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Abstract. The Meir-Keeler contraction, an important generalization of the classical Banach con-
traction has received enormous attention during the last four decades. In this paper, we present a
review of Meir-Keeler type fixed point theorems and obtain some results using general Meir-Keeler
type conditions for a sequence of maps in a metric space. Further, a recent result of Meir-Keeler type
common fixed point theorem due to M. Kikkawa and T. Suzuki is generalized under tight minimal
conditions. Applications regarding the existence of common solutions of certain functional equations
are also discussed.

Key Words and Phrases: Coincidence point, fixed point, Meir-Keeler contraction, functional
equation, dynamic programming.

2010 Mathematics Subject Classification: 47H10, 54H25, 491.20.

Acknowledgement. The authors thank Prof. Lj. B. Ciric for his valuable sugges-
tions in this paper. They also thank Dr. Rajendra Pant for his assistance in typing
the paper. The second author (SLS) acknowledges the support by the UGC, New
Delhi under Emeritus Fellowship.

**Corresponding author.



118

(1]
2]

3]

[10]
[11]
[12)
[13)
[14]
[15]
[16]
17)
18]
[19)
[20]
[21]
[22]

23]
[24]

[25]
[26]
27]

(28]

A. KUMAR, S.L. SINGH, S.N. MISHRA AND M.M. MILOVANOVIC-ARANDJELOVIC

REFERENCES

D.W. Boyd, J.S. Wong, On nonlinear contractions, Proc. Amer. Math. Soc., 20(1969), 458-464.
J. Jachymski, Equivalent conditions and the Meir-Keeler type theorems, J. Math. Anal. Appl.,
194(1995), 293-303.

J. Jachymski, Equivalence of some contractivity properties over metrical structures, Proc. Amer.
Math. Soc., 125(1997), 2327-2335.

J. Jachymski, On the iterative equivalence of some classes of mappings, Ann. Math. Sil.,
13(1999), 149-165.

J. Matkowski, Integrable solutions of functional equations, Diss. Math., 127(1975).

E. Rakotch, A note on contractive mappings, Proc. Amer. Math. Soc., 13(1962), 459-463.
B.E. Rhoades, A comparison of various definitions of contractive mappings, Trans. Amer. Math.
Soc., 226(1977), 257-290.

B.E. Rhoades, Contractive definitions, Nonlinear Analysis (ed. T.M. Rassias), World Scientific
Publ. Company, New Jersey, 1987, 513-526.

T. Suzuki, A generalized Banach Contraction principle that characterizes metric completeness,
Proc. Amer. Math. Soc., 130(5)(2008), 1861-1869.

R.M. Bianchini, M. Grandolfi, Trasformazioni di tipo contrattivo generalizzato in uno spazio
metrico (Italian), Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur., 45(8)(1968), 212-216.
M. Furi, Un teorema di punto fisso per trasformazioni di uno spazio metrico completo in sé
(Italian), Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur., 45(8)(1968), 207-211.

J. Jachymski, Common fized point theorems for some families of maps, Indian J. Pure. Appl.
Math., 25(1994), 925-937.

J. Jachymski, An iff fized point criterion for continuous self-mappings on a complete metric
space, Aequations Math., 48(1994), 163-170.

A. Zitarosa, Una generalizzazione del teorema di Banach sulle contrazioni, Le Mathematiche,
23(1968), 417-424.

F.E. Browder, On the convergence of successive approzimations for nonlinear functional equa-
tions, Indag. Math. (N.S.), 30(1968), 27-38.

W.A. Kirk, B. Sims, Handbook of Metric Fized Point Theory, Kluwer Academic Publ., Dor-
drecht, 2001.

T.C. Lim, On Characterizations of Meir-Keeler contractive maps, Nonlinear Anal., 46(2001),
113-120.

A. Meir, E. Keeler, A theorem on contraction mappings, J. Math. Anal. Appl., 28(1969), 326-
329.

C.S. Wong, Characterization of certain maps of contractive type, Pacific J. Math., 68(1977),
293-296.

M. Edelstein, On fized and periodic points under contractive mappings, J. London Math. Soc.,
37(1962), 74-79.

R.P. Agarwal, M. Meehan, D. O’Regan, Fized Point Theory and Applications, Vol. 141, Cam-
bridge University Press, Cambridge, 2001.

C. Di Bari, T. Suzuki, C. Vetro, Best proximity points for cyclic Meir-Keeler contractions,
Nonlinear Anal., 69(11)(2008), 3790-3794.

K.J. Chung, On fized point theorems of Meir and Keeler, Math. Japon., 23(1978), 381-383.
Lj. B. Ciric, Fized points of weakly contraction mappings, Publ. de I'Institut Math. Nouvelle
Ser., 20(34)(1976), 79-84.

Lj. B. Ciric, A new fized point theorem for contractive mapping, Publ. de I'Institut Math.
Nouvelle Ser., 30(44)(1981), 25-27.

M. Hegedus, T. Szilagyi, Equivalent conditions and a new fized point theorem in the theory of
contractive type mappings, Math. Japon., 25(1980), 147-157.

S. Karpagam, S. Agarwal, Best proximity point theorems for p-cyclic Meir-Keeler contractions,
Fixed Point Theory Applications, 2009, Article Id. 197308, 9 pages.

S. Leader, Equivalent Cauchy sequences and contractive fized points in metric spaces, Studia
Math., 66(1983), 63-67.



29]
(30]
(31]
(32]
(33]
(34]
(35]
(36]

(37)

(38]

(39]
[40]

[41]
42]

[43]

[44]
(45]

[46]
[47]

(48]
[49]
[50]
[51]
[52]
(53]
[54]
[55]

[56]

FIXED POINTS OF NEW MEIR-KEELER TYPE CONTRACTIONS 119

M. Maiti, T.K. Pal, Generalization of two fized point theorems, Bull. Cal. Math. Soc., 70(1978),
57-61.

J. Matkowski, Fized point theorems for contractive mappings in metric spaces, Casopis pro
pestovani matematiky, 105(4)(1980), 341-344.

J. Matkowski, R. Wegrzyk, On equivalence of some fized point theorems for self mappings of
metrically convex spaces, Bull. Un. Mat. Ital., A(5), 15(1978), 359-369.

L.H.N. Rao, K.P.R. Rao, On some fized point theorems, Indian J. Pure Appl. Math., 15(1984),
459-462.

T. Suzuki, Some notes on Meir-Keeler contractions and L-function, Bull. Kyushu Inst. Tech.,
53(2006), 1-13.

T. Suzuki, Fized Point Theorem for asymptotic contractions of Meir-Keeler type in complete
metric spaces, Nonlinear Anal., 64(2006), 971-978.

D.H. Tan, N.A. Minh, Some fized point theorems for mappings of contractive type, Acta Math.
Vietnam., 3(1978), 24-42.

A. Tomar, Coincidence and fized points of single-valued and multivalued maps, Ph. D. Thesis,
Gurukula Kangri Univ., Hardwar. India, 2002.

K. Wlodarczyk, R. Plebaniak, C. Obczynski, The uniqueness of endpoints for set-valued dynam-
ical systems of contractions of Meir-Keeler type in uniform spaces, Nonlinear Anal., 67(2007),
3373-3383.

Z. Liu, On Park’s open questions and some fized point theorems for general contractive type
mappings, J. Math. Anal. Appl., 234(1999), 165-182.

S. Park, On general contractive type conditions, J. Korean Math. Soc., 17(1980), 131-140.
S.L. Singh, A. Kumar, Y.J. Cho, Fized points of Meir-Keeler type hybrid contractions, Pan
Amer. Math. J., 16(2006), 35-54.

P.D. Proinov, Fized point theorems in metric spaces, Nonlinear Anal., 64(2006), 546-557.

T. Suzuki, Meir-Keeler contractions of integral type are still Meir-Keeler contractions, Internat.
J. Math. Math. Sci., Article ID. 39281, 6 pages, 2007.

K. Goebel, A coincidence theorem, Bull. Acad. Polon. Sci. Ser. Sci. Math. Astronom. Phys.,
16(1968), 733-735.

G. Jungck, Commuting mappings and fized points, Amer. Math. Monthly, 83(1976), 261-263.
S. Park, J.S. Bae, FExtensions of a fized point theorem of Meir and Keeler, Arkiv Math.,
19(1981), 223-228.

S. Park, B.E. Rhoades, Meir-Keeler type contractive conditions, Math. Japon., 26(1981), 13-20.
R.P. Pant, Common fized points of noncommuting mappings, J. Math. Anal. Appl., 188(1994),
436-440.

H.K. Pathak, Y.J. Cho, S.M. Kang, Remarks on R-weakly commuting mappings and common
fized point theorems, Bull. Korean Math. Soc., 34(1997), 247-257.

S.L. Singh, A. Tomar, Weaker forms of commuting maps and existence of fized points, J. Korea
Soc. Math. Edu. Ser. B, Pure Appl. Math., 10(2003), 145-162.

P.P. Murthy, Important tools and possible applications of metric fired point theory, Nonlinear
Anal., 47(2001), 3479-3490.

H.K. Pathak, M.S. Khan, A comparison of various types of compatible maps and common fized
points, Indian J. Pure Appl. Math., 28(1997), 477-485.

Y.J. Cho, P.P. Murthy, G. Jungck, A common fized point theorem of Meir and Keeler type,
Internat. J. Math. Math. Sci., 16(1993), 669-674.

K. Jha, Common fized point theorem for weakly compatible non-continuous mappings, Thai J.
Math., 5(2007), 191-197.

K. Jha, R.P. Pant, S.L. Singh, Common fixed points for compatible mappings in metric spaces,
Radovi Math., 12(2003), 107-114.

G. Jungck, H.K. Pathak, Fized Points via “Biased maps”, Proc. Amer. Math. Soc., 123(1995),
2049-2060.

G. Jungck, Compatible mappings and common fized points, Internat. J. Math. Math. Sci.,
16(1986), 771-779.



120

[57]
(58]
[59]

[60]
[61]

(62]
[63]
[64]
[65]
[66]
[67)
[68]
[69]
[70]
[71]
[72]

[73]
[74]

[75]
[76]
[77]
(78]

[79]

A. KUMAR, S.L. SINGH, S.N. MISHRA AND M.M. MILOVANOVIC-ARANDJELOVIC

G. Jungck, K.B. Moon, S. Park, B.E. Rhoades, On generalizations of Meir-Keeler type contrac-
tion maps: Corrections, J. Math. Anal. Appl., 180(1993), 221-222.

R.P. Pant, Common fized points of two pairs of commuting mappings, Indian J. Pure Appl.
Math., 17(1986), 187-192.

R.P. Pant, Common fized points of weakly commuting mappings, Math. Student, 62(1993),
97-102.

R.P. Pant, A new common fized point principle, Soochow J. Math., 27(2001), 287-297.

R.P. Pant, Meir-Keeler type fixed point theorems and dynamics of functions, Demonstratio
Math., 35(2003), 199-206.

R.P. Pant, P.C. Joshi, V. Gupta, A Meir-Keeler type fized point theorem, Indian J. Pure Appl.
Math., 32(2001), 779-787.

H.K. Pathak, S.M. Kang, Y.J. Cho, A Meir-Keeler type common fized point theorem, Math.
Japon., 44(1996), 323-330.

I.LH.N. Rao, K.P.R. Rao, Generalizations of fixed point theorems of Meir and Keeler type, Indian
J. Pure Appl. Math., 16(1985), 1249-1262.

B.E. Rhoades, Fized point theorems for some families of maps, Indian J. Pure Appl. Math.,
21(1990), 10-20.

B.E. Rhoades, S. Park, K.B. Moon, On generalizations of Meir-Keeler type contraction maps,
J. Math. Anal. Appl., 146(1990), 482-494.

S.L. Singh, V. Chadha, S.N. Mishra, Remarks on recent fized point theorems for compatible
maps, Internat. J. Math. Math. Sci., 19(1996), 801-804.

D.H. Tan, Some fized point theorems of mappings of contractive type, Univ. Nov. Sadu. Ser.
Mat., 25(1993), 9-22.

M. Kikkawa, T. Suzuki, Three fized point theorems for generalized contractions with constants
in complete metric spaces, Nonlinear Anal., 69(2008), 2942-2949.

O. Popescu, Two fized point theorems for generalized contractions with constants in complete
metric space, Cent. Eur. J. Math., 7(3)(2009), 529-538.

S.L. Singh, B.D. Pant, Coincidence and fized point theorems for a family of mappings on menger
spaces and extension to uniform spaces, Math Japon., 33(6)(1988), 957-973.

S.L. Singh, A. Kumar, Fized point theorems for Lipschtiz type maps, Riv. Mat. Univ. Parma,
4(7)(2004), 25-34.

R. Bellman, Methods of Nonlinear Analysis, Vol 11, Academic Press, New York, NY, USA, 1973.
R. Bellman, E.S. Lee, Functional equations in dynamic programming, Aequationes Math.,
17(1)(1978), 1-18.

R. Baskaran, P.V. Subrahmanyam, A note on the solution of a class of functional equations,
Applicable Anal., 22(1986), 235-241.

P.C. Bhakta, S. Mitra, Some existence for functional equations arising in dynamic program-
ming, J. Math. Anal. Appl., 98(2)(1984), 348-462.

H.K. Pathak, Y.J. Cho, S.M. Kang, B.S. Lee, Fized point theorems for compatible mappings of
type (P) and applications to dynamic programming, Le Matematiche, 50(1995), 15-33.

S.L. Singh, S.N. Mishra, Remarks on recent fixed point theorems, Fixed Point Theory Appl.,
Article Id. 452905, 18 pages, 2010.

S.L. Singh, S.N. Mishra, Fized point theorems for single-valued and multi-valued maps, Nonlin-
ear Anal., 74(2011), 2243-2248.

Received: April 10, 2012; Accepted: June 21, 2012.



