — 0, )|
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From the (w, s)-sequential continuity of A, it follows that lim;_, ||Az,, — Adl = 0.
Hence, we have

(Au,r —u) = lim (Az,,,x — z,,) > liminf(Az,,r —2,) >0, VreC.

Jj—o0 n—00

This implies that @ € VI(C, A).
Now we show 4 € EP(F, B). Since u, = T),(x, — pBx,), for any y € C' we have

1

From the monotonicity of F, we have

1
Hence
Uy, — Tn,
<y — Up,, ——— + ani> > F(y,up,;), VyeC. (3.10)
I

Put vy =ty + (1 — t)a for all ¢ € (0,1] and y € C. Then, we have v; € C. So, from
(3.10) we have

W —
(vt — Un,, Boy) > (4 — up,, Bvy) — <vt — Uy, —

+ F(vt, tn,)
= (v; — Up,, By — Buy,) + (v¢ — up,, Bu,, — Bxy,)

Up, — Tn,
- <'Ut _univnllunl> +F(Ut7uni)~

(3.11)

Note that || Buy, — By, || < %Hunl — Zn, || = 0. Further, from monotonicity of B, we
have (v — up,, Buy — Buy,) > 0. Letting ¢ — oo in (3.11), we have

(ve — @, Bug) > F(vg,0@). (3.12)
From (H1), (H4) and (3.12), we also have
0= F(ve,v1) < tF(ve,y) + (1= ) F (v, a)
< tF (v, y) + (1 —t){ve — @, Buy)
=tF(v,y) + (1 — t)t{y — 4, Buy)
and hence
0 < F(ve,y) + (1 —t)(Bo,y — a). (3.13)
Letting t — 0 in (3.13), we have, for each y € C,
0 < F(4,y)+ (y — 4, Ba).

This implies that @ € EP(F, B). Consequently, @ € Q. That is, wy,(z,) C Q.
In (3.9), if we take u = Po(x¢), we get

[0 = Znta |l < [0 = Po(o)]- (3.14)
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Notice that wy,(x,) C Q. Then, (3.14) and Lemma 2.6 ensure the strong convergence
of {zn4+1} to Pa(xzo). Consequently, {y,}, {#»} and {u,} also converge strongly to
Pq(x0). This completes the proof.
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