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Abstract. This paper investigates the existence of solutions for a fractional multi-point boundary
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illustrate our main result.
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1. INTRODUCTION

Consider the boundary value problem (BVP for short) of the following fractional
differential equation

CDx(t) = f(t,z(t)) +e(t), te€[0,1],0<a<l,
3 Aa(e) = 0. (1)

where ©D® is the Caputo fractional derivative with 0 < o < 1, f: [0,1] x R® — R"
and e : [0,1] — R™ are given functions satisfying some assumptions that will be
specified later, A; (i = 1,2,--- ,m) are constant square matrices of order n, 0 < & <
o< <&n <L

We say that BVP (1.1) is a problem at resonance, if the linear equation,

D% (t) =0, t€0,1,0<a<]l,

This work was supported by the Natural Science Foundation of China(10971173), the National
Natural Science Foundation of Hunan Province (13JJ3120), and the Construct Program of the Key
Discipline in Hunan Province.

**Corresponding author.

43



44 FULAI CHEN AND YONG ZHOU

with the boundary condition >_!", A;2(¢;) = 0 has nontrivial solutions. Otherwise,
we call them a problem at nonresonance. In the present work, if Z;ll A; = 0, then
BVP (1.1) is at resonance, since equation “ D%z (t)) = 0 with boundary condition

> Ai(&) =0
=1

has nontrivial solutions x = ¢, ¢ € R".

The theory of fractional differential equations has been extensively studied since the
behavior of many physical systems can be properly described by using the fractional
order system theory. There has been a great deal of interest in the solutions of
fractional differential equations, see the monographs [16, 17, 21, 23], and the papers
[1,3,4,5,6,7, 11, 12, 13, 15, 18, 22, 24, 25, 26, 29, 31] and the references therein.
Tools used to analyze the solvability of these fractional differential equations are
mainly focused on fixed point theorems and Leray-Schauder theory. Recently, there
have been few studies dealing with the existence for solutions of fractional BVP by
using the coincidence degree theory [9, 10, 14, 28]. Existence results for fractional
BVP with derivative order o € (2,3) are established in [9, 14], and existence results
for fractional BVP with derivative order @ € (1,2) are obtained in [10, 28]. However,
there is no work on the existence of solutions for fractional BVP with derivative order
a € (0,1). Tt is clear that the corresponding integral equations of fractional BVP is
weakly singular if derivative order 0 < o < 1, and regular for o > 1.

Motivated by [19], in which the existence to first-order multi-point BVP is proven
by using the coincidence degree theory, here we investigate the existence of solutions
for fractional multi-point BVP with derivative order o € (0,1). Different from the
Riemann-Liouville fractional derivative used in [9, 10, 14, 28], here we consider the
Caputo’s one.

The outline of the remainder of this paper is as follows. In section 2, we recall
some useful preliminaries. In section 3, we give the existence result of BVP (1.1) at
resonance (i.e., » .-, A; = 0). In section 4, an example is given to illustrate our main
results.

2. PRELIMINARIES AND LEMMAS

Let us recall some notations and an abstract existences result.

Let Y, Z be real Banach spaces, L : domL C Y — Z be a Fredholm map of
index zero and P : Y — Y, Q : Z — Z be continuous projectors such that ImP =
KerL, KerQ = ImL and Y = KerL & KerP, Z = ImL & Im@. It follows that
Lldominkerp : domL N KerP — ImL is invertible. We denote the inverse by Kp.

If 2 is an open bounded subset of Y, and domL(\Q = (), the map N : Y — Z
will be called L—compact on Q if QN (Q) is bounded and Kp(I — Q)N : Q — Y is
compact.

Theorem 2.1 [20] Let L : domL C'Y — Z be a Fredholm operator of index zero
and let N : Y — Z be L—compact on Q. Assume that the following conditions are
satisfied:

(i) Lz # ANz for every (z,\) € [domL \ KerL N oQ] x (0,1);
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(ii) Nz & ImL for every x € LerL N 0%

(iii) deg(QN|kerr, 2N KerL,0) # 0, where QQ : Z — Z is a projection as above
with ImL = KerQ@.

Then the equation Lz = Nz has at least one solution in domL () Q.

We also recall the following known definitions with respect to the fractional integral
and derivatives. For more details see [2, 30].

Definition 2.1 The fractional integral of order v with the lower limit zero for a
function f is defined as

Lt (s
If(t) = F(’Y)/o (t—s)l—"YdS’ t>0, v>0,

provided that the right side is point-wise defined on [0, c0), where I'() is the gamma
function.

Definition 2.2 Riemann-Liouville derivative of order v with the lower limit zero
for a function f : [0,00) — R can be written as

1 [t f(s)
~ .
Df(t)—i( 7)?"/07(15 S)fylnds,t>0,n—1<7<n.

Definition 2.3 [16] Caputo’s derivative of order v for a function f : [0,00) — R
can be written as

c k—
D7 D7 t Tt -1 .
f(ty= DVf(1) ZO N 7+1 ,t>0,n—1<y<n
Remark 2.1 (1) If f(¢t) € C™([0,00), R), then
1 RO
c — — n— £(n) _
DYf(t) = ds=1"" t), t >0, 1< .
10 = o= [ et = IO £ 0 1<y <
(2) The Caputo derivative of a constant is equal to zero, i.e., if x(t) = ¢, then
¢D%c = 0. However, D% = ng:aa)
Lemma 2.1 [27] Let n — 1 < v < n, then the differential equation
CDVa(t) =0

has solutions x(t) = co +c1t +cot?> + - +cpt" L ; €R, i =0,1,--- ,n
Lemma 2.2 [27] Let n — 1 < v < n, then
I”CDVx(t) =2(t) + o+ it +eat® + - et !

for some ¢; € R, i =0,1,--- ,n.
The following basic inequalities will be used.
Lemma 2.3 [8] Let ay,a9,-+- ,a, >0, n € N, then

and
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We denote the n x n identity matrix by FE, the Banach space of all constant
square matrices of order n by M,x, with the norm ||B| = maxi<; j<n |b;;|. For
a = (a1, - ,ap), define ||a| = maxi<i<p |o;|. The LP—norm in LP([0, 1], R™) is

1/p
defined by ||z|, = maxi<i<p (fol xi(t)|pdt> for 1 < p < co. The L*®—norm in

C([0,1], B") is [|#[loo = maxi<i<n supyefo,1y ()]

3. MAIN RESULTS

In this paper, we always assume the following conditions hold.
(Hl) Z?;l Al =0 and det <ZT_1 Az&?) 75 0.

(Hg) f:1]0,1] x R™ — R™ satisfies the following conditions: f(-,z) is continuous
for each fixed x € R™, f(t,-) is Lebesgue measurable for a.e. ¢t € [0,1], and for each
r > 0, there exists h, € L>([0,1], R™) such that |f;(¢,z)| < (h,):(t) for all ||z]|e < T,
ae. t€10,1],i=1,2,---,n. e LY[0,1], R").

(H3) There exists a constant oy € (0,a) such that f € Li([O, 1] x R™ R™),
e € L1 ([0,1], R).

Let Y = C([0,1], R™), Z = L'([0,1], R™). Define the linear operator L : domL N
Y — Z with

domL = {x € C([0,1],R") : iAix(gi) =0, “Dz e LY(|0, 1],R")},
=1

and

Define N : Y — Z by
Na(t) = f(t, 2(1), t € [0,1]
Then BVP (1.1) can be written as

Lx = Nuz.
Lemma 3.1 Let L be defined as (3.1), then
KerL ={xz € domL :x =c,c € R"}, (3.2)
and
m &i
ImL={yeZ: ZAZ/ (& — 5)* y(s)ds = 0}. (3.3)
0

i=1

Proof. By Lemma 2.1, “ D®x(t) = 0 has solution z(¢) = x(0) which implies that (3.2)
holds.
For y € ImL, if the equation

“D(t) = y(t) (3.4)
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has a solution z(t) such that Y., A;z(&;) = 0, then from (3.4), we have

z(t) = z(0) + ﬁ /0 (t —5)* ty(s)ds.

Applying condition Y ", A; = 0, we have

0=> A&) = =(0)) A+ ﬁ ZAi/ (& — 8)* Ty(s)ds
i=1 i=1 i=1 0
m &i
= T ZAi/o (& — 5)*y(s)ds,

i=1

that is

>4 / * (6 )" y(s)ds = 0.
pat 7 0 7

On the other hand, if (3.5) holds, we can set

1 ! a—1
x(t) =d+ F(oz)/o (t—s)* " y(s)ds,

47

where d € R" is arbitrary. Hence, z(t) is a solution of (3.4) and Y_*, A;z(&) =0

which means that y € ImL. Therefore, (3.3) holds. The proof is complete.

O

Lemma 3.2 L :domL CY — Z is a Fredholm operator of index zero. Further-
more, the linear continuous projection operators Q : Z — Z and P : Y — Y can be

defined by
1 m -1 m €
Qy= (a ZAifia> ZAi/ (& — 5)* ty(s)ds, for every y € Z,
i=1 i=1 0

Pz = z(0), for every z €Y.
And the linear operator Kp : ImL — domL N KerP can be written by

a 1ot o
Ky =10(0) = s [ 0=yt
Also,
(1+y)yu-t
< — " 1
1 Kpylloo < o) ||yHa, for all y € ImL,

where v = 10‘:1 .

as

Proof. It is easy to know that ImP = KerL and P?x = Pz. It follows from
z = (r — Pz) + Pz that Y = KerP + KerL. By simple calculation, we have that

KerLN KerP = {0}. Thus, Y = KerP & KerL.
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Since

Q%y

o( (3 gme?) h iAi [ &)
(1 ae) ZA JCEDEeT
= Qy-Z:l

Fory € Z,set y = (y—Qy)+Qy. Then, y—Qy € Ker@ = ImL, Qy € ImQ. It follows
from Ker@Q = ImL and Q%y = Qy that ImQ N ImL = {0}. Thus, Z = ImL & ImQ
and

dim KerL = dim R" = codim ImL = n.

Hence, L is a Fredholm operator of index zero.

With definitions of P, Kp, it is easy to show that the generalized inverse of L :
ImL — domLN KerP is Kp.

In fact, for y € ImL, one has

(LKp)y =D Iy =y,
and for € domL N KerP which implies that z(0) = 0, we have
(KpL)xz(t) = I*“D%z(t) = x(t).

This shows that Kp = (L|domLmKerp) !

Let v = (0, ), we have
I1KPylle = 1%l

s [ - uto
= ||=— -5 y(s)ds

I'(a) Jo 00

1 ¢ o
< I‘(a[/o (t—8)1 a1d8:| 11252;{(/ yi(s) a1d$> }

1 T
<
< )<1+V ) ol
V)Oél 1
<
< By
The proof is complete. O

Lemma 3.3 Assume Q C Y is an open bounded subset and domL N # 0, then
N is L—compact on Q.
Proof. By (Hz), we have that QN (Q2) is bounded.

Now we show that Kp(I — Q)N : Q — Y is compact.

The operator Kp(I — Q)N : Y — Y is continuous in view of the continuity of f.
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Since Q C Y is bounded, there exists a positive constant My > 0 such that ||z|/ <
My for all x € Q. Set

M, = max
llzll oo <M

—te ( Zi? Ai€?> B i Ai /O5 (& = 9)* 7 [f(s,2(s)) + e(s)]ds

/0 (t— )2 [ (5,2(5)) + e(s))ds

)
oo

and

-1 m

Mng(;gAig) ZA/ (€ — )%V [f(s,2(5)) + e(s)]ds] .

For x € Q, we obtain
[(Kp(I = Q)N)z|l
= [{f(t2() +e(t) — QIS (£, 2)) + e(D)]} oo

- /Otu—s)a-l[f(s #(s)) + e(s))ds

- (;ZM) ZA / € =) 1 (s.0(0) +eCollds [ (1= 0|
- /Ot(t—s)‘”‘l[ﬂ () + el

- ta<;A§a>_1§Ai/ i —8)2 f(s,x(s)) +els)ld _

< ﬁMl.

Thus, Kp(I — Q)N (Q) C Y is bounded.
Let t1,to € [O 1] and ty > t1.

I(Kp(I = Q)N)z(t1) — (Kp(I = Q)N)z(t2)lo
= [[17{f (s, 2(s)) + e(s) = QLf (s, 2(s)) + e(s)]}i=1,
—19{f(s,2(s)) + e(s) — Qf (s,2(s)) + ()]} i=t. [l o

1 h a—1
:@/Om—s) [F(s,2(5)) + e(s)]ds
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S [ \
% Ot (1 — $)° 1 — (s — 8)2 Y[f (s, 2(5)) + e(s)]d Hoo
H/” e@wﬁw
zAg) ZA/ 6=t k]
oo ]
H / @ds\L

a—l e
t2

1<i<
t2 1 o M2
. o ta_ta
[laoras] bt )
. 1—0{1
2= E as] (U el )
a—1 T M2 - o
(t2 = )755ds|  (Uflls o+ el ) + o a5 49)

1 1—ay a_—al w1
+y> [tla Pt —ty)em

(1+Oé) 2 1

a—1 11—
]+ el
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1 e M « o

() [ s e + e )
1 a—aq M a g«
O R

—0 as to — 11.

Then Kp(I — Q)N () is equicontinuous. By the Ascoli-Arzela theorem, we have

that Kp(I — Q)N : Q — Y is compact, then N is L—compact on 2. The proof is

complete. O
To obtain our main results, we also need the following conditions.

(H4) There exists function a, b, r € Lat ([0,1], R), and constant 6 € [0, 1) such that

1£(t, 7)o < a(t)llz]loe + b(t)l|z 1% + (), (3.6)

for all z € R™ and t € [0, 1]
(Hs) There exists a constant M > 0 such that, for © € domL, if there exist some
io € {1,2,--- ,n} such that |x;, (t)] > M for all ¢t € [0, 1], then

m &i
A [ (6= 0 s + e(s)ds 0. (37)
i=1

(Hg) There exists a constant M* > 0 such that for any ¢ = (¢1,¢2,- -+ ,¢n) € R",

if ||c|| > M*, then either

1 & —tm &i
J . (a ZAiE?) ZAZ/ (& — s)a—l[f(s, c)+e(s)]ds <0 (3.8)
i=1 i=1 0

or

m 1 m v
c - (i ZAZ-QX) Z A; /051 (& — 8)* 7 f(s,¢) + e(s)]ds > 0. (3.9)
i=1 i=1
Theorem 3.1 Assume (H;)— (Hg) hold. Then BVP (1.1) has at least one solution
x € C([0,1], R™) provided that
(147" T(a) = 2-6 [la] L >0. (3.10)
Proof. Set
Oy ={x € domL\ KerL : Lr = Nz for some \ € [0, 1]}.
Then, for x € Qy, Lr = ANx,s0 A # 0 and Nx € ImL = Ker@. Hence,

m &
>4 / (& — ) L[ (5, 2(5)) + e(s)]ds = 0.

By (Hs), there exists t; € [0,1] such that |z;(¢;)| < M for all i € {1,2,--- ,n}. Since

1

24(0) = (L) — m/0 " — $)21C Do (5)ds,
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which implies that

I
11710 S €Ty ti +7/ ti75a71 CDaIit ds
|:(0)] | (£)] @) J, ( ) (t)
1 1 . 1—ay 1 o N [e3}
< a(t)| + =— it D%x;(t)|*vd
<t g (10) ([ eptnras)
S () eoreorta)”
< ()| + D%x;(t)|*1 ds
| (£4)] e ; | (t)]
Thus,
1+ oa
< —_— . 11
Jo(0) < M+ S5 DR (3.11)
On the other hand,
19D 1 = || Ll + < [|Nz| 1. (3.12)
ap ap ay
From (3.11) and (3.12), we obtain that
(1+V)04171
o <M+ -—~——|Nz| . 1
[2(0)lloc < M + e [NV 1 (3.13)

Also for x € @, © € domL \ KerL, then (I — P)x € domL N KerP, LPx = 0.
Applying Lemma 3.3, we have

(= Pyale = [KrLl = Pl < 207~ py
Tlloo = 152P ) Tl
(14v)™ " (14v)™ !
< ~—||L 1 < ————||N 1. 3.14
< o) Ll o < o) IV o (3.14)
From condition (H4) and Lemma 2.3, for ¢ = 1,2,--- ,n we have

Jldtrl < [/o1 (1fslt 2(0)] + |€i(t)|)“11dt} ”“

|/ L 2(0) + et

<[5 [ Gsteaton + lei<t>l°‘ll>dtrl

<o {[/ [falt, () ‘“‘“] [/ l(t) aldt} }

coef | 1 a0l + 0l + 1 >]‘ dt} 2t o]

1 & A e
<o f [ (lanele) ™ (el )™ el af 2ol
’ 1 . [e3} 1 . a
<o ([Claran) el ([ 1) el
0 . 1 o 0
w( [ irorFa) |2
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=6 (ol el + 160 1 el + 11 ) +247 el
which yields that
17+ el <67 (lall g el + D0l el 4l ) + 27l (335
Combining (3.13), (3.14) and (3.15), we have

[2lloe < 1P2]loo + (T = P)2[loo

= [lz0)]lcc + I(I = P)z[l

2(1+y)a1—1
< ———||Nz||l 1 M
< Sy el +
2(1 4 )™t
< -7 M
< S M el +
2(1 +U>a171 1— 1— [
< i “ o
< 7o) 6"~ lall 1 flzlloo + 6" bl 1 fll|%
HE g+ 2 el ) (3.0
o 31

Thus, from (3.10) and (3.16) we have
261 o]
< 1
- (+y)tteal(e) —2-61 ]
ay
261 ol 4227 el 4 (14 )" (@M
(I+v)t=al(e) —2- 617 laf

(2P 1%

Since 0 € [0, 1), from above the inequality, there exists M3 > 0 such that
[#]le < Ms,

which implies that 27 is bounded.
Let
Qg ={x € KerL: Nz € ImL}.

For x € Qy, v € KerL ={x € domL :x =c¢,c€ R"}, and QNz = 0, we can get
34 / (6~ 9 M F(5,0) + els)lds =0,
i=1
and ||c| < M*. Otherwise, if ||c|| > M*, from condition (Hg), we have
>4 / (6= 97 1 (5,0) + els)ds £,
i=1

which is a contradiction. Thus, 5 is bounded.
Next, we define the isomorphism J : Im@Q — KerL by

Je=¢, Vee R"™.
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According to condition (Hg), for any ¢ € R™, if ||c|| > M™*, then either (3.8) or (3.9)
holds.
If (3.8) holds, set

Q3 ={z € KerL: Xz + (1-X\QNz=0,X¢€[0,1]}.

For any x = ¢y € Q3, we have

Aco = (1- A ( ZAfa)liAi / (60— 9 M F(src0) +e(s)]ds.

If A =1, then ¢y = 0. If ||co|| > M*, from (3.8) we have

u s &
CQ’ . <; ZAzQX) ZAZ/ (é’z _ S)afl[f(s,c()) I 6(8)]ds <o
i=1 i=1 0

Thus, Acg’co < 0 which contradicts Acy’co > 0. Therefore, 23 is bounded.
If (3.9) holds, set
Qs ={z € KerL: \Jx+ (1 —-XNQNx=0,\€[0,1]}.
Similar to the above argument, we also have that Q% is bounded.
Let 2 D U, Q;U{0} (or @ D U?Z_,Q, UQ,U{0}) be a bounded open subset of Y.
It follows from Lemma 3.3 that N is L compact on Q. Then by the above argument,
we have that conditions (i) and (ii) of Theorem 2.1 are satisfied, and we need only
prove condition (iii) of Theorem 2.1 hold.
Take
H(z,A\)=+XJz+ (1 - N)QNz.
In view of the argument to the sets Q3 and %, we have that H(z,\) # 0 for all
002N KerL. By the homotopy of degree, we get that
deg(QN|kerr, QN KerL,0) = deg(H(-,0),Q2N KerL,0)
deg(H(-,1),QN KerL,0)
= deg(xJ,QN KerL,0)
7 0,
which means that condition (iii) of Theorem 2.1 is satisfied. By Theorem 2.1, Lz =

Nz has at least one solution in domL N Q, then BVP (1.1) has at least one solution
in C([0,1], R™). This completes of the proof. O

4. AN EXAMPLE

As the application of our main result, we consider the following example.
Example 4.1 Consider BVP

{ CDig, = Lx1(1 + cos? x2)+3sin(x1)% +cos?t +1, (4.1)
CDig, = 214x2(1+6’5m o) 4 3sin(zy)3 +sin’t + 1, '
with the boundary condition
—521(0) + 21 () + 521(1) =0,
{ “321(0) — 225(0) + 221(L) + 2a(L) + 21(1) + wa(1) = 0. (4.2)



FRACTIONAL MULTI-POINT BOUNDARY VALUE PROBLEM 55

From (4.1), we have that f(t,z) = (f1(¢,z), f2(t, ), e(t) = (e1(t),ea(t))’, where
filt,x) = ﬁml(l + cos? zy) + 3sin(x1)%, fo(t,z) = i.’lig(l 4 e~ sin? ) 4 SSin(:cQ)%7
e1(t) = cos?t 4 1, ey(t) = sin’t + 1. For any = € C([0,1],R?) and t € [0,1], f,e
satisfies condition (Hp). Taking a; = L, then oy < 1 = o, f € L7([0,1] x R%, R?)
and e € L (]0,1], R%). Thus condition (Hs) is satisfied.

Let & = 0,& = 1,& =1, (4.2) can be written

Ai(w1(61),22(&1)) + Aa(21(€2), 22(82))" + Az(x1(83), 22(€3))" = 0,

- 0 1 0 Lo
A1:(3 2);142:(2 1)7143:(% 1))

1 1 1 3
Ay + As + A3 =0, and det <A1§f + Axl2 + A3§32> =3 £0,

where

[][9V)

we have

then condition (H;) holds.
Taking a(t) = 15, b(t) = 3, then [a|| L = 75 and
ay

1
1t @)oo < a(t)|[@]loo + (B[,
which implies that condition (Hy) holds.

Moreover,
3 &
; c—8) L (s, 2(s))ds
ZA/ (& — )21 f(s,2(s))d
_ ( L0 ) ( S = ) (s, 2(s) + ea(s)]ds >
21 (L — 5) 72 [fa(s, 2(s)) + ea(s)]ds
Lo [ o =) [fils () + eals)]ds
*( 11 > ( Jo (1= 5)73[fa(s,2(5)) + ea(s)]ds )
_ <F1($17$2,617€2))
Fy(xy,x9,€1,e2) )’
where

F1($17~T2,€1762)
1
i

=[G e s+ 5 [ (1= A Gsa(s) + er(s)lds,
Fy(x1,22,€1, €2)
i1 . i1 i
= 2 [T A e+ G =9 H s a(s) +eals)ds

+/O (1—5)72[f1(s,2(s)) + ex(s))ds +/0 (1 —s)72[fals, 2(s)) + ea(s)]ds.
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Take M = 121 and assume |x1(t)| > M for any t € [0, 1], since x; is continuous,
then either x1(¢) > M or z1(t) < —M hold for any ¢ € [0, 1].
If 1 (t) > M holds for any ¢t € [0,1], we have

Fl(.’L‘
%

1,72, €1, €2)

1 1|1 2 . 1 2

(= —8)72 | =1 (1 + cos”x3) + 3sin(x1)3 +cos”t + 1|ds
Y 24

24

> /Oz(ifs)*% 2i ()2]ds+;/01(1s)§[214x1()2]d5

I 1
+§/ (1—3)_% [1‘1(1—|—c05 x2)+351n(a:1)% +0082t—|—1]ds
0

4
S /‘1‘(15)éds+ M—2 /1(13) bds
1
L Y
o >0

If z1(t) < —M holds for any t € [0, 1], we have

Fi(x1,22,€1,€2)

< [G-ortfgm@ssfass ] oot fmo vs]a
< [—214M+5} /O(le—s)5ds+;[—214M+5]/01(1—5)5ds

1
= ——M
21 +5<0.

i

3
Hence, > A; [5"(& — s)* 1 f(s,2(s))ds # 0, then condition (Hs) holds.
i=1

Takir;g M* = 241, for any ¢ € R?, when ||c|| > M*, then either ||c| = |c1| > M*
or ||| = |e2] > M*.
If ||le|| = |e1| > M*, then |¢1| > |(32| We have

-1 3
( ZAzﬁ ) Zm/ &= 9)* 7 f(s, c)ds
_ i=1 0
:(C . ( ( 1 0 >) < F1 01,02,61762) )
1,C2 9 % Fy C1,02,€17e2)
1(81 CZ 1 0 F1(01702761a62)
5 (e —4 2 Fy(ey,co,e1,€3)
1

4 2
=3 {(Cl - 562)F1(017C27€1,62) + 302F2(C1,Cz,€1,62)}

11 71 1
= —| =3 (1 + cos® cz) + 6y 51n(01)3 +2¢; —l—cl/ (= —s)"2 cos? sds
2|12 , 4
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1

1 .
+% (1 N 5)_% COS2 sds + Ec%(l +e sin® Cl) + 602 Sin(CQ)% —+ 202
0
2 i 1 1.9 2 1 IR
+=-c2 (= —s) 2Zsin“sds + —cy | (1 —s)”2sin” sds
37 )y 4 37 ),

1
> ﬂc% —10|¢1| > 0.

Similarly, if ||c|| = |ca| > M™, then |ca| > |c1]. We have

3 13 .
1 o & o 1
. (a ZAzgz ) ZAi/o (& — ) 1f(57c)d8 > 27165 — 10]cg| > 0.
i=1 i=1

Thus, condition (Hg) is satisfied.

On the other hand,

1 -3
3— 1 1
1+v)' T(a) —2- 61_0‘1Ha||a% = (1 + f_ i> r(ﬁ) —2x 673 x o
~ 0.1386 > 0,

then (3.10) is satisfied.

Thus, BVP (4.1) has at least one solution x € C([0, 1], R?) by using Theorem 3.1.
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