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1. INTRODUCTION

Let H be a real Hilbert space and C' be a nonempty closed convex subset of H.
Let A be a bounded operator on C. In this paper, we assume A is strongly positive;
that is, there exists a constant ¥ > 0 such that (Az,z) > 7|z|?, for all z € C.
Let ¢ : C' x C — R be a bifunction of C' x C' into R. The equilibrium problem for
¢:C xC —Risto find u € C such that

d(u,v) >0, forallved. (1.1)

The set of solutions of (1.1) is denoted by EP(¢). Some authors have proposed some
useful methods for solving the equilibrium problem (1.1); see [6, 8, 14, 22]. The
problem (1.1) is very general in the sense that it includes, as special cases, numerous
problems in physics and economics, optimization problems, variational inequalities,
minimax problems, Nash equilibrium problem in noncooperative games and others;
see for instance, [1, 4, 5, 7, 12].

A mapping T of C into itself is called nonexpansive if ||Tx — Ty|| < ||z —y||, for all
x,y € C. Let F(T) denote the fixed points set of T.. Recall that a contraction on C
is a self-mapping f of C such that | f(z) — f(y)|| < alz — y||, for all z,y € C, where
a € (0,1) is a constant. In 2000, Mudafi [19] proved the following strong convergence
theorem.
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Theorem 1.1 [19] Let C be a nonempty closed convex subset of a Hilbert space H
and let T be a nonexpansive self-mapping on C such that F(T) # 0. Let f : C — C
be a contraction and let {x,} be a sequence defined as follows: x1 = x € C and

f(@n),

€n
T
l+e, xn+1+en

for alln > 1, where e, C (0,1) satisfies

Tn41 =

(oo}
lim ¢, =0, en =00 and lim |
n—oo ;
Then, the sequence {x,} converges strongly to z € F(T), where z = Ppr)f(2) and
Pp 1y is the metric projection of H onto F(T).

Such a method for approximation of fixed points is called the viscosity approxima-
tion method.

Finding an optimal point in the intersection F' of the fixed points set of a family of
nonexpansive mappings is one that occurs frequently in various areas of mathematical
sciences and engineering. For example, the well-known convex feasibility problem
reduces to finding a point in the intersection of the fixed points set of a family of
nonexpansive mappings; see, e.g., [3, 11]. The problem of finding an optimal point
that minimizes a given cost function © : H — R over F' is of wide interdisciplinary
interest and practical importance see, e.g., [2, 10, 13, 27]. A simple algorithmic
solution to the problem of minimizing a quadratic function over F' is of extreme value
in many applications including the set theoretic signal estimation, see, e.g., [15, 27].
The best approximation problem of finding the projection Pg(a) (in the norm induced
by inner product of H) from any given point a in H is the simplest case of our problem.

Marino and Xu [18] considered a general iterative method for a single nonexpansive
mapping. Let f be a contraction on H and A : H — H be a strongly positive
bounded linear operator. Starting with arbitrary initial 2y € H, define a sequence
{zn} recursively by

Tnt1 = ap¥f(zn) + (I — 0y A) Tz, n>0, (1.2)

where v > 0 is a constant and {«a,,} is a sequence in (0,1) satisfying the following
conditions:

(1) limy,— 00 = 0;

(i) Y0 ) oy = o0

(iii) Zn 1 lam — an+1\ < 00 or lim,, oo aa" =1.

Consequently, Marino and Xu [18] proved the sequence {z,}, generated by (1.2)
converges strongly to the unique solution of the following variational inequality:

(A=~f)z*,z* —x) <0, ze€F(T),

which is the optimality condition for minimization problem

1
in —(A —
xém(n) 2( x,x) — h(z),

where h is a potential function for vf (i.e., h'(z) = vf(x) for x € H).
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Recently, Yao et al. [25] introduced the iterative sequence:
Tnt1 = Y f () + Bnan + (1= B) — a, A)Wya,, forall n>0. (1.3)

where f is a contraction on H and A : H — H is a strongly positive bounded linear
operator, W, is the W-mapping generated by an infinite countable family of non-

expansive mappings T1,75,...,Tn,... and A1, Aa,..., Ay, ... such that the common
fixed points set F := (), F(T,,) # 0 and {a,}, {8} are two sequences in (0, 1).

Under very mild conditions on the parameters, it was proved the sequence {z, }, gen-
erated by (1.3), converges strongly to p € F where p is the unique solution in F' of
the following variational inequality:

((A—~f)p,p—2*) <0, forall z* € F,

which is the optimality condition for minimization problem

1
min o (Az,x) — h(x).

On the other hand, Ceng and Yao [9], inspired by Moudafi [19], Tada and Takahashi
[21], Takahashi and Takahashi [22] and Yao et al. [26], introduced an iterative scheme
by

O (un, ) + %(x — Up, Uy — Tp) >0, forallzeC,

Yn = (1 = yn)Tn + 1 Wattn, (1.4)

Tyl = NTaWnln + anf(yn) + (1 —Mn — an)wn;
where ¢ : C' x C' — R is a bifunction, f is a contraction of C' into itself, {ay}, {n,}
and {v,} are three sequences in (0,1) such that o, +n, < 1, {r,} C (0,00) and
W, is the W-mapping generated by an infinite countable family of nonexpansive
mappings T1,Ts,..., Ty, ... and A1, Aa, ..., A, .... They proved the sequences {z,}
and {u,}, generated iteratively by (1.4), converge strongly to z* € F, where z* =
P, rery nEP9) f(27)-

In this paper, motivated by Yao et al. [25] and Ceng and Yao [9], we introduce a
new iterative scheme by the viscosity approximation method:

d(un, ) + %(x — Up, Uy — Tp) >0, forallzeC,

Yn = (1 - 'Yn)xn + ’YanU/nv (15)
Tpy1 = Y f(Yn) + Butn + (1 = Bu)l — an A)Wyyy,

where ¢ : C'x C' — R is a bifunction, A is a strongly positive bounded linear operator
on C, f is a contraction of C into itself, {an}, {Bn} and {v,} are three sequences in
(0,1), {rn} C (0,00) and W,, is the W-mapping generated by an infinite countable
family of nonexpansive mappings 11,15, ..., Ty,... and A1, Aa, ..., Ay, ..., for finding
a common element of the set of solutions of the equilibrium problem (1.1) and the set
of common fixed points of infinitely many nonexpansive mappings in a Hilbert space.
Then, we prove a strong convergence theorem which improves the main results of [9].

2. MAIN RESULTS

Let H be a real Hilbert space with inner product (., .) and the norm ||.||. Weak and
strong convergence are denoted by notation — and —, respectively. In a real Hilbert
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space H,
Az + (1= Nyl = Az + (L= Nyl = A1 = N)lz —y]|*,
for all z,y € H and A € [0,1]. Let C be a nonempty closed convex subset of H. Then,
for any x € H, there exists a unique nearest point in C, denoted by Pc(x), such that
o~ Po(@)]| < o — yll, forally e C,
Such a P¢ is called the metric projection of H onto C. It is known that Po is
nonexpansive. Further, for x € H and z € C,
z=Po(z) & (x—2z,2z—y)>0, foralyeC.

Now, we collect some lemmas which will be used in the main results.
Lemma 2.1 [4, 12] Let C be a nonempty closed convex subset of H and ¢ : CxC — R
be a bifunction satisfying the following conditions:

(A1) é(x,2) =0 for allz € C;

(A2) ¢ is monotone, i.e., d(x,y) + ¢(y,z) <0 for all x,y € C;

(A3) for each z,y,z € C,

lim otz + (1 —t)z,y) < d(x,y);

(Ay) for each x € C, y— ¢(x,y) is convex and lower semicontinuous.
Letr >0 and x € H. Then, there exists z € C such that

1
¢(Zay)+;<y—272—33> > 0, forallyeC.

Lemma 2.2 [12] Assume ¢ : C x C — R satisfies (A1) — (A4). Forr >0 andx € H,
define a mapping T, : H — C as follows:

1
TTa::{zEC:¢(z,y)+;(y—z,z—x> >0, foralyeC},

for all x € H. Then, the following hold:
(i) T, is single-valued;
(i) T, is firmly nonexpansive, i.e., for any x,y € H

1Tz = Toyll* < (Trx — Try,x — y);
(iii) F(T,) = EP(6);
(iv) EP(¢) is closed and convex.
Lemma 2.3 [18] Assume A is a strongly positive bounded linear operator on a Hilbert
space H with coefficient ¥ >0 and 0 < p < ||A||7t. Then ||[I — pAl| <1 — p7.
Lemma 2.4 [23] Let {z,} and {yn} be bounded sequences in Banach space X and
{Bn} be a sequence in [0,1] with 0 < liminf, . B, < limsup,, .. Bn < 1. Suppose
Tnt1 = (1 = Bn)Yn + Bnxyn for all integers n > 0 and limsup,,_ . (||[yn+1 — Ynll —
|Znt1 — znl|) < 0. Then lim, o ||2n — yn|| = 0.
Lemma 2.5 [24] Assume {a,} is a sequence of nonnegative real numbers such that

An 41 S (1 - A/n)an + YnUn,

where {y,} is a sequence in (0,1) and {v,} is a sequence in R such that

(Z) 22021 Tn = O0;
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(ii) imsup,, o v, <0 or Y07 [ynvn| < 0.

Then lim,_, o a, = 0.

Lemma 2.6 [16] FEach Hilbert space H satisfies Opial’s condition, i. e., for any
sequence {x,} C H with x, — x, the inequality

liminf ||z, — z|| < liminf ||z, — y||
n—oo n—oo

holds for each y € H with x # y.

Let C be a nonempty closed convex subset of H. Let {T},}22; be a sequence of
nonexpansive self-mappings on C' and {\,, }22; be a sequence of nonnegative numbers
in [0,1]. For any n > 1, define a mapping W,, of C into itself as follows:

Un,n-{-l = I,
Un,n == AnTnUn,n-&-l + (1 - )\n)Ia

Unk = MTUp o1 + (1 = M),

Nl
Un -1 = Ae—1Tho1Upn ks + (1 — Mg—1)1, (21)

Un2 = AToUn s+ (1 — X2)1,
W, = n,l = )\1T1Un,2 + (1 — /\1)[

Such a mapping W,, is called the W —mapping generated by T1,...,7T,,—1,7T;, and
Alyevoy A1, Ap; see [17].

Lemma 2.7 [20] Let C be a nonempty closed convex subset of a strictly conver Ba-
nach space X, {T,}52, be a sequence of nonexpansive self-mappings on C' such that
Moy F(T,) # 0 and {\,}32, be a sequence of positive numbers in [0,b] for some
b€ (0,1). Then, for every x € C and k > 1, the limit lim,,_,o U,z exists.
Remark 2.8 [26] It can be known from Lemma 2.7 that if D is a nonempty bounded

subset of C, then for e > 0 there exists ng > k such that for all n > ny,

sup ||Up xx — Ugz|| <e.
x€D

Remark 2.9 [26] Using Lemma 2.7, one can define mapping W : C — C as follows:
Wz = lim Wyx = lim U, iz,

forallz € C. Such a W is called the W —mapping generated by {T,}5% 1 and {\,}5 ;.
Since W,, is nonexpansive, W : C' — C' is also nonexpansive.

If {x,} is a bounded sequence in C, then we put D = {x,, : n > 0}. Hence, it is
clear from Remark 2.8 that for an arbitrary € > 0 there exists Ny > 1 such that for
all n > Ny,

Wy — Way| = ||Upizn — Uiz, < sug |Up1x — Urz|| <e.
xre
This implies
lim ||Wyz, — Wa,|| = 0.
n—oo

Lemma 2.10 [20] Let C be a nonempty closed convex subset of a strictly convex
Banach space X, {T,,}22, be a sequence of nonexpansive self-mappings on C such
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that (. F(T,) # 0 and {\,}52, be a sequence of positive numbers in [0,b] for
some b € (0,1). Then F(W) =, F(T,).

Now, we prove the following strong convergence theorem concerning the iterative
scheme (1.5) for finding a common element of the set of solutions of the equilibrium
problem (1.1) and the set of common fixed points of infinitely many nonexpansive
mappings in a Hilbert space.

Theorem 2.11 Let C be a nonempty closed convex subset of a real Hilbert space
H. Let ¢ : C x C — R be a bifunction satisfying (A1) — (A4) and A be a strongly
positive bounded linear operator on C with coefficient ¥ > 0 and ||A|| < 1. Let
{T,}52, be an infinite family of nonexpansive self-mappings on C which satisfies
F =, F(T,) N EP(¢) # 0. Suppose {a,},{Bn} and {v,} are sequences in (0,1)
and {rn} C (0,00) is a real sequence satisfying the following conditions:

(i) lim, oo =0 and D07y, = 00;

(i) 0 <liminf, .o B, <limsup,,_,. Bn < 1;

(#ii) 0 < Uminf, oo v, < limsup,, . vn < 1 and lim, o [Ynt1 — Yn] = 0;

(iv) 0 < liminf, o 7y and limy, o |7ne1 — 70| = 0.

Let f be a contraction of C into itself with constant o € (0,1) and 0 < v < g
where v is some constant. Let xg € C. Then, the sequences {x,,} and {u,}, generated
iteratively by (1.5) where {\,}52 1 is a sequence of positive numbers in [0,b] for some
b € (0,1), converge strongly to z* € F, where x* = Pn~  per,ynepr@e) — A+
V) ().

Proof. Let Q) = Pp. Then

1QU = A+~f)(x) = QU —-A+1/)) < - A+~f)(=)
—(I=A+7)WI

< (I =A)(z) - (T = Ay
M f (@) = F W)
(L =)z = yll + yellz -y

[ IA

(1= F =)z —yl,

for all z,y € F. Therefore, Q(I — A + ~vf) is a contraction of F into itself. So,
there exists a unique element z* € F such that z* = QI — A + vf)(z*) =
Pr=  rerynepr@) I —A+7f)(x*). Note that from the conditions (i) and (ii), we
may assume, without loss of generality, c., < (1 — 3,)||A[|~!. Since A is a strongly
positive bounded linear operator on C', we have

[A]l = sup{|[(Az, z)| : = € C, ||z[| = 1}.

Observe
(1= —anA)z,z) = (1—0,) — an(Az, x)
Z 1_ﬁn_an”A”
> 0,

that is to say (1 — 8,)I — a,, A is positive. It follows that
(1= B — anAll =sup{{((1 - Bn)] —anA)x,z): 2z € C,|z|] =1}
=sup{l — B, — an(Az,x) : x € C, ||z|| = 1} (2.2)
<1-06n — an?.
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Let p € F. From the definition of 7., we know u,, = T, x,. It follows that
lun = pll = T, 20 = Tr,pll < 70 = pl,

and hence

[(1 = 9n) (@0 — ) + Y (Whnun — p)||
(I =) l|lzn = pll + ¥ l[Whnun — pll
(1 - ’Yn)”xn _p” +7n||un _pH

(I =) llzn = pll + Y llzn — pll

|y — pl|-

1yn — 2l

A IAIA

First, we claim {z,} and {y,} are bounded. Indeed, from (1.5), (2.1) and (2.2), we
obtain

[2nt1 = pll = llan(vf(yn) — Ap) + Bn(zn = p)
+((1 - ﬁn)I - anA)(Wnyn 7p)||
(1 - ﬂn - anﬁ)”yn _p” + ﬁn”xn - p“ + anH’Yf(yn) - Ap” (23)
(L= anllzn = pll + an¥ £ (yn) = FR)I + anllvf(p) — Ap||
(1 = an(¥ — an)ll@n = pll + anllvf(p) — Apl|.

INIAIN

It follows from (2.3) that

1
7«

[2n = pll < max{||zo — pl, Ivf(p) = Apll}, n=1.

Hence, {z,} is bounded, so are {u,}, {yn}, {f(yn)}, {Whun} and {W,y,}. Define
Tn+1 = (1 - ﬁn)zn + ﬁnmna n = 0.

Then

z e $n+2_ﬁn+lwn+1 _ $n+1_6nzn
n+l n 1_ﬁn+1 1_ﬂn

Wt 1V (Ynt 1) H((A=Brnt1) I —ant1 A)Wnt1Ynta
1-Bnt1

_ a717f(y7z)+((1_Bg)l_anA)Wnyn
1-Bn

An+1

1—Bnt1 7f(yn+1) - %&Vf(yn) + Wn-i-lyn-i-l (24)

—Waln + 12%71 AWnyn - 1?%::_1 AWn+1yn+1

1fE:}H (Vf (Ynt1) — AWng1ynsa] + 12%71 [AW,yn — 7S (yn)]

+Wn+1yn+1 - Wn+1yn + W7L+1y7L - Whnn,
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and

[Wht1Ynt1 = Wataynll < [yns1 — ynll

= ||(1 - ’Yn+1)$n+1 + ’\/nJernJrlunJrl - (]- - 'Yn)xn

< (=Yt D)®nt1 — @all + Va1 — Wlllzall
1 Wit 1tnt1 — Waty||
HYnr1 — Yol W]

< A=) a1 — zall + [Yn1 — nlllzn |l
Y1 (W11 — Wigaun |+
HWhs1un — Waun|) + 1vnt1 — Yol [[Waun .

(2.5)
From (2.1), Since T; and U, ; are nonexpansive, we have
Wht1tn — Whuy| IMT1 U1 2un — M T U, 2uy ||
A1 ‘|Un+1,2un - Un,ZUnH
M| A ToUny1,3Un — AToUs, 3ty |
)\1)\2“Un+1’3un - Un’3un|\ (26)

A1)\2 cee AnHUvn-‘,—l,n—i—lun - n,n—&-lunH
n
MHi:l )‘i7

ARVAN VAN VAN VAN |

for all n > 1 and similarly,

n
||Wn+1yn - WnynH <Ade. .. )‘n||Un+1,n+lyn - n,n+lyn|| < MH i (2'7)
i=1
for some constant M > 0. On the other hand, from w, = T, z, and up+1 =
Ty, 1Tny1, We obtain

1
G(tn, y) + —(Y — Un,un — ) 20, forallyeC, (2.8)

n

and

1
A(Unt1,y) + . (Y = Unt1,Un+1 — Tny1) 20, forally e C. (2.9)
n+1
Putting y = up41 in (2.8) and y = u, in (2.9), we have
1
¢(unaun+1) + r<un+1 — Up, Un — xn> Z 0;

and

¢<un+laun) + <un — Unp+41, Un+1 — xn+1> Z 0.

7ﬂn+1

So, from (Ajz), we get
Up — Tp i Up+41 _xn+1> >0

- )

<un+1 — Up,
Tn rn-}-l

and hence
Tn

<un+1 — Up,Unp — Un+1 + Up4+1 — Ty — 7(un+l - xn+1)> Z 0.
Tn+1
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Without loss of generality, we may assume there exists a real number r such that
0 <r<ry, for all n > 0. Therefore

Tn

tns1 — UnH2 < (Ung1 = Un, Tnyr — Tn + (1 - = +1)(un+1 — Tny1))

< untr = wnl{llzntr — ol + 11— r::1

ltnta = @ngal]}-

So
T'n

[tns1 = unl < Nl@ngr — @all + 11 - o lunt1 — x|
< lnsr = @all + Flrn = ot lL,

where L = sup{||u, — x| : n > 0}. Substituting (2.6) and (2.10) in (2.5), we have

(2.10)

[Wos1Ynt1 = Wapatnll < (L= Yog)1Tns1 — Tall + [vns1 — Yalll2nl|
41 (|Tnt1 — 2l + %‘Tn —rny1|L)
+'Vn+1MH?:1 Ai + [ a1 — Yol [Waual|

[Zn+1 = Zall + [Yn+1 — Wlllzall + %|rn = Tns1|L
+M H?:l Ai + [Ynt1 = Yol [[Watn |-

IN

(2.11)
By combining (2.4), (2.7) and (2.11), we obtain

An+1

lznst = 2l = lenst = 2all € 1255 (S @t )l + 1AW 1301 ])

2 (| AWy + [ )
+||Wn+1yn+1 - Wn+1yn||

HWhs1yn — Waynll — Hxn+1 — Zn|

IN

2y f (Y1) ||+ [ AW g1 9m 11 ])

+ 125 (| AWy | + 17 (yn)II)
+H|xn+1 - $n|| + |7n+1 — ’Yn|||1'n||
+3lrn = raga| L+ MTTZ A+ g

Yl [Watnll] + MTLZ, A — 2041 — zn|

- 1f%:ir1 (Hr}/f(yn'i‘l)” + HAW7L+1yn+1||)

e (AW, | + 1 F ()]

a1 = Wllzall + 2l = rasa | L

‘H'Yn-i—l = Mnl[[Wau|| +2M H:'L:I Ai
(2.12)
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Thus it follows from (2.12) and condition (i) — (iv) that (noting that 0 < A; <b < 1,

for alli > 1)

limsup(|[znt1 = znl| = [|2n+1 — 2n]) <O0.
n—oo
Hence by Lemma 2.4, we have lim, . ||2n — @ || = 0. Consequently,
lim ||xp11 — 2] = lim (1 — Bn)||zn — 2a|| = 0.
n—oo n—oo

From (2.10) and lim,, o0 [Fpt1 — 7n| = 0, we get

lim |[upy1 — unl =0.
n—oo

Since zp+1 = @Y f(Yn) + Bnn + (1 — Bu)I — an A)Wyy,, we obtain

|20 = Waynll < |Znt1 — 2ol + anllvf(Yn) — AWnynll + Bnllz, —

That is,

78
1—

1
[Zn = Waynll < 7——lTnt1 — |l +
1- ﬁn
It follows that
lim ||z, — Waynl = 0.
n—oo
Let p € F. Since T, is firmly nonexpansive, we have

”Tmzn - Trnp”z < <Tmzn =T, p, Ty
(Un — p, Ty — D)

lun — plI*

and hence

—A .
G 17f (Yn) — AW ynl|

-p)
$(lun = Pl + llzn — plI> = |20 — unll?),

[un = plI* < llon = plI? = 2 — ual*.

(2.13)
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Therefore

|Zn+1 *pH2 = |lanvf(yn) + Brn + (1 = Bu)I — an A)Wyy, 7p||2
”(1 - ﬂn)(Wnyn - p) + 5n($n - P) + an’)’f(yn) - anAWnyn”Q
= a7 (yn) = AWy ll® + 1Bn(@n — p) + (1 = Bn) (Wayn — p)|?
+2an<6n(xn - p) + (1 - ﬁn)(Wnyn - p>77f(yn) - AWnyn>

g [7f(yn) = AWnynll* + Bullzn — plI* + (1 = Bu)[[Wayn — pl?
200 (1 = Bn) (Wayn — 0,7 f (yn) — AWnyn)
+2anﬂn<xn - P Vf(yn) - AWnyn>
S (]— - ﬁn)“yn - P||2 + 6n||xn _p||2 + 04721”7.][(:1/71) - AWnyn”2
+2an(1 - ﬁ’ﬂ)<Wnyn - b 'Yf(yn> - AWn?Jn)
+2anﬁn<xn - D ’yf(yn) - AWnyn>

= (1=8)I1 =7)(@n —p) + Y (Wyu, —p)||2 + Ballzs —p||2
+O‘$L||’Yf(yn) - AWnynHz
+20, (1 = Bn) (Watin — 0, 7f (Yn) — AWnyn)
+20n 8y (@0 — P, V[ (Yn) — AWnyn)

(1=82)1 = m)llzn _pH2 + (1 = Bn)¥nllun — pH2 + Bnllzn — p||2
+a%||7f(yn) - AWnynH2 + 20, (1 = Bn) (Wayn — 0,7 (Yn)
—AWoyn) + 200 Bn(Tn — p, 7 f (Yn) — AWnYn)

(1= Ba) (X = y)llzn = plI* + (1 = o)y (|20 — plI* = |20 — unl?)
+Ballzn = pl? + a2 7 (yn) — AWy |2
+204n<1 - ﬁn)<Wnyn - Db 'Yf(yn> - AWnQn)
+2anﬁn<xn — D ’Yf(yn) - AWnyn>

20 = p)I* +ap |7 (yn) — AWnynl?
+2an (1 = Bu)llan = plllI7f (yn) = AWnyn|l
+20anBnllTn — plll7f (Yn) — AWnynll — (1 = Bu)ynllzn — UnH2

= ||$n - p”2 + agz”Vf(l/n) - AWnynH2

+2an|@n = pllIVf (Yn) = AWnynll = (1 = Ba)ynllTn — unll?.

IN

IN

IN

IN

Thus

(1= Ba)vnllzn — un||2 < lan — pH2 —zns1 — p||2 + O‘rQLH'Yf(yn) - AWnyn||2
+2aonn - p””’Yf(yn) - AWnyn”

([lzn = pll = lzn+1 — P lzn — Pl + 2041 — pl))
+ap|lvf(yn) — AW, yn|?
+20ZnH£L'n - p””’Vf(yn) - AWnyn”

[#n = Zpia [ (lzn — Pl + |20t — plI)
+ap |7 f (Yn) — AWnyn?
20|z = pllllvf(yn) — AWnyn .

IN

Since liminf, (1 — 8,) > 0 and liminf, o v, > 0, it is easy to see
liminf, (1 — Bn)yn > 0. So

lim ||, — uy| = 0. (2.14)
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Observe
[yn —unll < Nlyn — znll + llzn — unl|
< MlWhun — 2|l + |20 — |
< 'YnHWnun — Wayn + Wpyn — an + ”wn - unH
< lllyn = unll + [Wayn — zolll + 20 — unll,
and hence

(L= v)llyn — unll < [[Wayn — 2all + (|20 — ual|-
So, from (2.13), (2.14) and limsup,,_,., v» < 1, we get

lm |lyn —un| =0 (2.15)

n—0o0

and hence lim,,_, ||z, — ¥ || = 0. Since

HWnun - unH < ”Wnun - Wnyn” + HWnyn - zn” + Hxn - Un”
< Nyn = unll + (IWayn — zull + |20 — unll,

we have lim, oo [|[Wntn, — up|| = 0. On the other hand, observe
W — || < [Wotty, — Wy || + [|Wattn, — un |- (2.16)
It follows from (2.16) and Remark 2.9 that
lim ||[Wu, —uy| =0.
n—o0

Next, we claim
limsup(y/f(x*) — Az*, 2, —2%) <0,

n—oo

where 2 = Ppwyn ep(e)(I — A+ vf)x*. First, we can choose a subsequence {u,, }
of {u,} such that

lim (yf(2") — Az™, up; — 2") = limsup(yf(z*) — Az™, u, — 27).

J—0o0 n— 00
Since {uy,} is bounded, there exists a subsequence of {uy,;} which converges weakly
to w. Without loss of generality, we can assume u,, — w. From ||[Wu, —u,| — 0,
Wy, — w. Now, we show w € EP(¢). By u, = Ty, ,, we have

1
¢(unay)+r<y_unvun_xn> >0, for auye C.

n

From (As), we obtain

1
7<y — Up, Un — xn> > ¢(y7 un)7
T
n
and hence
Up, — T,
<y - ’U/nj, u> Z ¢(y7un3)
Tn,
Since u"jr_z"j — 0 and u,; — w, from (A4), we have

d(y,w) <0, forallyeC.

Fortwith0<t<landyeC,lety =ty+ (1 —t)w. Since y € C and w € C, we
have y; € C and hence ¢(y;, w) < 0. Therefore, from (A4;) and (A4), we obtain

0 =0y, yt) < td(ye,y) + (1 — )d(ye, w) < td(ye,y),
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and so ¢(y¢,y) > 0. From (As), we have
d(w,y) >0, forallye C,

and hence w € EP(¢). Next, we show w € F(W). Assume w ¢ F(W). Since
Uy, — w and Ww # w, from Lemma 2.6, we obtain

liminf; o [Jun, —w| < liminf; o [Jun;, — Ww||
< liminfy oo ([Jun; — W, || 4 [[Wuy, — Wuw|)
< liminfy oo Jun; —w].

This is a contradiction. So, w € F(W) = (>_, F(T,). Therefore, w € F. Since

n=1

" = P per)nEP(e)I — A+ f)x*, we have

n=1

limsup,, . (vf(2*) = Ax*,z,, — %) = lim; oo (7 f(2*) — Ax*, 2, — 2¥)
limj oo (vf(2%) — Az*, up, — %)  (2.17)
(vf(x*) — Az*,w — z*) <0.

From (2.13), we obtain

limsup(yf(z*) — Az™, Woy, — ) = limsup(yf(a*) — Az*, 2, —2*) <0 (2.18)

n—oo n—o0

Finally, we prove {x,} converges strongly to z* = Ppw)nepre)( — A+ vf)x*.
Indeed, from (1.5), we have

[Zn+1 — x*HZ = |lan(vf(yn) — Az*) + Bn(wy — )
+((1 = Bu)l — an A)(Wyyy — x*)HQ
= apllvf(yn) — Az*[? + (| Bn(zn — 2¥)

+H((1 = B)I — an A) Wiy, — )12

+2Bnan (Tn — 2%, 7f(yn) — Az¥)

+2an<((1 - ﬁn)l - anA)(Wnyn - x*)a’}/f(yn) - A$*>
(1= Bn = aaWoyn — || + Bullzn — ZC*”)Q

+ap 17f (yn) = Az + 2By (@n — 2%, fya) — f(z7))

+2ﬂnan<xn - CIJ*,’Y]C(SIJ*) - A{L'*>

+2(1 = Bn)yan (Woyn — 2%, f(yn) — f(x*))

+2(1 - 6n)an<Wnyn - l'*,’)/f(l‘*) - Al‘*>

_2a%<A(Wnyn —2%),7f(yn) — Ax™),

IA
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Which implies

[ens1 —2*? < [(1 = an¥)? + 20800y + 20(1 = Bn)any][lzn — 27|
+2/8nan<xn - 93*77f($*) - A(E*>
+an 1S (yn) — Az
+2(1 - Bn)an<Wnyn - x*,’yf(x*) - A$*>
=207 (A(Wayn — 2%),7f (yn) — Az™)

[1 = 2007 — a)zn — &*|* + 0272 [|l2n — 2*||
+20nan(zn — a* 7f(2*) — Az*) + af |7 f(yn) — Az*|?
+205 |7 (yn) — Ax*|[[|A(Wnyn — 27|

1 =200 (7 — ay)ll|zn — %1% + an{on (7 zn — 27|
Hvf (yn) = Az + 2/ (yn) — Az* || AWayn — 2%)]))
+2ﬁn<xn - x*ﬁf(x*) - A(E*>
+2(1 - 5n)<Wnyn - iv*ﬁf(x*) - A$*>}

Since {zn}, {f(yn)} and {W,y,} are bounded, we can take a constant M; > 0 such

that

Y Nwn — a* 1?4+ 117 (yn) — Az*|12 + 2|17 f (yn) — Az | AWyn — )| < My,
for all n > 0. So
[#ni1 — 217 <[1 =200 (¥ — ay)][len — 2*[° + anén, (2.19)

IN

where
En = 2Bn(zn — 2", 7f(2") — A2") + 2(1 = B,) (Wayn — 2", v f(2") — A2™) + oy, M.

By (i), (2.17) and (2.18), we get limsup,,_,., &, < 0. Now applying Lemma 2.5 to
(2.19) concludes that x,, — x* as n — co. This completes the proof.

As direct consequences of Theorem 2.11, we obtain two corollaries.
Corollary 2.12 Let C be a nonempty closed convex subset of a real Hilbert space
H. Let ¢ : C x C — R be a bifunction satisfying (A1) — (Ag) such that EP(¢) # 0
and A be a strongly positive bounded linear operator on C with coefficient 7 > 0 and
Al < 1. Suppose {an},{Bn} and {vn} are sequences in (0,1) and {r,} C (0,00) is
a real sequence satisfying the following conditions:
(i) lim, oo an =0 and D07y, = 00;
(i) 0 <liminf, .o B, <limsup,,_,. Bn < 1;
(#41) 0 < Uminf, oo v, < limsup,, . vn < 1 and lim, o [Ynt1 — Yn| = 0;
(iv) 0 < liminf, oo 7y and limy, o |71 — 7] = 0.

Let f be a contraction of C into itself and given x¢o € C arbitrarily. Then, the
sequences {x,} and {u,} generated iteratively by

d(un,x) + %(m — Up, Uy — Tp) >0,  forall z € C,

Tn+1 = CVn’Yf((l - ’Yn)xn + ’Ynun) + /ann
+((1 = Bp) I — anA) (1 — vn)Tn + Youn),

converges strongly to x* € EP(¢), where * = Pgpg)(I — A+~f)(x*).
Proof. Put T;x = x for all i = 1,2,... and for all z € C in (2.1). Then, W,o = « for
all z € C. The conclusion follows immediately from Theorem 2.11.
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Corollary 2.13 Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let {T,}22, be an infinite family of nonexpansive self-mappings on C which
satisfies (), —y F(T,) # 0 and A be a strongly positive bounded linear operator on C
with coefficient ¥ > 0 and ||A|| < 1. Suppose {an}, {Bn} and {v,} are sequences in
(0,1) satisfying the following conditions:
(i) lim,— oo vy =0 and ZZOZO Qy = 00;
(i) 0 <liminf, .o B, <limsup,,_,. Bn < 1;
(#1) 0 < iminf, oo v, < limsup,, . vn < 1 and lim, o |Ynt1 — vn| = 0.

Let f be a contraction of C into itself and given x¢g € C arbitrarily. Then, the
sequences {x,} generated iteratively by

{ Yn = (1 - ’Yn)xn + WmWnPcoxn,
Tpy1 = @Y f(Yn) + BnTn + (1 = Bp)l — an A)Woyn,

where {\,}>2 1 is a sequence of positive numbers in [0,b] for some b € (0,1), converges
strongly to x* € () F(Ty), where x* = Pa=_ per,) (I — A+~f)(2*).

Proof. Put ¢(x,y) =0 for all z,y € C and rn =1 for all n > 0. Then, u, = Pox,.
From (1.5),

{ Yn = (1 - 'Yn)xn + ’YanPany
[ an’Yf(yn) + BnTn + ((1 - ﬂn)l - anA)Wnyn-

So, the conclusion follows immediately from Theorem 2.11.

Remark 2.14 Let 1, = 1 — o, — Bn, A = I (identity map) with constant 7 = 1
and v = 1 in Theorem 2.11, then Theorem 2.11 is a generalization of [9, Theorem
3.1]. Also, Corollaries 2.12 and 2.13 are generalizations of [9, Corollary 3.1] and [9,
Corollary 3.2], respectively.

3. NUMERICAL TEST

In this section, we give an example to illustrate the scheme (1.5) given in Theorem
2.11.
Example 3.1 Let C = [—1,1] C H = R and define ¢(x,y) = —52> +xy+4y>. First,
we verify that ¢ satisfies the conditions (A1) — (A4) as follows:
(A1) ¢(z,x) = —ba® + 22 + 42® = 0, for all z € [-1,1];
(AQ) QS(xay) + ¢(y7x) = 7(1' - y)2 < 07 fOT’ all T,y € [717 1]7
(As) For all z,y,z € [—1,1],

limsup ¢(tz + (1 — t)z,y) = =522 + 2y + 49> < é(x,y).
t—0t

(Ag) For all z € [-1,1], ®(y) = ¢(x,y) = —5a® + 2y +4y? is a lower semicontinuous
and convez function.

From Lemma 2.2, T, is single-valued, for all v > 0. Now, we deduce a formula for
T, (x). For anyy € [-1,1] and r > 0, we have

1
gzb(z,y)—k;(y—z,z—x) >0 dry’ +((r+ 1)z —a)y+xz— (5r+1)22 > 0.

Set G(y) = 4ry* + ((r + 1)z — 2)y + 2z — (5r + 1)2%. Then G(y) is a quadratic
function of y with coefficients a = 4r,b = (r+1)z —x and ¢ = xz — (5r + 1)22%. So its
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discriminate A = b% — dac is

A= [(r+1)z—2z]®>—16r(zz — (5r +1)2?)
= (r+1)222 =2(r + Daz + 2% — 16rzz + (80r? + 167)2>
= [(9r + 1)z — ]2

Since G(y) > 0 for all y € C, this is true if and only if A < 0. That is, [(9r + 1)z —
x]?2 < 0. Therefore, z = grps which yields T, (z) = g% . So, from Lemma 2.2, we
get EP(¢) = {0}. Let o, = %,ﬂn =g A = B € (0,1), 7 = %,rn =1T7T,=1,
for all n € N, Ax = = with coefficient 7 = 1, f(x) = %m and v = % Hence,
F=N,_, F(T,)EP(¢) ={0}. Also, W,, = I. Indeed, from (2.1), we have

Wi =Uip= MOUi2+Q - )I=MT1+1-X\)I,
Wy =Usi = MU+ (1= M) =MT1(AToUss + (1 — X2)I)
NESWY,
= )\1)\2T1T2+)\1(17A2)T1+(1*)\1)I,
W3 = U371 = )\1T1U3’2 + (]. - )\1)[ = )\1T1()\2T2U3,3 + (]. - )\Q)I)
+(1=A)I
= )\1/\2T1T2U373 + )\1(1 - )\Q)Tl + (1 — )\1)]
= )\1/\2T1T2(/\3T3U374 + (1 — )\3)]) + )\1(1 - /\Q)Tl + (1 — )\1)[
= MNA3TiT0T5 + )\1)\2(1 — )\3)T1T2 + Al(l — )\2)T1
+(1 =X)L

By computing in this way by (2.1), we obtain

Wn =Up1= )\1A2 e AnTlTQ A Tn + )\1)\2 AN )\n—l(l — )\n)TlTQ AN Tn—l
+)\1/\2 A )\n_g(l — An—l)TlTQ e Tn_2
A (1= )Ty + (1 — M) L

Since T, = I, A\, = 0B, for alln € N, we get
Wo=@B"+8" 1=8)+...+ 801 -3)+ (1 - =1

Then, from Lemma 2.5, the sequences {x,} and {u,}, generated iteratively by

1

Up = TT,L-TTL = 1095”’
1 1 11
Yn = 5Tn + 7Wnun = 30%n, (31)
T __ 168n —55n—33£
nt+l = T80n(Bn+l) M

converges strongly to 0 € F, where 0 = Pp(31)(0).

84n%—11n—11
40n(3n+1)

of convergence of Theorem 2.11 is faster than the rate of convergence of [9, Theorem
3.1].
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If v =1, then x,41 = Xy in scheme (3.1). So, it is to see, the rate
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