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Abstract. In this paper, we discuss the existence and uniqueness of solutions to the system of
functional equations:
{ Ter ==z
e(x) =0

where T': X — X is a given mapping and ¢ : X — [0,00) is a lower semi-continuous function on
X endowed with a metric d. We apply our obtained results to derive some fixed point theorems
on partial metric spaces. This answers three open problems posed by Ioan A. Rus in [Fixed point
theory in partial metric spaces, Anal. Univ. de Vest, Timisoara, Seria Matematica-Informatica. 46
(2) (2008) 141-160].
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1. INTRODUCTION

In 1994, Matthews [4] introduced the concept of partial metric spaces as a part
of the study of denotational semantics of dataflow networks, and showed that the
Banach’s contraction principle can be generalized to the partial metric context for
applications in program verification. Later on, many authors studied fixed point
theorems on partial metric spaces (see, for example [1, 3, 5, 6, 7, 8, 9] and references
therein).

We start by recalling some basic definitions and properties of partial metric spaces
(see [4, 5] for more details).

Definition 1.1 A partial metric on a nonempty set X is a function p : X x X — [0, 0c0)
such that for all z,y, z € X, we have:

(P1) x =y < p(x,z) = p(z,y) = p(y,y);

(P2) p(z,z) < p(z,y);

(P3) p(z,y) = p(y, x);

(P4) pl,y) < pla, 2) + plz,y) — p(z, 2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial
metric on X.
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It is clear that, if p(z,y) = 0, then from (P1) and (P2), z = y; but if z = y, p(x,y)
may not be 0. A basic example of a partial metric space is the pair ([0, 00), p), where
p(z,y) = max{z,y} for all z,y € [0,00). Other examples of partial metric spaces
which are interesting from a computational point of view may be found in [4]. Each
partial metric p on X generates a Ty topology 7, on X which has as a base the family of
open p-balls {B,(z,¢) : © € X,e > 0}, where B, (z,¢) ={y € X : p(z,y) < p(z,z)+e}
for all x € X and € > 0.

Definition 1.2 Let (X,p) be a partial metric space and {z,} be a sequence in X.
Then
(i) {5} converges to a point € X if and only if p(z,2) = lim p(z,z,). We may

n—-+o0o
write this as z,, — x;

(ii) {x,} is called a Cauchy sequence if lim+ p(Ty, T,) exists and is finite;
n,m——+oo

(iii) (X, p) is said to be complete if every Cauchy sequence {x, } in X converges, with
respect to 7,, to a point z € X, such that p(z,z) = lim+ P(Tny Tn)-
n,m——+00

If p is a partial metric on X, then the function p® : X x X — [0, 00) given by

p*(z,y) = 2p(x,y) — p(z,x) — p(y,y) (1.1)
is a metric on X.
Lemma 1.3 Let (X, p) be a partial metric space. Then
(a) {zn} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in the
metric space (X,p®);
(b) A partial metric space (X, p) is complete if and only if the metric space (X, p*) is
complete. Furthermore, nlirfmps(xn,x) =0 if and only if

p(z,z) = lm p(z,,z)= lm p(z,,zm).
n—-+o0o n,m— 400

In [4], Matthews extended the Banach contraction principle to the setting of partial
metric spaces.
Theorem 1.4 (The partial metric contraction mapping theorem) Let (X,p) be a
complete partial metric space and T : X — X be a given mapping. Suppose that there
exists a constant k € (0,1) such that

d(Tz,Ty) < kd(z,y), Vz,y € X.
Then T has a unique fized point x* € X. Moreover, we have p(z*,z*) = 0.

Remark 1.5 Under the assumptions of Theorem 1.4, we can say that the system of

functional equations:
Tr==x
p(z,x) =0

has a unique solution. A point x € X such that p(x,z) = 0 is called a total element
(see [8]).

In [8], Ioan A. Rus presented three interesting open problems. Let (X,p) be a
complete partial metric space.
Problem 1. If T : (X, p) — (X, p) is a generalized contraction, which condition satisfies
T with respect to p°?
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Problem 2. The problem is to give fixed point theorems for these new classes of
operators on a metric space.
Problem 3. Use the results for the above problems to give fixed point theorems in a
partial metric space.

The purpose of this paper is to answer to the above problems of Ioan A. Rus. More
precisely, we consider the system of functional equations:

{ Tr==x

p(z) =0

where (X, d) is a complete metric space, T : X — X is a given mapping and ¢ : X —
[0,00) is a lower semi-continuous function. Under a generalized contractive condition
imposed on T that involves the function ¢, we establish the existence and uniqueness

of solutions to the considered system. Finally, we use our obtained results to give
fixed point theorems on partial metric spaces.

2. SOLUTIONS TO A SYSTEM OF FUNCTIONAL EQUATIONS ON A METRIC SPACE

Let (X,d) be a metric space, T : X — X and ¢ : X — [0,00) are two given
mappings. We consider the system of functional equations:

o {

In this section, we give sufficient conditions that assure the existence and uniqueness
of solutions to the system (S).

We denote by ¥ the set of functions 1 : [0,00) — [0,00) satisfying the following
conditions:

(i) ¢ is upper semi-continuous from the right (i.e. for all ¢ > 0, for any se-
quence {t,} C [0,00) such that ¢, > ¢ and t,, — ¢ as n — oo, we have

(ii) ¥(t) <t for all t > 0.

We have the following result.

Theorem 2.1 Let (X, d) be a complete metric space and let T : X — X, ¢ : X —
[0,00) be two mappings such that ¢ is lower semi-continuous and

d(Tz, Ty) + o(Tx) + (Ty) < ¥(d(z,y) + o(z) + ¢(y)), Va,y € X, (2.1)

where p € W. Then T has a unique fized point z € X. Moreover, z is the unique
solution to the system (S).

Proof. At first, let us prove that T" admits at least one fixed point. Let xg € X be
an arbitrary point. Consider the sequence {z,} C X defined by: x,, = T"x¢ for all
n € N. If for some N € N, we have xy = xy_1, then xy_1 will be a fixed point of T.
So, we can suppose that

d(xp—1,2y) >0, Vn € N. (2.2)
Using (2.1), for all n € N, we get that

d(Twn, Tzn—1) + o(Tzn) + @(Trn-—1) < w(d(xm Tpo1) + @(n) + gp(xn,l)).
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This implies from the definition of {z,}, (2.2) and the condition (ii), that for all
n €N,

{ d(Tpt1,Tn) + P(Tnt1) + @(T5) < ¢(d(3«“m$n—1) +@(zn) + ‘P(xn—l)) (2.3)
¢<d($na $n71> + ‘P(xn) + gp(xn,l)) < d(xmxn,l) + ‘P(mn) + ‘P(xnfl) -

It follows from (2.3) that there is ¢ > 0 such that
im d(@n41,20) + @(Tnt1) + ©(2n)

n—oo

:nlilglo Y(d(@nt1,Tn) + @(Tns1) + o(zn)) = c. (2.4)

If ¢ > 0, using that ¢ is upper semi-continuous from the right and condition (ii), we
obtain from (2.4) that
c= liTan_)solipz/J(d(an,xn) + o(ni1) + @(mn)) <(e) <e
a contradiction. So, we have
lim d(Zp11,2n) + ©(Tnt1) + ©(an)

= nlij;ol/)(d(xnﬂ, Tp) + @(Tnt1) + @(wn)) = 0. (2.5)

Next we show that {z,} is a Cauchy sequence in (X, d).

Suppose that {z,} is not a Cauchy sequence. Then there exists ¢ > 0 for which
we can find two sequences of positive integers {m(k)} and {n(k)} such that for all
positive integer k,

ﬂ(k) > m(k) > k? d(xm(k)vxn(k)) > g, d(xm(k)vxn(k)—l) <e. (26)
From (2.6), we have
e < d(xn(k)v xm(k))
<A@y Trk)—1) + A Tnk)y—1> Tn(k))
< e+ d(Tpm), Tnk)—1)-

Thus, for all k£, we have
€ < d(Tp(kys Tmr)) < €+ d(Tph)s Tn(r)—1)-

Letting k — oo in the above inequality and using (2.5), we obtain

li =et. 2.
(@) Tm(r)) = € (2.7)
From (2.5) and (2.7), we get that

Jm d(@n k), Tmw) + (Tnr) + P(@mry) =7 (2.8)

Since v is upper semi-continuous from the right,we deduce from (2.7) that
liglsiplb(d(xn(ky To(k)) + ©(Tnk)) + @(Tmr))) < Y(E). (2.9)
On the other hand, for each k € N, from (2.1) and (2.7), we have
€ < d(@n(k)s Tmk)) < ATn(k)s Tnk)+1) + ATn) 115 Tmk)+1) + ATy +1, Tm(k))
< d(Zn (k) Zue)+1) + DA Zn@)s Tm)) + 2(@nm) + L(@m@m))) + ATmk)y+15 Tm(k))-



SOLUTIONS TO A SYSTEM OF FUNCTIONAL EQUATIONS 477

So, from (2.5) and (2.9), we get that
e < limsup 9 (d(@ (), Try) + P(Zn(w)) + @(@mar))) < ¥(e),

k—oo

a contradiction because 1(¢) < e. Consequently, {z,} is a Cauchy sequence in the
complete metric space (X, d). Hence, there is z € X such that

lim d(x,,z)=0. (2.10)
Next, we shall prove that
¢(z) =0. (2.11)
From (2.5), we have
lim o(z,) =0. (2.12)

Since ¢ is lower semi-continuous, it follows from (2.10) and (2.12) that
0 < p(2) <liminf p(z,) = lim @(z,) =0,

which implies (2.11).
Now, we show that z is a fixed point of T
From (2.1) and (2.11), for all n € N, we have

d(@p41,T2) < P(d(an, 2) + p(2n) + 9(2)) = Y (d(@n, 2) + ¢(2a)). (2.13)
On the other hand, since 0 < 9 (t) < ¢ for all ¢ > 0, we have 11%1+ (t) = 0. Then, it
t—
follows from (2.10) and (2.12) that

lim, (A, 2) + pln)) = Jim () = .
n—oo t—
Using the above equality and letting n — oo in (2.13), we obtain that
lim d(xn41,T2) =0. (2.14)

From the uniqueness of the limit, it follows from (2.10) and (2.14) that z = T'z, that
is, z is a fixed point of T.

Finally, let u € X be such that Tu = u. Applying (2.1) with z = z and y = u, we get
that

d(z,u) + @(2) + () = d(Tz, Tu) + ¢(T2) + p(Tu) < ¥ (d(z,u) + ¢(2) + p(u),

which holds only if d(z,u) =0, i.e., u = z. This concludes the proof. O
Taking ¢ = 0 in Theorem 2.1, we obtain immediately the the celebrated Boyd and
Wong fixed point theorem [2].

3. AN HOMOTOPY RESULT

We have the following homotopy result.
Theorem 3.1 Let (X,d) be a complete metric space, U be an open subset of X and
V be a closed subset of X with U C V. Suppose that H : V x [0,1] — X has the
following properties:

(1) = # H(x,\) for every x € VAU and X € [0,1];
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(2) There exist a lower semi-continuous function ¢ : X — [0,00) and L € (0,1)
such that for all x,y € V and X\ € [0,1],

d(H (x, ), H(y, \)) + o(H(z,\)) + o(H(y,N) < L(d(z,y) + ¢(z) + (y));

(3) There exists a continuous function 1 : [0,1] — R such that for all x € V and
A\ p€[0,1],

d(H (z, A), H(z, ) + ¢(H(xz, X)) + o(H(y, X)) < [n(X) —n(w)].
Then, H(-,0) has a fized point if and only if H(-,1) has a fized point.
Proof. Suppose that H(-,0) has a fixed point. Consider the set
Q:={tel0,1]|z = H(z,t) for some z € U}.

Since H(-,0) has a fixed point and (1) holds, we have 0 € Q, so @ is a nonempty set.
We will show that @ is both closed and open in [0, 1], and so by the connectedness
of [0, 1], we are finished since Q = [0, 1].

First, let us prove that @ is open in [0,1]. Let ty € Q and xg € U with g = H (x9, to).
From condition (2), since L € (0,1), clearly we have ¢(z¢) = 0. Moreover, we can
show that for all ¢ € [0,1], if x € U is a fixed point of H(-,t), then ¢(x) = 0. Since U
is open in (X, d), there exists r > 0 such that B(xg,r) C U, where

B(xzg,r) :={z € X |d(zg,2) < r}.

Consider the set

A(zo,p) :={z € X |d(z0,2) + o(z) < r}.
Clearly, A(xq, ¢) is nonempty, since g € A(xo, @), and A(xg, ) C B(xg,r) C U. Let
e = (1—L)r. Since 7 is continuous on ¢g, there exists a(e) > 0 such that |n(t)—n(to)| <
e for all t € (tg — a(e),to + ale)) N[0,1]. Let t € (to — ale),to + a(e)) N[0, 1], for
x € A(z, ) (the closure of A(xg,p)), we have
d(H (z,t),z0) + p(H (x,1)) = d(H (x,t), H(x0,t0)) + ¢(H (1))
< d(H (1), H(z,t0)) + p(H (x,t) d(H (z,t0), H(xo, t0))
< In(t) = n(to)| + L(d(z, o) + ¢(z) + ¢(z0))
(t) = n(to)| + L(d( +o(x))
<e+4+Lr=r.

I
3

Thus, for all t € (tg—a(e), to+a(e))NI0, 1], the mapping H (-, t) : A(xo,v) — A(zo,¥)
is well defined. Now, from condition (2), applying Theorem 2.1, we obtain that H(-,t)
has a fixed point in V, for all t € (to — a(e),to + a(e)) N[0, 1]. But this fixed point
must be in U since (1) holds. Hence, (to — a(e),to + a(e)) N [0,1] C @ and therefore
Q is open in [0, 1].

Next, we show that @ is closed in [0,1]. To see this, let {¢,,} be a sequence in @ with
t, — t* € [0,1] as n — oo. We have to prove that t* € Q. By the definition of Q,
for all n € N, there exists x,, € U with x,, = H(2zp,t,) and ¢(z,) =0 . On the other
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hand, for all m,n € N, we have
A(Tpny ) = d(H (T, tn), H(@m, tm))
<|n(tn) = n(tm)| + Ld(zp, ).
Thus, for all m,n € N, we have
|n(tn) — n(tm>|
1-L '
Letting n, m — oo and using the continuity of 1, we obtain that lim d(x,,x,,) =0,

n,m—oo

which implies that {z,} is a Cauchy sequence in the complete metric space (X, d).
So, there is z € X such that lim d(x,,z) = 0 and p(z) = 0 (since ¢ is lower semi-

d(Xn, Tm) <

continuous). On the other hand, for all n € N, we have
d(zy, H(z,t%)) = d(H (2, ts), H(z,t"))
< d(H(xn,tn), H(@n,t")) + d(H(zp,t%), H(z,t"))
< [n(tn) = n(t)| + Ld(zp, 2).
Letting n — oo, we get that nll—>12<> d(xy, H(z,t*)) = 0. By the uniqueness of the limit,

we obtain that z = H(z,t*), which implies from condition (1) that z € U and t* € Q.
Thus @ is closed in [0, 1].
For the reverse implication, we use the same strategy. O

4. APPLICATIONS TO PARTIAL METRIC SPACES

In this section, from our previous obtained results on metric spaces, we will show
that we can deduce easily various fixed point theorems on partial metric spaces in-
cluding Matthews fixed point theorem.

We have the following partial metric version of Boyd and Wong fixed point theorem.
Corollary 4.1 Let (X,p) be a complete partial metric space and let T : X — X be a
mapping such that

p(Tz, Ty) < ¥ (p(x,y)), Y,y € X, (4.1)
where ¥ € . Then T has a unique fixed point z € X. Moreover, we have p(z,z) = 0.
Proof. From (1.1), for all z,y € X, we have
p*(z,y) +p(z,x) + p(y,y)

P, y) = : : (4.2)

Note that since (X,p) is complete, from Lemma 1.3, (X,p®) is a complete metric
space.
We denote by ¢° the metric on X defined by

¢ (x,y) =2 (:;,y)’ Va,ye X.

Clearly, (X, ¢®) is also a complete metric space. Let ¢ : X — [0, 00) be the function
defined by

p(z) = Lg;’ x)7 Ve X.
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We shall prove that ¢ is a continuous function in (X, ¢°).
Indeed, let {x,} be a sequence in X such that lim ¢°(z,,x) = 0, which is equivalent

to lim p°(z,,x) = 0. From Lemma 1.1 (b), we get that lim p(z,,z,) = p(z,x),

which implies that lim ¢(z,) = ¢(x). Thus, we proved the continuity of ¢ in X
n—oo

with respect to the topology of ¢°.

Now, taking the new expression of p given by (4.2) in (4.1), we obtain that

¢ (Tz, Ty) + o(Tx) + ¢(Ty) < ¥(¢°(x,y) + p(x) + ©(y)), Va,y € X.

Now, the desired result follows immediately from Theorem 2.1. 0.
Taking in Corollary 4.1, ¢(t) = kt with k € (0,1), we obtain Matthews fixed point
theorem.
Finally, we end this paper with the following homotopy result on partial metric
spaces.
Corollary 4.2 Let (X,p) be a complete partial metric space, U be an open subset of
(X,p) andV be a closed subset of (X, p) withU C V. Suppose that H : V x[0,1] — X
has the following properties:
(1) « # H(x,A) for every x € VAU and X € [0, 1];
(2) There exists L € (0,1) such that for all z,y € V and X\ € [0, 1],
p(H(z,\), H(y,\)) < Lp(z,y);
(3) There exists a continuous function n : [0,1] — R such that for all x € V and
A p € 0,1],
P (e, A), H (o, 1)) < 1Y) = (1)
Then, H(-,0) has a fized point if and only if H(-,1) has a fized point.
Proof. We shall prove that V is closed in (X, p®).
Let {x,} be a sequence in V such that lim p°(z,,z) = 0, where x € X. We have

n—oo

to prove that € V. From Lemma 1.3 (b), we have lim p(z,,z) = p(z,x), which

implies, since V' is closed in (X, p), that € V. Thus we proved that V is closed in
X with respect to the topology of p®. Since U is open in (X, p), we deduce that U is
also open in the metric space (X, p*).

Now, define the function ¢ : X — [0,00) by

o(x) =p(x,x), Vo € X.

We proved that ¢ is a continuous function in (X, p®) (see the proof of Corollary 4.1).
Using the equality (4.2), we obtain from condition (2) that for all z,y € V and
A€ 0,1],

PP (H(x, ), H(y, N) + o(H(z,\) + ¢(H(y, ) < L(p(x,y) + o(x) + ¢(y))-

Using the equality (4.2), we obtain from condition (3) that for all z € V and A\, u €
[0,1],

p*(H (2, A), H(z, 1)) + @(H(x, ) + ¢(H (2, 1)) < [2n(A) — 2n(p)]-

Now, the desired result follows immediately from Theorem 3.1. (]
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