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Abstract. This paper deals with solvability of the following functional equation arising in dynamic
programming of multistage decision processes

f(z) = ;eplg {u(z,v)(p(z,v) + f(a(z,v))) + v(z,y) opt{q(x, y), f(b(z,y))}}, VreS.

Using the Banach fixed point theorem and new iterative techniques, we obtain the existence and
uniqueness of solutions for the above equation in the complete metric space BB(S) and the Banach
spaces BC(S) and B(S), construct some iterative methods, prove their convergence and provide
several error estimates between these iterative sequences generated by the iterative methods and
the corresponding solutions, respectively. Four nontrivial examples illustrating applications of the
results presented in this paper are provided.
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1. INTRODUCTION AND PRELIMINARIES

The existence problems of solutions for some classes of functional equations arising
in dynamic programming have been established in [1-12]. In 1984, Bhakta and Mitra
[6] studied the following functional equation

fz) = ;telg{p(xyy) + fla(z,y))}, Vees (L.1)
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and gave the existence, uniqueness and iterative approximation of solution for the
functional equation (1.1). In 1988, Bhakta and Choudhury [5] proved the existence
of solution for the following functional equation

fz) = us max{q(z,y), f(b(z,y))}, V& €S (1.2)

In 2003, Liu and Ume [9] provided sufficient conditions which ensure the existence,
uniqueness and iterative approximation of solutions for the functional equation

f(z) = opt {u(p(x,y) + f(T(z,y)))
yeD

+ (1 —uw)opt{q(z,y), f(T(x,y))}}, Vxelb,

where u € [0, 1] is a constant.

Motivated and inspired by the research work going on in this field, we introduce the
following functional equation arising in dynamic programming of multistage decision
processes

(1.3)

f(x) = opt {u(x,y)(p(x,y) + fla(z,y)))
yeD (1.4)

+v(z,y) opt{q(z,y), f(b(x,y))}}, Vzes,

where x and y represent the state and decision vectors, respectively, a and b represent
the transformations of the processes, and f(z) represents the optimal return function
with initial state x, opt denotes sup or inf. It is clear that the functional equation
(1.4) includes the functional equations (1.1)-(1.3) as special cases. Utilizing new it-
erative methods and the Banach fixed point theorem, we establish these conditions
which guarantee the existence, uniqueness and iterative approximations of solutions
for the functional equation (1.4) in the complete metric space BB(S) and the Ba-
nach spaces BC(S) and B(S), and discuss the error estimates between the iterative
approximations and the solutions, respectively. Four examples are added to illustrate
the results obtained in this paper are more effective than the existing ones in the
literature.
Throughout this paper, we assume that

R = (—o0,+00), RT = [0,+0), R™ = (—0,0], Ny = NU {0}
and N denotes the set of all positive integers, (X, ||-]|) and (Y,]| - ||’) are real Banach
spaces, S C X is the state space and D C Y is the decision space. Define
B(S)={f:f:S— Ris bounded},
BC(S)={f: f € B(S) is continuous},
BB(S)={f:f:S — Ris bounded on bounded subsets of S},

o= {((p,w) cand ¥ : RT — R are nondecreasing, Z Y(p™(t)) < +oo

n=0

and ¢(t) > 0 for all ¢ > 0}.
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Clearly, (B(S), || - |l1) and (BC(S), || - ||1) are Banach spaces with the norm
[[f]lx = sup [ f(x)].
€S
For each k € N and f,g € BB(Y5), let
di(f.9) = sup {|f(z) — g(x)| : = € B(0,k)},

oo

d(f,g) _kz:lfk.w(fvgy

where B(0,k) = {z : 2 € S and ||z|| < k}. Clearly {dy}ren is a countable family of
pseudometrics on BB(S). A sequence {y, }nen in BB(S) is said to be converge to a
point x € BB(S) if for each k € N, di(x,,2) — 0 as n — oo, and to be a Cauchy
Sequence if for each k € N, di(zn,z;m) — 0 as n,m — oo. It is easy to verify that
(BB(S),d) is a complete metric space.

Lemma 1.1. ([8]) Let a,b,c and d be in R. Then
|opt{a, b} — opt{c,d}| < max{|a — c|,|b—d|}.

Lemma 1.2. ([7]) Let E be a set, p and q : E — R be mappings. If opt,cpp(y) and
optyeg q(y) are bounded, then

opt p(y) — opt q(y)| < sup [p(y) — q(y)|-
yeE yeE yeE

2. PROPERTIES OF SOLUTIONS FOR THE FUNCTIONAL EQUATION (1.4)

Now we study the solvability of the functional equation (1.4) in the complete metric
space BB(S).

Theorem 2.1. Let (p,¢) € @, u,v,p,q : SXxD — R and a,b: Sx D — S be
mappings such that

(C1) sup(, yyesxpilu(@,y)l + [v(z, y)|} <1;
(C2) sup,e p max{|p(z,y)|, la(z, y)[} < P(|[z]]), Vo € S;
(C3) sup,ep max{|la(z,y)[l, [b(z, y)[I} < e (llz]), Vo € 5.
Then the functional equation (1.4) possesses a solution z € BB(S) such that

(C4) For each zy € BB(S) with |zo(x)| < ¥(||z|]), Yz € S, the sequence {zp }nen,
defined by

zn(z) = ;)g; {ulz, y)(p(z,y) + zn—1(a(z,y)))
+o(z,y) opt{g(z,y), zn-1(b(z, y))}}, V(z,n) € S xN
converges to z;

(C5) limy, 00 2(zn) =0 for any 9 € S, {yn}neny C D and
Ty € {a(Tn-1,Yn),b(Tn-1,yn)}, ¥n € N;
(C6) z is unique relative to (C5);
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(C7) If u and v are nonnegative and u(z,y)+v(x,y) =1, V(z,y) € S x D, then for
any € > 0 and xg € S, there exist {yn}neny C D and x, € {a(Tn_1,Yn), (Tn_1,9yn)},
Vn € N such that

Mg

znayn+1 znayn-i-l) —€
n=1

provided that opt = max and

NE

z(xg) <

U(Zn, yn—i-l)p(xn, yn+1) +e€

3
Il
-

provided that opt = min.
Proof. For any (z,y,h) € S x D x BB(S), put
H(z,y,h) = u(z,y)(p(z, y) + hla(z,y))) + v(z,y) opt{g(z, y), h(b(z, y))}

and

Gh(z) = opt H(z,y,h).
yeD

Notice that (p,1) € ® implies that
p(t) <t, Vt>0. (2.1)

Firstly we assert that G : BB(S) — BB(S) is nonexpansive.
Let (k,h) € N x BB(S). It follows from (C3) and (2.1) that

Slelgmax{l\a(%y)l\a bz, )1} < e(llzl) < |z <k, Ve B(0,k),
Y

which yields that there exists a constant g(k) > 0 satisfying

sup max{|h(a(z,y))|, [h(b(z,y))[} < g(k), Va € B(0,k).

Owing to (C1), (C2), (¢,%) € ® and Lemma 1.1, we obtain that
|H (z,y,h)| = |U z,y)(p(, y) + ha(z,y))) + vz, y) opt{g(z, y), h(b(x, y))}|
I (P, y)| + [ha(z, )]) + [v(@, y)l opt{g(z, y), h(b(z, y))}]
x y)l(\p(ﬂi y)l + [h(alz,y))]) + |v(z, y)| max{[q(z, y)], [A(b(x, y))[}
z, y)|(Ip(z, y)| + [hlalz, y))]) + [v(z, y)[(lg(z, ) + [ (b(z, y))])
< (lu(z,y)| + |v(z, y)|) (max{[p(z, y)|, [q(z, y)[}
+ max{|h(a(z, y))], [h(b(x, y))[})
< (k) +g(k), Y(z,y) € B(0,k) x D,
which together with Lemma 1.2 gives that

|Gh(z)| =

opt H(x,y, h)’ < sup |H(x,y,h)| < (k) +g(k), Vze€ B(0,k),
yeD yeD

which means that Gh is bounded on bounded subsets of S. That is, G is a self
mapping in BB(S).
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Givene > 0,k € N, 2 € B(0,k) and h,t € BB(S). Suppose that optyep = infyep.
It follows that there exist y,s € D with

Gh(z) > H(x,y,h) —e, Gt(x) > H(z,s,t) —¢,
Gh(z) < H(x,s,h), Gt(x) < H(x,y,t).
By (C1), (C3), (2.1), (2.2) and Lemma 1.1, we have
|Gh(z) — Gi(x)]
< maX{\H z,y,h) — H(z,y,t)|,|H(x,s,h) —H(m,s,t)\} +e
< max {[u(z, y)[|h(a(z, y)) — t(a(z,y))|
+ [v(@,y)llopt{g(z, y), h(b(z,y))} — opt{q(x,y), t(b(x, )},
|uz, s)[[h(a(z, s)) — t(a(z, 5))]
+[v(@, s)[|opt{g(x, s), h(b(x, 5))} — opt{g(z, 5),t(b(x,5))}|} + e
(a(z,y)) = tlalz, y))| + [v(z, y)[[h(b(z, y)) — t(b(z,y))l,
(a(z, s)) — t(a(z, 5))| + |v(z, 5)||(b(=, 5)) — t(b(z, 5))| } + &
|v(z, y)]) max{[h(a(z, y)
|v(, 5)[) max{|h(a(z, s)

(2.2)

< max {|u(z, y)||h
|uz, s)[[h
< max {(|u(=,y)

(lu(z, s)

t(alz, y))|; [h(b(z, y)) — t(b(z,y))[},

|+ ) -
|+ ) = tla(@, s))], |h(b(z, s)) — t(b(z, 5))[} }
+e
< max {|h(a(z,y)) — t(alz,y))], |h(b(z,y)) — t(b(z,y))],
h(a(,s)) = t(a(z, 5))|, [h(b(x, s)) — t(b(z,s))[} +e

<d(h,t) +¢,

which yields that
di(Gh,Gt) < di(h,t) +e.

Letting € — 0 in the above inequality, we deduce that
di(Gh,Gt) < di(h,1),

which implies that

oo o0

1 d,(Gh, Gt) 1 di(h,t)
d(Gh, Gt) —_ — ————=— =d(h,t). 2.3

;wf 1+ di(Gh, Gt) z:: ko 1+ di(h,t) (h ) (2:3)
Proceeding as above, we infer that (2.3) also holds if opt,cp = sup,¢p-

Secondly we claim that for each n € Ny

|zn(z)] < Z¢ (II=]l)), VzeS. (2.4)

In view of |zo(z)| < ¢¥(||z]]), Vz € S, it is clear that (2.4) holds for n = 0. Suppose
that (2.4) is true for some n € Ny. On the basis of (C1), (C2), (C3), Lemmas 1.1 and
1.2, we get that

|2nt1 ()] = ot {u(z, ) (p(x,y) + zn(a(z,y))) +v(2,y) ;gg{q(w, Y) zn(b(z,y))}}
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< SEPHU(Z Y p(z, y)| + zn(alz, v))]) + |v(e, y)| max{lq(z, y)], |2.(0(x, y)) |}

< Sgp{IU(z ez, y)| + zn(alz, v))]) + v, y)(lg(z, y)| + |20 (b(z, y)) )}
SSEB{U(@“ y) < (1) +Z¢ (laz, »)I) >
+o(z,y) ( {EdD) +Z¢ (o, y)II) ))}
< sup {IU(af,y)l (w(llm) +y Wl erl(IISUII))>

=0

+lo(z,y)l (w(llwl) + Zw( ’“(IIQ?I))) }

n+1
= jup {(|u(az y)| + |v(z, y)| Zﬂ) (=) )}

=0
n+1

< Zq/} (=), Vzes.

Hence (2.4) holds for every n € No.

Thirdly we verify that {z,}nen, is a Cauchy sequence in (BB(S),d). Let k € N
and zg € B(0,k). Given € > 0 and n,m € N.

Assume that opt = inf,cp. Obviously there exist s,t € D satisfying
P yeD Yy
Zn(20) > H(x0,8,2n_1) — 27"

g, Zn-l—m(xO) > H(l‘o, t7 Zn+m—1) - 2_1
zn(w0) < H(wo,t, 2n-1),

Zntm(20) < H(Z0, 8, Zntm—1)s
which together with (C1) and Lemma 1.1 mean that there exist y; € {s,t} and
z1 € {a(zo,y1), b(xo, y1)} satisfying
|2n+m(20) — 2n(20)|
< max {|H (zo, 8, Zn4m-1) — H(z0, 8, 2n-1)|,
|H (zo,t, zntm—1) — H(zo, t, zn,1)|} +27 1
< ma {Ju(z0,5)||#n +m-1(a(z0, 5)) — 2n1(a(z0, 5)|
+lv(xo, 5)|[ opt{g(zo, 8), Zn4m—1(b(z0, 8))}
—opt{q(xo, 5), 2n—1(b(z0, 8))},
(0, t)[|2n-+m-1(a(zo,1)) = zn-1(a(zo, 1))|
+|v(wo, t)[| opt{g(o, ) Zntm— 1(b(1‘0,t))}
—opt{q(xo,t), zn_1(b(zq, t }|}—|—2
< max {|u(z0,5)||#nm-1(0(z0, 5)) — 2n_1(a(z0, 5)|
+v(zo, 8)||zn+m—1(b(20, 5)) — 2n—1(b(w0, 5))I,
[u(@o, t)||2n+m—1(a(o, 1)) = zn—1(alzo,t))|
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+Ho(@o, )|zn+m—1(b(x0, 1)) — 201 (b(x0, 1)) } + 27
< max {([u(zo, 8)| + [v(20, 5)]) max{|zn+m—1(a(zo, 5)) — 2n-1(a(z0, s))|,
|Zn4m-1(b(20,5)) = 2Zn—1(b(z0, 5))|},
(lu(zo, )| + |v(zo, 1)]) max{|zpnm-1(a (fﬂo»t)) zn-1(a(zo,1))|,
|2nam—1(b(z0,t)) — 2n—1(b(x0,t |}} —|— 271
< [entm—1(21) = 2p—1(z1)| + 27
that is,
|Zn1tm(20) = 2n(20)| < |2Zntm—1(21) — 2n—1(21)] + 27 le. (2.5)
Similarly we deduce that (2.5) holds also for opt,cp = sup,cp. Proceeding in this
way, we infer that there exist y; € D and z; € {a(x;_1,y:),b(xi—1,y;)} for i €
{2,3,--- ,n} satisfying
2ntm-1(21) = 2n-1(21)| < [2ntm—2(22) = 2n—a(z2)] +272
2ntm—2(22) = Zn—2(2)| < [2ntm—3(23) = zn—s(x3)| + 27 %,
|Zmt1(Tn—1) = 21(Tn-1)| < [2m(Tn) — 20(2n)| +27 "€
In view of (C3), (2.1) and (2.4)-(2.6), we conclude that

|Zn+m(330) - Zn($0)|

< |Zm(xn)|+‘20($n)|+5<zw (lznl)) + ¥ (llznll) +e

=0

(@ (lzn-11) + Y (@(llzn-1ll)) + e

0

<.
Il

P (llzoll)) + (" (llzoll)) + e

NE

<

<.

IN
Il Il
e =

V(e (lwol)) +e < Y D' (k) +e

4 1 i=n—1

which yields that

di(Zntm, 2n) < Z 77[}(902(]‘7)) t+e.

Letting € — 0 in the above inequality, we get that

di(2n+m» 2n) < Z ¢(§02(k)) (2.7)

i=n—1

Note that Y ¥(¢™(t)) < 400 for each ¢ > 0. Hence (2.7) ensures that {z, }nen, is

a Cauchy sequence in (BB(S),d) and it converges to some z € BB(S). Due to (2.3),

we arrive at

d(Gz,z) < d(Gz,Gzp) + d(zny1, 2)
<d

(Z Zn)+d(2’n+1, )—)0 as n — 00,
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which means that Gz = z. Thus the functional equation (1.4) possesses a solution

z € BB(S).
Given g € S, {yn}neny C D and z,, € {a(Tn-1,Yn),b(Tn—1,yn)} for each n € N.
Put k& = [||zo]|] + 1, where [¢] denotes the largest integer not exceeding ¢. For each

€ > 0, there exists m € N such that
di(z,20) + Y _0(p'(k) <, Vn>m. (2.8)

It is clear that (C3) implies that
[znll < @(lznall) < - <" ([zol]) < @™ (k) <k, VneN. (2.9)
It follows from (2.4), (2.8) and (2.9) that

n

|2(2n)| < |2(20) = 20(@n)] + |20 (za)] < di(z,20) + ) (" (laall))

1=0
<di(z,20) + Y U(P'(R) <&, Vn>m,

which yields that lim,,_, o z(z,) = 0.

Suppose that g is another solution of the functional equation (1.4) relative to
condition (C5). Given € > 0 and xo € S. Assume that opt,cp = infyep. Clearly
there exist s,t € D such that

Z(.’I}0) > H(.TO7S,Z) - 2_187 g(.’L'0> > H(x07t7g> - 2_1
Z(Jfo) < H($07t,2), g(xo) < H(JjOvSvg)'

On account of Lemma 1.1, (C1) and (2.10), we know that there exist y; € {s,t} C D
and z1 € {a(zo, y1), b(zo,y1)} satisfying

|2(x0) — g(x0)]

< maX{\H Zo0,8,2) — H(xo,8,9)|, | H(xo,t,2) — H(Jco,t,g)|} +271

< max { [u(zo, 5)||2(a(zo, 5)) — g(a(zo, 5))|
+ |v(zo, s)|| opt{g(z0, s), 2(b(z0, 5)) } — opt{g(z0, s), g(b(z0, 5))}|,
|u(o, t)||z(a(zo, 1)) — g(al(zo,t))|
+ [v(@o, t)[| opt{g(wo, ), 2(b(wo, 1))} — opt{q(x0, 1), g(b(xo, 1)) }|} + 27 "¢

< max { ([u(zo, )| + [v(zo, 5)|) max{|z(a(zo, 5)) *g(a(ffo,S))la
2(b(z0, 5)) — g(b(zo, 5))I},
(lu(zo, )] + [v(zo, 1)]) max{[z(a(zo,t)) — g(a(xo, 1)),
|Z(b(l’o,t))* b(xo,t))[}} +27 e

< z(@1) —g(z1)| +27

that is,

(2.10)

|2(w0) = g(o)| < |2(21) — g(a1)| +27"e. (2.11)
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Similarly we deduce that (2.11) holds for opt,cp = sup,ecp. Proceeding in this way,
we know that there exist y; € D and z; € {a(x;—1,y;),b(xi—1,y;)} fori € {2,3,...,n}
with

|2(21) = g(@1)| < |2(x2) — g(w2)| +27%,

|2(22) = g(2)| < |2(23) — g(x3)| +27%,

(2.12)

[2(@n-1) = 9@n1)| < |2(n) — glwn)] +27=.
It follows from (C5), (2.11) and (2.12) that
|z(x0) — g(x0)| < |2(xn) — g(zn)] +€ — € as n — oo.

Since ¢ is arbitrary, we conclude immediately that z(zo) = g(xo).

Finally we prove that (C7) holds. Given ¢ > 0 and xzy € S. We consider two
possible cases as follows:

Case 1. opt = max. It follows that there exist y1 € D and 21 € {a(zo,¥1),b(x0,y1)}
with

z(20) > w(zo, y1)(p(0, y1) + 2(a(z0,y1)))
+v(zo, y1) max{q(zo, y1), 2(b(zo,y1))} — 27 'e
> u(wo, y1)p(2o, Y1) + u(@o, y1)z(a(zo, y1))
+v(zo,y1)2(b(w0,y1)) — 27 e (2.13)
> u(wo,y1)p(wo, Y1)
+ (u(wo, y1) + v(x0, y1)) min{z(a(xo, y1)), 2(b(x0, 41))} — 27 "e
= u(xo,y1)p(w0, Y1) + z(x1) — 27 'e.
Similarly we conclude that for each n € N and i € {2,3,...,n}, there exist y; € D
and z; € {a(x;-1,v:), b(x;—1,y;)} such that
2(z1) > u(zy, y2)p(x1,y2) + 2(22) — 27 %,
2(w2) > u(wa,ys3)p(w2, ys) + z(ws) — 27 %,

(2.14)
2(Tn-1) > WTn—1,Yn)P(Tn—1,Yn) + 2(zn) — 27 "e.
It follows from (2.13) and (2.14) that
z(xo) > Zu(xi_l, yi)p(Tiz1,yi) + 2(xn) —e, YneN. (2.15)

i=1
Note that (C2) and (C3) ensure that

[U(@n—1, Yn)P(Tn—1,Yn)| = w(Tn—1,Yn)|[P(Tn—1,yn)| < P([|Tn-1l])
<P(p([len—2l) <--- <" H([zol)), VneN

and > 7 (" (||zol])) is convergent.
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It follows that the series >0 | |u(Zn—1,Yn)p(Zn—1,yn)| is convergent. Letting n — oo
n (2.15), by (C5) we get that

o0
E W Tn—1,Yn)P(Tn—1,Yn) — &
n=1

Case 2. opt = min. Obviously there exist y; € D and x; € {a(xo,y1),b(zo,y1)}
satisfying
z(wo) < u(wo,y1)(p(zo,y1) + z(a(zo,y1)))
+ U($0a yl) min{Q(an y1)7 Z(b(x07 yl))} =+ 2_1
S U(l‘o, yl)p(x()a yl) + U(Io, yl)z(a(‘ro’ yl))
+v(zo,y1)2(b(x0,41)) + 27 e (2.16)
S u($07y1)p(x07y1)
+ (U(I'Oa yl) + 'U(.’Eo, yl)) max{z(a(mo, yl))v Z(b(xo, yl))} + 2_15
= u(zo, y1)p(zo, y1) + 2(z1) + 27 e
Similarly we know that for each n € N and i € {2,3,...,n}, there exist y; € D and
x; € {a(xi—1,9i), b(ri—1,¥:)} with
z(21) < u(w1,y2)p(z1,y2) + 2(72) + 27 %€,
2(w2) < u(wa, y3)p(x2,ys3) + z(z3) +27°

(2.17)

2(@n-1) < U(@n—1,Yn)P(Trn-1,Yn) + 2(xn) + 2 "e.

According to (2.16) and (2.17), we get that

n

z(z0) < Zu(xifla Yi)p(zi-1,¥i) + 2(zn) + €, YneN.
i=1

Letting n — oo in the above inequality, we infer that by (C5)

o0
E W Zre1, Yn)P(Trn—1,Yn) + €.
n=1

This completes the proof.

Remark 2.2. If u(z,y) = ug, v(z,y) = vo and a(z,y) = b(z,y) for each (z,y) €
S x D, where ug and vy are nonnegative constants with ug + vg = 1, then Theorem
2.1 reduces to Theorem 3.1 in [9], which is an extension of Theorem 3.5 in [5] and
Theorem 2.4 in [6]. The following example shows that Theorem 2.1 is an indeed
generalization of the corresponding results in [5,6,9].
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Example 2.3. Consider the following functional equation

) = apt {si (a2 = Ty 1) |#2sin(a? Ty 3]
.’132 3
+f<|y|6)] + cos? (z%y® — V/|zy — 1) (2.18)

1+22+4y

323y T
t Yz e RT.
“op {xz+4y2+2’f<3+008(x4y3)>}}’ ve

Let X =Y =R, S=R", D=R_ and define u,v,p,q: SxD - R, a,b: SxD — S
and @, : RT — RT by

u(z,y) = sin® (2®y® — /|zy — 1),
v(z,y) = cos® (z°y* — /|ay — 1]),
p(z,y) = 2”sin(z*\/|y + 3|),

(1) 33y
€T =
(Y= m o
2yl
a(z,y) = T 22 +¢5
€T
b =
(z,y) 3 + cos(xiy3)’
)(x) = a?,

p(x) = %T/, V(z,y) € S x D.

Choose zy € BB(S) with |zo(z)] < ¢(||z||) for each € S. Obviously, the assump-
tions of Theorem 2.1 are fulfilled. Thus Theorem 2.1 guarantees that the functional
equation (2.18) possesses a solution z € BB(S) satisfying (C4)-(C7). But Theorem
3.5 in [5], Theorem 2.4 in [6] and Theorem 3.1 in [9] are useless for the functional
equation (2.18).

Theorem 2.4. Let a € (0,1),u,v,p,q: SXxD — R and a,b: Sx D — S be mappings
such that

(C8) p and q are bounded on B(0,k) x D, Vk € N;
(C9) sup(y ppe009 0 max{lale, ), oG, )} < b, VE € N
(C10) sup(y s p ula, )] + o(a, )]} < .

Then for each hy € BB(S), the sequence {hy}nen, defined by

hn(x) = opt {u(x,y)(p(z,y) + hn_1(a(z,y)))
yeD (2.19)
+ oz, y) opt{q(z,y), hn—1(b(z,9))}}, V(z,n) €S xN
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converges to a unique solution z € BB(S) of the functional equation (1.4) and has
the following error estimate:

aTL
dp(ho,h1), Vn,k€N. (2.20)
—

Proof. Define a mapping H in BB(S) by

Hh(z) = ;)g]g {u(z,y)(p(z,y) + h(a(z,y))) o)

+v(z,y) opt{q(z,y), h(b(z,y))}}, V(x,h) € S x BB(S).

Given k € N and h € BB(S5). It follows from (C8) and (C9) that there exist 5(k) > 0
and n(k, h) > 0 satistying

sup  {lp(, )], lq(z,y)|} < B(k),

(z,y)€B(0,k)x D

sup  {|h(a(z, )], |h(b(z,y))[} < n(k,h).

(z,y)€B(0,k)x D

(2.22)

In view of (C10), (2.21), (2.22), Lemma 1.1 and 1.2, we have

|Hh(z)| = ;)eplt){U(x, y)(p(e,y) + hlalz,y))) + v(@,y) opt{g(z, y), h(b(z, y)) } }

< sup lu(z,y)(p(x, y) + h(a(z,y))) + v(z,y) opt{q(x, y), h(b(z,y))}|

< sup {lu(z »)I(Ip(, y)| + [h(alz, y))]) + [v(z, y) [ max{|q(z, y)|, [A(b(z, y))[}

< sup {lu(@. y)llp(,y)| + (@, y)l|h(a(z, )| + [v(z, y)ll(z, y)]

+ [v(z,y)|[h(b(z, ))|}
< sup {(w(z, y)| + [v(z, y)|) max{|p(z,y)|, lg(z,y)|}

+ (Ju(z, y)| + v(z, y)]) max{|h(a(z,y))|, |h(b(=, y))[} }
< a(B(k) +n(k,h)), Vx € B(0,k),

which gives that H is a mapping from BB(S) into itself.
Let e > 0, (k,z) € Nx B(0,k) and g, h € BB(S). Suppose that opt, ¢ p = sup,¢p.
It follows that there exist s,t € D with

Hyg(x) < wu(z,s)(p(x, s) + g(a(, ) + v(z, s) opt{g(, 5), g(b(, 5))} + ¢,

Hh(z) < ulz,t)(p(z,t) + hla(z, 1)) + vz, t) opt{g(z, 1), h(b(2,1))} + €, (2.23)
Hyg(x) = uz, t)(p(x, 1) + galz, 1)) + v(z, t) opt{q(z, 1), g(b(z, 1))}, '
Hh(z) = u(z, s)(p(x, s) + h(a(z, s))) + v(z, s) opt{g(z, 5), h(b(x; )}
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On account of (2.23), Lemma 1.1 and (C10), we get that
Hg(x) — Hh(z)
> u(z, t)(g(a(z,t)) = hla(z,1)))
+ v(z, 1) (opt{g(z, 1), g(b(x, 1))} — opt{q(z,t), h(b(x,1))}) — &
> —lu(z, t)]|g(a(z,1)) — hla(z, )| — [v(z, )[|g(b(z, 1)) — h(b(2,1))| — &
> —(Ju(z, )] + Jv(z, 1)) max{|g(a(z,t)) — hla(z, 1)), |9(b(x, 1)) — h(b(z,t))[} — &
> —amax{|g(a(z,t)) — h(a(z,1))|,g(b(z,t)) = h(b(z,1))[} — €

and

Hg(z) — Hh(x)
<u(z,s)(g(a(z,s)) — h(a(z,s)))
+v(z, s)(opt{q(z, 5), 9(b(z, 5))} — opt{q(z,s), h(b(z,s))}) + ¢

< lul(z, s)llg(alz, s)) — h(a(z, s))| + |v(z, s)|[g(b(x, 5)) — h(b(x, 5))| + €

< (lu(z, s)| + [v(z, 5)|) max{[g(a(z, s)) — h(a(z, 5))|, |g(b(z,5)) — h(b(z,s))[} + €

< amax{|g(a(z, s)) — h(a(z, s))|, l9(b(z, s)) — h(b(z,))[} + ¢,
which yield that

[Hg(x) — Hh(z)| < amax{|g(a(z,t)) — h(a(z,1))],g(b(z,1)) — h(b(z,1))],

lg(a(z, s)) = h(a(z, 5))|, |g(b(z, s)) — h(b(z,s))|} + &
< adi(g,h) + e,
that is,
di(Hg, Hh) < ady(g,h) + ¢,

letting € — 0 in the above inequality, we deduce that

di(Hg, Hh) < ady (g, h). (2.24)

Similarly, we infer that (2.24) holds also for opt,cp = infyep. On account of (2.19),
(2.21) and (2.24), we get that

dk(hvuhn—i-l) = dk(th—laHh ) < ad (hn—lvhn)
< a?dy(hp_9,hp_1) <--- < a"di(ho, h1), Vn,k €N,

which implies that

n+m—1 n+m—1
die (s o) < Z di(hihis1) < Y a'dy(ho, ha)
i=n (225)

_adk(h07h1)7 Vn,m,kEN,
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which yields that {h, }nen, is a Cauchy sequence in BB(S). It follows that {hy, }nen,
converges to z € BB(S). In view of (2.24), we deduce that for any k¥ € N

di(z,Hz) < di(z,hy) + dig(Hhp—1, Hz)
<dp(z,hpn) + adg(hp-1,2) =0 asn — oo,
which guarantees that
dip(z,Hz) =0, VkeN,
which yields that

=1 di(z,Hz)
d(z,Hz) = — —— = 0.

(2, Hz) ; 2k 1 —l—dk(z,Hz)

Hence z = Hz, that is, z € BB(S) is a fixed point of H.
Suppose that H has another fixed point w € BB(S). For each k € N, we have
dp(z,w) = dp,(H"z, H"w) < adi(z,w) - 0 as n — oo,

which implies that
> di(z,w)
DIER UMY
— 1+ di(z,w)
that is, z = w. Thus z is the unique fixed point of H. Obviously z is also a unique

solution of the functional equation (1.4). (2.20) follows from (2.25) by taking m — oo.
This completes the proof.

Remark 2.5. If u(z,y) = 0 for each (z,y) € Sx D, opt = max and opt, ., = infyep,
then Theorem 2.2 reduces to Theorem 3.4 in [5]; If v(x, y) = 0 for each (z,y) € Sx D
and opt, ¢ p = Sup,¢ p, then Theorem 2.4 reduces to Theorem 2.5 in [10] and Theorem
3.3 in [12]. The following example demonstrates that Theorem 2.4 extends properly
the corresponding results in [5,10,12].

Example 2.6. Consider the following functional equation

2
1) = opt {150 ot VT [t o4 )

yert (1 +3z+ 3y

83y 1 3
+f(5x4+4y2 +2)] + — arctan (z + 32%y?) (2.26)

X opt ﬂ cos ($2 — y2) f(xe_5x_3y) Vz € RT
1+ x2y? ’ ’ '

LetX:Y:R,S:D:RJFanda:%. Define u,v,p,q : S x D — R and
a,b:SxD— S by

u(z,y) = ——F ¢ v 0s” /1 + a3y,

1+ 3z 4 3y2
1
v(z,y) = — arctan (z + 3x3y2),
T

p(z,y) = a? sin3(x + exz_?’yz),
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33333! 2 2
q(z,y) = 1+ 2242 cos (l‘ -y )7
( ) 8x3y
a\xr =—-—
W T Bt a2

b(x,y) = xe 73 V(x,y) € S x D.

It is obvious that the assumptions of Theorem 2.4 hold. It follows from Theorem 2.4
that the functional equation (2.26) possesses a unique solution z € BB(S) satisfying
(2.20). However, Theorem 3.4 in [5], Theorem 2.5 in [10] and Theorem 3.3 in [12] are
not valid for the functional equation (2.26).

Next we study the solvability of the functional equation (1.4) in the Banach spaces
BC(S) and B(S), respectively.

Theorem 2.7. Let o € (0, 1), S be compact, u,v,p,q: SxD — R anda,b: SxD — S
be mappings satisfying (C10) and

(C11) p and q are bounded on S X D;

(C12) for each z¢ € S and each A € {u,v,p,q,a,b},

T—To

uniformly for y € D, respectively.
Then for any hg € BC(S), the Mann iterative sequence {hy}nen, defined by

hns1(z) = (1= Ap)hn(z) + An g?ep[t) {u(l‘, Y)(p(z,y) + hnlal(z,y)))

+v(z,y) opt{g(z,y), hn(b(x,y))}}, V(n,z) €No x S

converges to a unique solution z € BC(S) of the functional equation (1.4) and has
the following error estimate:

(2.27)

[ hp1 — 2] < e” 7 2izo N

ho — ZHl, Vn € No, (228)

where

{Aidnewo €[0,1] and YA, = oo, (2.29)
n=0

Proof. Define a mapping H in BC(S) by
Hh(x) = ;glt) {ul@,y)(p(z,y) + ha(z,y))) + v(z, y) opt{a(z,y), h(b(z,y))} },

V(z,h) € § x BC(S).
(2.30)
Let p € S and h € BC(S). It follows from (C10) and (C11) that there exists a
constant M > 1 such that
sup  max{|u(z,y), [v(z,y)], [p(z,y)],q(z, y)|, [h(a(z,y))],
(z,y)€SXD (231)
|h(b(z,y))|} < M.
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(C12) ensures that for given £ > 0, there exists § > 0 satisfying

max {|A 7y) A(:CO y)‘ ‘h(B(LE,y)) - h(B(I’()’y))‘ tA € {U,U7p, Q}a

. (2.32)
B € {a, b}}<7 V(z,y) € S x D with ||z — || <.

M’
By virtue of (2.31), Lemmas 1.1 and 1.2, we have

|Hh(z)| = Opt {ule, y)(p(x, y) + ha(z,y))) + v(z,y) opt{q(z, y), h(b(z,y))} }

< sup {lu(a,n)|(Ip(z, y)| + [h(a(z,y))]) + [v(z, )l opt{a(z, y), h(b(z, 1))} }

< sup {lu(z,)|(p(z, y)| + h(a(z, y))])
yeD
+ [v(@, y) | max{|q(z, y)|, [ (b(z. )|} }
< 3M?,
that is,
[HR|, < 3M?,

which implies that Hh is bounded in S.
By (2.31), (2.32), Lemmas 1.1 and 1.2, we obtain that for all € S with ||z — x| < 9,

|Hh(x) — Hh(zo)|

= | opt {u(z,y)(p(x,y) + h(a(z,y))) + v(z,y) opt{g(z, y), h(b(z,y))}}

yeD
- Og]g {'LL xOv y)(p(x()v y) + h(a(mOv y))) + U(an y) Opt{q(.’Eo, a (E(), }}
< sup |u(@, y)p(z,y) — u(zo, y)p(zo. y) + u(z, y)h(a(z,y)) — u(zo, y)h(a(zo, y))

yeD
+ v(z, y) opt{q(z,y), h(b(x,y))} — v(zo,y) opt{g(zo, ), h(b(z0,y))}|
= sup lu(z,y)(p(z,y) — p(zo,y)) + (u(z,y) — u(xo,y))p(xo,y)

+u(z,y)(h(a(z,y)) — hla(zo,y))) + (u(z,y) — u(zo,y))h(a(zo, y))
+v(z,y)(opt{g(z,y), h(b(z,y))} — opt{g(zo, y), h(b(z0,y))})
+ (v(w,y) — v(2o, y))Opt{Q(fﬂo,y)ah(b(ffo,y))H
< sup{lu )Ip(z,y) — p(wo, y)| + [ulz, y) — u(zo, y)|lp(20,y)|

+ [u(z, y)[[h(alz, y)) — hla(zo, y))| + u(z,y) — ulzo, y)[[h(alzo,y))]
+ |v(z, y)| max{|q(z,y) — q(xo,y)|, [P(b(x, y)) — h(b(x0,y))[}
+ [v(z, y) — v(ao, )Isup{\q(xo, y)l, [P(b(20,9)) \}}
€ €

< €.

™
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Hence Hh is continuous at xy. Since zg is arbitrary in S, it follows that Hh is
continuous in S. Thus H is a mapping from BC(S) into itself.

Let n > 0, z € S and h,g € BC(S). Assume that opt,cp = infyep. It follows
that there exist s,t € D with

Hh(x) > u(z,s)(p(x, s) + h(a(z, 5))) + v(x, s) opt{q(z, 5), h(b(x, 5))} — 1,

Hg(x) > u(z, t)(p(e,t) + g(a(z, 1)) + vz, t) opt{g(z,t), g(b(x, 1))} — n, (2.33)
Hh(z) < u(z, t)(p(z,t) + hla(z,t))) + v(z,t) opt{g(z, 1), h(b(x, 1))}, '
Hyg(x) < u(z,s)(p(x, s) + g(a(,5))) + v(z, s) opt{g(, 5), g(b(, 5)) }.

On account of (2.33), (C10) and Lemma 1.1, we get that
Hh(x) — Hg(z)
<u(z,t)(h(a(z, 1)) — g(a(z, 1))
+ v(x, t)(opt{g(z, t), h(b(x, 1))} — opt{q(z,t), g(b(x,1))}) +n
< fu(z, )l h(a(z, 1)) — glaz, 1) + [v(z, 1)|[A(b(x, 1)) — g(b(x, )| + 7
< (Ju(@, )] + |v(z, t)]) max{[h(a(z, 1)) — g(a(z, 1)), [ (b(z, 1)) — g(b(z,))[} +n
<allh—glli+n
and
Hh(zx) — Hg(z)
> u(z, s)(h(a(z, s)) — g(a(z, 5)))
+v(z, 5)(opt{q(z, 5), h(b(z,5))} — opt{q(z, s), g(b(x,5))}) —n
> —lu(z, s)[[h(a(z, 5)) = gla(z, 5))| = |v(z, s)[[h(b(z, 5)) — g(b(z, s))| —n
> —(Ju(@, s)| + |v(, 5)|) max{[h(a(z, 5)) — gla(z, 5))], |h(b(z, 5)) = g(b(x,5))[} —n
2 —alh =gl —n,
which yield that
[Hh(z) = Hg(x)| < allh =gl +m,
that is,
|Hg — Hh|1 < aflh — gl +n.

Letting n — 0T in the above inequality, we infer that
|Hg — Hhll1 < allh — gl (2.34)

Similarly, (2.34) holds also for opt,ep = supyep- By the Banach fixed point theorem,
we know that the contraction mapping H has a unique fixed point z € BC(S). Clearly,
z is also a unique solution of the functional equation (1.4). Notice that

z(x) = (1= An)z(x) + A opt {u(z,y)(p(2,y) + 2(a(z,y)))
veb (2.35)
+v(z,y) opt{q(z,y), 2(b(z,y))} }, V(n,x) € Ng x S.
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Due to (2.27), (2.29), (2.30), (2. 34) and (2.35), we obtain that
g1 (2) = 2(2)] < (1= An)lhn(2) = 2(2)] + An|Hhn () — Hz(z)]
< (1= (1 = a)An)lha(z) — 2(2)|
< e Umnp, ( ) — ()]
< e 0N by (2) — 2(x)]
< e (T XioN|hg — 2|y, V(n,x) € Npx S,

which gives (2.28), which together with (2.29) implies that {hy}nen, converges to z.
This completes the proof.

Example 2.8. Consider the following functional equation

Fe) = opt {2sin(e+2)[ 22—
= — sin
P 2T T B2y 1 2
+ f(/—22 4+ 102 + |siny?| + 1)} (2.36)

x 322 x? + 2
—— opt Va € [1,10].
Ty {2x2+y’f(fc+y2)}}’ 7€l 10
Let X =Y =R, S =[1,10], D = R" and o = 2. Define u,v,p,q¢: S x D — R and

a,b: S xD— S by
1
u(z,y) = isin(z—O—Qy),

(2,9) = =
v(z,y) = ——
Y 3z +y?’
p(z,y) = 52
T o
VT 32+ 2
32
Q(wvy)—m7
a(z,y) = /—x2 + 10z + | siny2| + 1,
z? + y?
bz, y) = Y V(z,y)e S xD.
(z,9) P (z,9)

It is clear that the assumptions of Theorem 2.7 are fulfilled. Thus Theorem 2.7 yields
that the functional equation (2.36) possesses a unique solution z € BC(S5).

As in the proof of Theorem 2.7, we conclude similarly the following

Theorem 2.9. Let a € (0,1),u,v,p,q: SxD — R and a,b: SxD — S be mappings
satisfying (C10) and (C11). Then for any ho € B(S), the sequence {hy }nen, defined
by (2.27) and (2.29) converges to a unique solution z € B(S) of the functional equation
(1.4) and satisfies (2.28).

Remark 2.10. In case opt,cp = sup,cp and v(x,y) = 0 for all (z,y) € S x D, then
Theorem 2.9 reduces to Corollary 2.2.1 in [6]. The following example reveals that
Theorem 2.9 is a real generalization of the result in [6].
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Example 2.11. Consider the following functional equation

rysin(x —y) [23 + 9% -1
4+ 2 +1 (23 + 3 +1

f(xz) = opt

yeRT

22 x — 3y2
+f(any?’+(ﬂc—y)“rl)] T 45 (237
X opt { cos® (xgys), f(ln (1 + x2y2))}}, Vz € R,

LetX:Y:R,S:D:R‘*‘anda:%. Define w,v,p,q : S x D — R and
a,b:SxD— S by

xysin(z — y)
=3y
v(z,y) = @—3y2)2+5
p(z,y) = @ty -1
q(z,y) = cos® (z°y°),
22y
a(z,y)

TPt ()P 1
b(z,y) =In (1+2%%), V(z,y) €S xD.

It is easy to check that the assumptions of Theorem 2.9 are fulfilled. Consequently,
Theorem 2.9 guarantees that the functional equation (2.37) has a unique solution
z € B(S). But Corollary 2.2.1 in [6] is invalid for the functional equation (2.37).
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