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of mixed higher-order nonlinear singular fractional differential equations with integral boundary
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1. INTRODUCTION

The purpose of this paper is to study the existence of positive solutions for the fol-
lowing coupled system of mixed higher-order nonlinear singular fractional differential
equations with integral boundary conditions

Dgtu(t) + ai(t) f(t,u(t), v(t)) =0, t€(0,1),
Dgzo(t) + az(t) f2(t, u(t)) =0, te€(0,1),
uD(0)=vM(0)=0,0<j<n —2, 0<k<ny—2 (L.1)

u(l) = /0 hi(Bu(t)dt, v(1) = /0 ha(t)u(t)dt,

where n; — 1 < a; < n;,n; > 3, Dgﬁ are the standard Riemann-Liouville fractional
derivative, a;(t) € C((0,1), [0,+00)) and a;(t) may be singular at ¢ = 0 and/or
t =1,h;(t) € L*[0,1] are nonnegative (i = 1, 2).

In the last few decades, fractional-order models are found to be more adequate
than integer-order for real world problems. Fractional derivatives provide an excel-
lent tool for the description of memory and hereditary properties of various materials
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and processes. Fractional differential equations arise in many engineering and scien-
tific disciplines as the mathematical modeling of systems and processes in the fields of
physics, chemistry, biology, control theory, and so forth, involves derivatives of frac-
tional order. For the basic theory and recent development of subject, see [1-3]. There
are also a large number of papers dealing with the existence of solutions of nonlinear
fractional differential equations by the use of techniques of nonlinear analysis, see
[4-15] and the references therein.

On the other hand, the study of coupled systems involving fractional differential
equations is also important as such systems occur in various problems, see [10-14] and
the references therein.

Bai and Fang [10] considered the existence of positive solutions of singular coupled
system

Du(t) = fi(t,v(t)), t € (0,1), 12)

Du(t) = folt,u(t)), t € (0,1), '
where 0 < o, 8 < 1, D%, D? are the standard Riemann-Liouville fractional derivative
and f; € C(]0,1] x [0,400), [0, 400)), lim;_,g+ fi(t,:) = +00,i = 1,2. They estab-
lished the existence results by a nonlinear alternative of Leray-Schauder type and
Krasnosel’skii fixed point theorem on a cone.

Ahmad and J.Nieto[12] discussed a coupled system of nonlinear fractional differ-

ential equations with three-point boundary conditions
Dg.u(t) = fi(t,v(t), Dg.o(t)), t€(0,1),
D v(t) = fo(t,u(t), DL u(t)), te (0,1), (1.3)
u(0) = 0,u(1) = yu(n),v(0) = 0,v(1) = yv(n),

where 1 < «, 8 < 2 and p, q,, n satisfy certain conditions. By applying the Schauder
fixed point theorem, an existence result is proved.

Yuan [13] investigated the existence of positive solutions for a coupled system of
nonlinear differential equations of fractional orders

Dg,u(t) + Af(t,v(t)) =0, t€(0,1),A>0
Dg,v(t) + Ag(t,u(t)) =0, t€(0,1),A>0

u(i)(o) = U(i)(o) =0,0<i<n-—2,
u(l) =v(1) =0,

(1.4)

where o € (n — 1,n] is a real number and n > 3, A is a parameter, and D, is the
standard Riemann-Liouville fractional derivative, and f, g are continuous and semi-
positone. By applying nonlinear alternative of Leray-Schauder type and Krasnosel’skii
fixed-point theorems, Some sufficient conditions for the existence of positive solutions
for the boundary value problem (1.4) are established.

From the above works, we can see a fact, although the coupled systems of fractional
boundary value problems have been investigated by some authors, coupled systems
due to mixed higher-order nonlinear singular fractional differential equations with in-
tegral boundary conditions are seldom considered. Motivated by the above mentioned
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works, our aim in this paper is to study the existence of positive solutions for the cou-
pled system (1.1). Further, we present some general type conditions (Hy) — (H7)
instead of the sublinear or superlinear conditions are used in [5,6,10,14,15). Our con-
ditions are applicable for more general functions.

The rest of the paper is organized as follows. In Section 2, we present preliminaries
and lemmas. The existence of at least one and two positive solutions for the system
(1.1) is formulated and proved in Section 3. Finally, in section 4, we give some
examples to illustrate our results.

2. PRELIMINARIES AND LEMMAS

For the convenience of readers, in this Section, we present preliminaries and lem-
mas. Let
1 1-0
i = / K;(s)a;(s)ds, ¢&; = K;(s)a;(s)ds, i=1,2, 6¢€ (0, 5)
0 0
We make the following assumptions in what follows:

(Hy) ai(t) € C(( ) [0, 4+00)), a;(t) do not vanish identically for ¢ € (0,1) and
0< / Ki( s)ds < +o0, where K;(s) are defined later by Lemma 2.9.

(Hs) f1 € C(]0,1] x [0, 4+00) x [0, +00), [0, +00)), f2 € C([0,1] x [0, 4+00), [0, +00)) and
f2(t,0) = 0 uniformly with respect to ¢t on [0, 1].

1
(Hg) h; € [0, ].)7 where h; = / hi(t)tai_ldt.
0

(H4) There exist a € (0,1], A1 > 0 and a sufficiently large M; > 0 such that
(1) fi(t,u,v) > Av®, V(t,u,v) € [0,1] x [0, 4+00) X [M;,+00);
(2) fa(t,u) > Chu=, Y(t,u) € [0,1] x [My,+00),
where Cy = max{(vég)_l7 (762)_1(72)\161)_5}
(Hs) There exist > 0, A2 > 0 and a sufficiently small py € (0,1) such that
(1) fi(t,u,v) < AP, Y(t,u,v) € [0,1] x [0, +00) x [0, pal;
(2) falt,u) < g, ¥(t,u) € [0,1] x [0, pal,
where Cy = min{pguz_l,ugl(ul)\g)fé}.
(Hg) There exist p > 0,3 > 0 and M3 > 0 such that
(1) fi(t,u,v) < AzvP + My, Y(t,u,v) € [0,1] x [0,4+00) x [0, 4+00);
(2) folt,u) < Cyur + My, Y(t,u) € [0,1] x [0, +00), where C3 = (2u1A3) 7 115 .
(H7) There exist ¢ € (0,1], A4 > 0 and a sufficiently small € € (0, 1) such that
(1) fi(t,u,v) > Agv?, Y(t,u,v) € [0,1] X [0, +00) x (0,¢);
(2) fa(t,u) > Cyu, V(t,u) € [0,1] x (0,¢), where Cy = 77%(2+q)()\461)7%551.
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(Hg) fi(t,u,v) and fa(t,u) are increasing in u and v and there exists R > 0 such that
1
f1 (s,R,/ Ks(r)ag(r) f2(r, R)dr) <p'R, s€[0,1].
0

Definition 2.1 (see [2]) The Riemann-Liouville fractional derivative of order a > 0
of a continuous function f : [0, +00) — R is given by

where n = [a] + 1, [a] denotes the integer part of number «, provied that the right
side is pointwise defined on (0, +00).

Definition 2.2 (see [2]) The Riemann-Liouville fractional integral of order o > 0 of
a continuous function f : [0,4+00) — R is given by

oy L [T
5060 = 1757 |, G et

proved that the right side is pointwise defined on (0, +00).

Lemma 2.3 (see [2]) Assume that v € C'(0,1) N L(0,1) with a fractional derivative
of order @ > 0 that belongs to C'(0,1) N L(0,1). Then

o+ Do u(t) = u(t) + At et et

for some ¢; € R,2=1,2,--- ,n, where n is the smallest integer greater than or equal
to a.

Lemma 2.4 (see [15]) Assume that h; # 1. Then for any y € C[0,1] and n; — 1 <
a; < n;,n; > 3,4 = 1,2, the unique solution of boundary value problem

D(()X}ru(t) + y(t) =0,1t¢€ (Oa 1),

u(0) =u/(0) = -+ = u =2 (0) =0, (21)
1
u(l) = /O hi(t)u(t)dt,
is given by )
(t) = /0 Ki(t, s)y(s)ds, (2:2)
where
Ki(t,s) = Gii(t, s) + Gia(t, 5), (2.3)
X tT i1 —s)¥l— (t—s)@™l 0<s<t<1,
Gir(t, s) (2.4)
Plai) | pou-1(q = gyau1, 0<t<s<l,

ta7—1
Gi ( / h zl t S d (25)
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Remark 2.5 It is easy to know that the function G;1(t, s) > 0 are continuous from
proposition 2.2 in [15].

Lemma 2.6 The function G;;(t,s)(i = 1,2) defined by (2.4) satisfy

ci(t)Gi(s) < Gil(t,s) < Gul(s), for t, se€[0,1], (2.6)
where .
T(s) = —
(1 —(1- s)m)
G“(S) _ Gz’l(T(S),s) _ T(s)airs((;)_ 5)041-* 7
and

i — )i hgei=2(1 — ¢
¢i(t) = min (a ) , ( ),to‘i*l .
(ozi — 2)0"L_2

Proof. We write

Gill(t7s) —_ tai—l(l—s)aq',—l_(t—s)aifl’ 0 S s S ¢ S 1

T(a;i) ;
Gil(t, S) = - -
Gina(t, s) = "z, 0<t<s<l
We consider s as fixed, from
8Gi11(t, 8) 1 9 1 )
= 19Tl —s)* T — (t—s)™
ot Ta—pt 179 (t =)™

and there is a critical point when
s
(1- E)aif2 =(1—s)* "
Thus the critical point is at

s
()= — ==
1—(1—s)ai>

and G;11(t, s) arrive at maximum at (7(s), s) when s < ¢t. Therefore we have

Gi1(t,s) < @y(s) == 7(s)* 25(1 — s)xi~t

(o)

Defining
(0) = Tim r(s) = =2
T = sl_I)r(l)T S) = o — 1

and noting that 7(s) is an increasing function of s, we see that

Oéi—2

po— <7(s) <1
Also from
8Gi12(t7 S) _ tai_g(l — S)ai_l >0,
ot D(a; — 1)
we have
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By writing
(7(s)/s) 2541 (1 —5)* !
(o)

@1‘1 (5) =

we obtain ®;5(s) < ®41(s).
This proves the second inequality in (2.6) with ®;1(s) = Gi1(s).

To prove the first inequality satisfied,we first have to show G;11(t, $) > ¢;1(s)Gi1(8),
that is,

cu(t) _1- ()

= T(s)*2s
The minimum of the right-hand side with respect to s for fixed t, occurs either when
s =t or when s — 0%. This gives the largest possible ¢;;(¢) to be

taifl

() = . (az - 1>ai_1tai—2 1 t 1 1 t 27'7:; a;—2
Czl()_mln{W (I=1),(1—-(1=t)==7) }-
On the other hand, to show G;12(t, s) > ¢i2(s)Gy1(s), that is,
Cig(t)

1 t<s<l1
tei—l = gr(s)ei—2’ fortsssl

Since s and 7(s) are strictly increasing this requires c;o(t) < t®i—1.
Thus ¢;(t) are the minimum of the values of ¢;1(t), ¢;2(t) which finally gives

S = =

Remark 2.7 A stronger inequality namely %glin . Gi1(t,s) > v:Gi1(s) have been
te[f,1—

used in [15], but 7; are not found explicitly and no explicit lower bound is given. So,
it is not clear how one can obtain the existence of positive solutions. similar to the
proof of Theorem 3.1 in [16], we obtain Lemma 2.6 and find the explicit lower bound

C; (t)
Remark 2.8 Combining Lemma 2.6 and Remark 2.7, we can easily see

min Gﬂ(t,S) Z ’}/ZG“(S) Z "}/Gil(s), Vs S [0, 1], (27)
tel0,1-0]

where v, = min{c¢;(¢) : t €[0,1—-0]},i=1,2, v = min{vy1, 12}
Lemma 2.9 (see [15]) If h; € [0, 1), the function K;(t,s) (i = 1,2) defined by (2.3)
satisfies
(i) K;(t,s) > 0 are continuous for all ¢, s € [0, 1], K;(t,s) > 0 for all ¢,s € (0, 1);
(i) K;(t,s) < K;(s) for each t,s € [0,1], and

in Kt s) > vKi(s),V ).
i (t,s) = vKi(s),Vs € [0,1]

where
v =min{y/, 071 0271 Ki(s) = Gi1(s) + Gia(1, 8),
~' is defined by Remark 2.8, G;1(s), Gi2(1, s) are defined by (2.6), (2.5).
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Lemma 2.10 Suppose that the assumptions (H;) — (Hs) are satisfied. Then the
coupled system (1.1) has a positive solution (u,v) if and only if the following coupled
system has a positive solution (u,v)

1
ult) = / Ky (t,$)ar(s) f1 (s, u(s), v(s))ds,

o(t) = /O Ko (t, $)as(s) fa (s, u(s))ds.

Proof. From Lemma 2.4, we can prove easily the result of Lemma 2.10.
From (2.8), we can obtain the following integral equations

u(t) = /0 Kt () o (s, u(s), /0 Kol P)as(r) w(r)dr)ds.  (29)

Let E = C[0,1] be a Banach space endowed with the norm

= t)|.
= o Ju(e)
Define the cone P C E by
P:{ueE: min u(t) > || ull,te [0,1]}. (2.10)
te[0,1-0]

We define the operator T': P — E by
1 1
Tu(t) = /0 Ki(t,s)ai(s) fr (s,u(s), /O Ka(s, )as(r) fa(r, u(r))dr) ds.  (2.11)

Lemma 2.11 Suppose that the assumptions (H;) — (H3) are satisfied. Then the
operator T': P — P is completely continuous.
Proof. For u € P, consider (2.11), from Lemma 2.9, we have

[Tu(®)] = maxo<s<r [Tu(t)]
< fol Ki(s)ai(s) f1 (s, u(s), fol Ks(s,r)az(r) fa(r, u(r))dr) ds.

mingeio o) (Tu)(t) >~ J Kr()an () (s, u(s), fy Kol r)as(r) o, u(r)dr ) ds
> Y[ Tu ()]
Therefore T : P — P. Next by similar proof of Lemma 3.1 in [11] and Ascoli-Arzela
theorem one can prove T : P — P is completely continuous.

Lemma 2.12 (see [17]) Suppose F is a real Banach space and P is cone in E, and
let Ql,Qgibe bounded open sets in E such that § € Qi, Q1 C Q. Let operator
T: PN(22\Q1) — P be completely continuous. Suppose that one of two conditions
holds

M) [ Tu|I<]|w]l, Yu e PNIQ; || Tu ||>||w ], Yu € PN oQs;
@) | Tu ||=]| wll, Yu e PNoQ; || Tu ||<|| v, Yu € PNoQs.
Then T has at least one fixed point in P N (Q2\Q1).
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Lemma 2.13 (see [18]) Suppose E is a real Banach space and P is cone in E, and
let Q1,05 and Q3 be bgunded open sets in E such that 6 € Q1,Q; C Qy, Qs C Q3.
Let operator T': PN (£23\€1) — P be completely continuous. such that

W) [ Tu IZ] wl, YVu e PNoy;
@2) [ Tu ||I<]| v, Tu # u,Yu € PN 0OQy;
B) | Tu =] w ], Yu € PNos.

Then T has at least two fixed point uy and uz in PN (Q23\Q1) with u; € (Q2\Q1) and
U € (93\92)

3. MAIN RESULTS

Theorem 3.1 Suppose that the assumptions (H;) — (Hs) hold. Then the system
(1.1) has at least one positive solution (u,v).
Proof. At first, let

p1 = max{M;y ', 1},
set 1 ={u € E:| u|< p1} and for u € P NIy, then

i t) > = M;.

in u(®) > | |- My

From (2.8), (2.11), (H4) and Lemma 2.9, we have

1

v(t) 2/0 Ks(t, s)as(s) f2(t,u(s))ds > Cy ; Kg(t,S)ag(S)Ué(S)dS
1-0 1-6
21C1 | Ky (s)az(s)u= (s)ds > vC i Ko(s)az(s)ds(y|ul) =

— AC18 My > Myt e (6,1 4],

1

tegillig](Tu)(t) Z’Y/ Ki(s)a1(s)fi1(s,u(s),v(s))ds

0
> f, 7 Ka(s)as(s)0” (s)ds
2 YA101(vC162)* (Yl[ull) = [Jull.

Therefore, we have
| Tw||>]] wl, forue PNos. (3.1)

Further, Set Qs = {u € E :|| u [|< p2 < 1}, for u € PN, by (2.8),(2.10) and (Hs),
we have

1 1
o(t) < 02/ Ka(s)as(s)u? (s)ds < Copsllull® < po™? < po, te0,1],
0
1

(Tu)(t) < / Ki(s)ai(s) fi(s,u(s),v(s))ds < pudal[v]|” < pada(Copia)||ull
0
< lufl-
Therefore, we have
| Tu |I<||wl, forue PNoQs. (3.2)
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Thus from (3.1),(3.2), Lemma 2.11 and Lemma 2.12, T has a fixed point u € PN (2 \
Q). This means that the system (1.1) has at least one positive solutions (u(t), v(t)).

Theorem 3.2 Suppose that the assumptions (H;)— (Hs) and (Hg)(H7) hold. Then
the system (1.1) has at least one positive solution (u,v).
Proof. At first, it follows from the assumption (Hg) and (2.11), we have

(Tu)(t) = /0 K (t, $)ar (s) 1 (& u(s), v(s))ds < /0 K1(s)a1(s) (Agv?(s) + My) ds

1 1 P
< / Ky (s)ar(s) [ As ( / Ko (s)as(s) fal(s, u(s))ds) IYARY
0 0
P
< sl (Cgu% n Mg) + i Mo (3.3)
P
< mdosif (Collull¥ + Mz)” + s Mo,
By means of simple calculation, we have
1
sy (Csllul|? + Ma)P + My 1
[l ]| =00 [l 2
Then there exists a sufficiently large M > 1 such that
1 3
piAspp(Callull? + Mo)? + Mz < lull, - lull = M. (34)

Set Q3 = {u € C[0,1] ;|| u ||< M}, for u € PN N, by (3.3) and (3.4), we obtain
that
|Tu|| < |jull, for ue PN ofs. (3.5)
Further, Since the continuity of f(t,u) and f2(¢,0) = 0, there exists p € (0,¢) such
that
faltyw) < 1, for (tu) € [0,1] % (0, ). (3.6)
Set Oy = {u € E:|| ul||< p}, for u € PN 0Ny, we have

v(t) = /0 Ks(t, s)as(s) f2(t,u(s))ds < uglp/o Ks(s)az(s)ds = p. (3.7

It follows from the assumption (H7) and Lemma 2.9, we have

1
min (Tu)(t) Z'y/o Ki(s)ai(s) fi(s,u(s),v(s))ds

telf,1-0]
1-6

> Y4 ; Ki(s)ai(s)ds <

1-6

) KQ(S,T)QQ(T)fQ(T,U(T'))dT>

1-6 4
> yAaby |y Ky (r)ag(r)Cous (r)dr
6

> 7*H90401(Cada)[ul| > [ull, for u € PN OQy.

Hence, we have
| Tw||>]| w ], for u e PN oQy. (3.8)



176 YAOHONG LI AND ZHONGLI WEI

Thus from (3.5),(3.8), Lemma 2.11 and Lemma 2.12, T has a fixed point u € PN (3
Q4). This means that the system (1.1) has at least one positive solutions (u(t), v(t)).

Theorem 3.3 Suppose that the assumptions (H;) — (Hy) and (Hr)(Hs) hold. Then
the system (1.1) has at least two positive solution (u1,v1) and (ug, ve).
Proof. From (Hg), for u € P N 085, we obtain that

(Tu)(t) < /01 Ki(s)ai(s)f1 <s,R,/Ol Ks(r)as(r) fa(r, R)dr) ds
< u{lR/Ol K (s)ai (s)ds = R.

Thus, ||[Tul|| < ||u|l, for v € PNoQs. By (Hy) and (H7), we can get
| Tul|=|| wl, for we PNoQ; || Tul|>|| uwl, for ue PN oQy.

So, we can choose p, R and p; such that p < R < p; and satisfy the above three
inequalities. By lemma 2.11 and lemma 2.13, we guarantee that 7" has two fixed
points u; € PN (25\Q4) and ug € PN (21\Q5). Then then the system (1.1) has at
least two positive solutions (u1,v1) and (ug,vs).

In the end, in order to illustrate our results, we consider the following two examples.

Example 3.4 Consider the system (1.1), let

5 7
a1_§; 042_57 ny 37 ’I’L2—47
) = 2y - L2
TEOE -0t

By simple computation,
1 1
0< / Ki(s)a;i(s)ds <1< +o0, 0< / hi(t)t¥ds <1, i=1, 2.
0 0

So the assumptions (Hy) — (Hj) are satisfied. Let o = 3, 8 = 3, Clearly,

t,u . . t,u,v
lim inf f2 - ) =400, lim inf Silt:w,0) > 0;
u—+o00tel0,1] o v—+00 (t,u)€[0,1] X [0,+00) VY
t,u t,u,v
lim sup L;) =0, lim sup Lﬂ’) < 400.
u—=0t¢ef0,1]  u® v=0% (¢,u)€[0,1] X [0,400) v

The assumptions (Hy) and (Hs) hold. Thus it follows that the system (1.1) has at
least one positive solution by Theorem 3.1.

Example 3.5 Let the system (1.1) be as in Example 3.4,

fl(t,u7’l)) = (1 +u_2)fué7 f2(t7u) = u%7
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so the assumptions (H;) — (H3) are satisfied. Let p = g = %, by simple computation,

t t
lim  sup L;U) =0, lim sup M < +00;
u—~+00 te[0,1]  ur v—+00 (,u)€[0,1] X [0, +00) VP
t t
lim inf L;u) = 400, lim sup M > 0.
u—0+ t€[0,1] ua v—0+ (£,u)€[0,1] X [0,+00) vd

The assumptions (Hg) and (H7) hold. Thus it follows that the system (1.1) has at
least one positive solution by Theorem 3.2.
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